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In this paper we introduce natural metrics in the hyperbolic Bloch and Qg-type spaces
with respect to which these spaces are complete. Moreover, Lipschitz continuous, bounded and

B;; compact superposition operators S, from the hyperbolic Bloch type space to the hyperbolic

Lipschitz continuity;
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Qx-type space are characterized by conditions depending only on the analytic symbol ¢.
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1. Introduction

In 1979, Yamashita [1] introduced originally the concept of
systematically hyperbolic function classes. Subsequently, this
concept has studied for hyperbolic Hardy, BMOA and
Dirichlet-classes (see, e.g., [1,3-7]). In the last decades, Smith
[8] studied inner functions in the hyperbolic little Bloch-class.
The hyperbolic counter parts of the Q,-spaces were studied
by Li [9] and Li et al. [10].

On the other hand, Camera and Giménez [11,12] studied
the Bergman space A”, the space of all L” functions (with
respect to Lebesgue area measure) which is analytic in the unit
disk. They showed that S,(4”) C A7 if and only if ¢ is a

E-mail address: alaa_mohamed|@yahoo.com
Peer review under responsibility of Egyptian Mathematical Society.

& A8

ELSEVIER Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.joems.2015.01.003

polynomial of degree at most p/q where Sy : L/ (D) — LY(D)
is the superposition operator. Later, Buckley and Vukotic
[13,14] introduced superposition operators from Besov spaces
into Bergman spaces and univalent interpolation in Besov
spaces. Also, in [15], Alvarez et al. characterized superposition
operators between the Bloch space and Bergman spaces.
Recently, Wen Xu [16] studied superposition operators on
Bloch-type spaces.

Let X and Y be two metric spaces of analytic functions on
the unit disk D = {z € C :| z |< 1}. Assume that ¢ denotes a
complex-valued function in the plane C. The superposition
operator S, on Xdefined by

Sp(f) = ¢of, feX

If ¢ of € Yfor f e X, we say that ¢ acts by superposition from
Xinto Y. As in Wen Xu [16] if X contains linear functions, ¢
must be an analytic function.

Let H(D) be the class of analytic functions on D. Also,
B(D) denotes the class of all analytic functions on D such that
|f(z)] < 1 for all z € D. It is clear that B(D) C H(D).

1110-256X © 2015 The Author. Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Hyperbolic derivative for analytic functions on the unit
disk D.

S1(2) = LG ef. (17).

The spaces of analytic functions, have been actively appear-
ing in different areas of mathematical sciences such as dynami-
cal systems, theory of semigroups, probability, mathematical
physics and quantum mechanics (see [18-20] and others).
Now, we list the following definitions.

Definition 1.1 [2]. Let f be an analytic function in D and
0 < o« < oo. The a-Bloch space B* is defined by

B = { € HO): Il = sup(1 = (2] < 0
ze
the little a-Bloch space B is given as follows

—{re o) Ul = tim (1 - 1)) =0},
The spaces B' and B(l) are called as the Bloch space, and little
Bloch space and denoted by B and B, respectively (see [21]).

A positive continuous function u on [0, 1) is called normal if
there are three constants 0 < 6 < 1 and 0 < a < b such that.
'r)) is decreasing on [6,1) and lim,; = y)u =0;
) u(r)

- (1-r’

il. "(’ is increasing on [0, 1) and lim,_,; &

= Q.

Definition 1.2 [22]. A function f € H(D) such that

I, = sup u(|z)f (z) < oo

is called a u-Bloch function. The space of all u-Bloch functions
is denoted by B,.

It is readily seen that B, is a Banach space with the norm
flls, = I/O)[+ IIfll,- Also, when u(z) =1—
B, is just the Bloch space which is denoted by B; while when
uz)y=(1- |z\2)a with o >0, the space B, becomes the
o-Bloch space which is denoted by B,.

2, the space

The hyperbolic p-Bloch space is defined as follows:

Definition 1.3 [23]. The sets of f'€ B(D) for which

B, = {j fanalytic in D and sup u(|z])f"(z) < oo}.

zeD

The little hyperbolic Bloch space B, is a subspace of B,
consisting of all f'€ B, such that

Jim (=) =0.

Following [23], the authors defined a natural metric on the
hyperbolic y-Bloch space B, in the following way:

d(f;&:8B,) = ds,(f;8) + If = gl + /10) — g(0)];

where

ds, (f,g) := sup S@) £(2)

ad [1=|f2) 1—1g(z)]
for f, g € B,

(=)

The following conditions have played crucial roles in the
study of Qf spaces:

[ 695 <. (1)
0
JRZCEREY )

Lemma 1.1 [24]. If K satisfy the condition (2),
Sfunction

then the

Ki(f) :t/ ) 45 (where, 0 < 1 < oo),
P
has the following properties:

K is nondecreasing on (0,00

4) )-
(B) K,(t)/t is nondecreasing on (0,00).
C

(C) Ki(t) = K(¢) for all t € (0,00).
(D) Ky <K on(0,1].
If K(t) =K(1) for t = 1, then we also have

(E) Ki(t)=K(1)=K(1) fort = 1, s0 K, =~ K on (0,00).

Lemma 1.2 [24]. If K satisfy the condition (2), then we can find
another non-negative weight function given by

K (1) = z/j0 KS(;) ds

such that Qg = Qy, and that the new function Ky has the follow-
ing properties.

(where, 0 < 1 < 0),

(4) K, is nondecreasing on (0,00).

(B) Ki(t)/t is nondecreasing on (0,00).
() Ki(2) satlsﬁes condition (1).

(d) Ki(21) ~ K, (2) on (0,00).

(&) Ki(t) ~ K(t) on (0,1].

(f) K, is differentiable on (0, 00).

(g) K, is concave on (0,00).

(h) Ki(t) =K\(1) fort = 1.

Definition 1.4 (see /25]). Let a function K : [0,00) —
The space Qy is defined by

[0, 00).

QK—{feH sup/[f |K (za))dA()<oo}.

acD
If
‘l‘m} sup/ I () K(g(z,a))dA(z) =0,
4= aeD

then f'€ Q. Clearly, if K(f) = #, then Qy = Q,.

Li et al. [10] defined the hyperbolic Oy type space O} as
follows.

Definition 1.5. Let K : [0,00) — [0,00). The hyperbolic space
Qj consists of those functions /'€ B(D) for which

I

b= s [ () Kiea) dA() < .
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Moreover, we say that f'€ O} belongs to the space Q, if

L G

where dA is the normalized 2-dimensional Lebesgue measure
on D ,g(z,a) = log‘ is the Green’s function of D where
Pu(2) =521

a € D. Note that hyperbolic classes are not linear spaces, since
they consist of functions that are self-maps of D.

;a))dA(z) = 0,

</J(

For f,g € Q. we define their distance by
d(f,g; Q) = do;(f.8) + IIf = &llg, + (0) — g(0)],

where

do (f.g) = (sup / TaE

Now, we introduce the following results of the complete
metric spaces B3, and Qj.

1

(PR (s, >>dA<z>)j‘

Proposition 1.1. The class B* is equipped with a complete
metric. Moreover, B*O is a closed (and therefore complete)
subspace of B,.

Proof. The proof of Propositions 1.1 is very similar to that of
Proposition 2.1 in [10]. [

Proposition 1.2. The class Q} equipped with a complete metric
space. Moreover, Oy is a closed (and therefore complete) sub-

space of Q.
Proof. Let f, g, h € Q. Then clearly

@) d(f.f£;0x) =0.
(ii) d(f,g0k) = 0and d(f,g; O) = 0 implies /' = g.
(iii) d(f,g; Ok) = d(g, f; Ox)

(v) d(f,g Ok) <d(f h;Ox) +d(h, g OF).

Hence, d is a metric on Q%, and (Qk, d) is a metric space.

To proof the completeness, let (f, )., be a Cauchy sequence
in the metric space (Qk,d), that is, for any & > 0 there is an
N = N(¢) € N such that d(f,,f,,; Okx) <e&, for all n,m> N.
Since (f,) C B(D), such that f, converges to f uniformly on

compact subsets of D. It follows that also f, converges to f

uniformly on compact subsets, now let m > N, and 0 < r < 1.
Then Fatou’s lemma yields

' (2) — £ (D) K~ [, (2)P)dA(z)

D(0,r)
2
- / lim |f; () — £;, (2)"K(1 — |9, (2)")dA(2)
D(0,r) "
< lim I (2) = £,(2) K1 = |9, (2)]")dA(2) < &,
n—o0 D(0,r)

and by letting r — 17, it follows that,

/D (7 (2))K(1 — |0u(2) )dA(z)
<21 / (1)) K(1 — |0u(2))dA(2)

this yields,

| 2*<2Hf;n|

2 2

Thus f'€ Q%. We also find that f, — f with respect to the
metric of (Qy,d) and (Q%,d) is complete metric space. The
second part of the assertion follows.

Our objective in this paper is to study Lipschitz continuity,
boundedness and compactness of the superposition operator
Sy between the hyperbolic spaces B; and Q. 0O

2. Main results

First, we study Lipschitz continuity of the superposition
operator S, between the hyperbolic spaces B, and Q%

equipped with a complete metric space. Throughout this
section we assume that

w(lf2)0)

Now, we give the following result.

(¢"(f2)) + ¢"(2(2)) = >0, VzeD. 3)

Theorem 2.1. Assume ¢ is non-constant analytic mapping from
D into itself and let K : [0,00) — [0,00). Suppose that (3) is
satisfied. Then the following statements are equivalent:

(i) Sy : BZ — Oy is bounded;
(ii) Sy : B, — Qf is Lipschitz continuous;

(iii)  sup / If(#”K(g(z,

D o wpe KOG ANHE) <

Proof. To prove (i) <= (iii), first assume that (iii) holds, for
any f € B, and |f(z)| is bounded. Then, we obtain

ISflg, =sup [ (@0 () Klelz.a))dd()

— sup / (6" (A2))If (2)PK(g(z, @))dA(2)

s [ VO
W J, oy e

Hence, it follows that (i) holds.
Conversely, by assuming that (i) holds and (3), there exists a
constant € > 0 such that (¢"(f(z)) + ¢*(g (z))) aven > 0

where f, g € B, and [|Sfllg, < ClI¢((2))l5

We can assume |f'(z)| < |g’(z)|. Then, we have

a))dA(z) < oo.

HSf/ZfHQ;\,J'_ ‘|S¢gHQ;(

>sup [ [(@of) @ +((boe) (O] Klelz.a)dd ()

acD

>sup [ [0 PV EF + @ 61 OF] Kiea)dd )

aeD

>sup [ [0+ (0" ()] ) Kiet.a)dd 2

acD
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sup /
(16|D

/ o |f§ ¢(z,a))dA(2).

Then, we have

)+ (@IS () K(g(z,a))dA(z)

swp [ L5 Kl a)da() < ISufly, + ISeall, < o0

So (iii) is satisfied.

To prove (ii) <= (iii), assume first that Sy : B, — Q is
Lipschitz continuous, that is, there exists a positive constant C
such that

d(¢of,¢og;Qk) < Cd($(f(2)), b
Taking ¢(g) = 0, this implies

(8(2));B,), forallf, g€ B,.

o]

Q)

The assertion (iii) follows by choosing f(z) =z in (4).
Moreover, from (3), for f, g € B;, we deduce that

(¢"(f2)) + & (2(2))u(lf(2)]) = € >0,

Therefore, combining (4) and (5), we have

for all z € D. (5)

16((2))lls, + ¢l + 0G5,
+ lo(e(2)lls, +1¢(10)]+d(2(0))]

> [ ofllg, +Idoglo, > Zfii\)

For which the assertion (iii) follows.

K(g(z,a))dA(z).

Assume now that (iii) is satisfied, we have

d(¢of,¢og; Q%)
=dg; (pof,¢og)+lpof—doglly, +10(f0)) — b(2(0))]

<ds, (9(/(2)),9

z))— lfz)‘z z,a))d z)
HlB() “”M(ﬁnmwn#@ DdA()
+[¢(/(0))

\
—$(2(0))| < Cd(9(/2)),4(2(2));B,)-

Thus Sy : B, — QO is Lipschitz continuous and this com-
pletes the proof.

Secondly, we state and prove compactness of the super-
position operators S, between the hyperbolic spaces. Recall
that a superposition operator Sy :B; — Q) 1s said to be
compact, if it maps any ball in BZ onto a pre-compact set in Q.

We state and prove the following proposition. O

Proposition 2.1. Let ¢ be an analytic mapping from D into itself

and let K : [0,00) — [0,00). If Sy : B, — Q is compact, then it
maps closed balls onto compact sets.

0, SC(ISU) s, +16((2) s, +16(10)] ), forall /€ B;.

(mw/Vf <aawwaa>

Proof. If B C B; is a closed ball and g € Q7 belongs to the clo-
sure of S,(B), we can find a sequence (f,).—, C B such that
¢ o f, converges to g € O} as n — oo. But (f,)~, is a normal

family, hence it has a subsequence (f,,/);’:1

formly on compact subsets of D to an analytic function f. It
follows that also f, converges to f uniformly on compact sub-
sets, and by the Cauchy formula, the same also holds for the
derivatives. Let m > N. Then the uniform convergence yields

converging uni-

FE e
e A
:m’ﬂwz LG s
1= @ 1= 1G]
< lim d(f,.f,: B]) < (6)

n—o0

for all z € D, and it follows that Hf“z;; < Hf/nHB; + €. Thus

fe B;. From (6) f belongs to the closed ball B. On the other

hand, also the sequence ¢ o (f,;/,)z converges uniformly on

1
compact subsets to an analytic function, which is g € Q.
We get g = ¢ of, i.e. g belongs to S, (B). Thus, this set is closed

and also compact. [

Now, we give the main theorem for compactness of super-
position operators acting between B; and Qj classes.

Theorem 2.2. Let ¢ be an analytic mapping from D into itself
and let K : [0,00) — [0,00). Then Sy : B, — Qj is compact if

1'(2)F
li —— 3 K(g(z,
ﬁﬂﬁﬂmwmmf@(

Proof. We first assume that (7) holds. Let B := B(g,d) C B,
g € B, and 6 > 0, be a closed ball, and let (f,),2, C B be some
sequence. We show that its image has a convergent subse-
quence in Qj, which proves the compactness of S, by
definition.

a))dA(z) = 0. (7)

Again, (f,),—; C B(D) is normal, hence, there is a
subsequence (f,,/,);il which converges uniformly on the com-
pact subsets of D to an analytic function f. By Cauchy formula
for the derivative of an analytic function, also the sequence
(ﬂ,/)jofl converges uniformly on the compact subsets of D to f, .

It follows that also the sequences (¢ o f;,/)‘]_il and (¢o f:u);il

converge uniformly on the compact subsets of D to ¢ o f and
¢ of, respectively. Moreover, f€ B C B; since for any fixed
R, 0 < R < 1, the uniform convergence yields

NG ()
=GP 1-[gG)F

|z|I<R

u(|zl) + sup [f(z) —

|z|<R
G 46
L= 1f,@F  1-lg@)

+ lim <Sur> If,(2) = &' (@)|ulzl) + £, (0) g(0)> <.

"(2)|ul=1)

+ [/10) — g(0)] = lim sup

I Je|<R

(=)

J=o0 \ <R

Hence, d(f, g; B;) < 0.
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Let ¢ > 0. Since (7) is satisfied, we may fix r,0 < r < 1, such
that
! 2
wp [ UCL
ad Sy w(| f(2)])
By the uniform convergence, we may fix N; € N such that

|¢(0) ofy — ¢(0)of] <e forallj = Ni. (8)

The condition (7) is known to imply the compactness of
Sy : B, — Q. hence possibly to passing once more to a subse-
quence and adjusting the notations, we may assume that

lpof, —dofly, <e forallj> Ny NyeN. (9)

Since (fn])]f'; C B, fe€ Band |f, (z)| < |f'(z)] it follows that

(g(z,a))dA(z) < e.

acD

of. ) (z)—(¢o *zzK z,a))dA(z
wp [ [(@oh,)'0)~won) ()] Katz)a ()
<sup [ [0 6y @) @0 (I O] Kletea)iac)

aeD

<sw [ (00,09 1) 1 @FKlel.a)dA)
[12)=r

ach

< (917, (2. HUT)sup /V o %K@(aa»dfuz),

hence,
2

sup [ [(@os,) (@) - @or) ()] Kistz.a)da () < C
aeD  J|fz) > r
(10)

On the other hand, by the uniform convergence on the com-
pact disc D, we can find an N; € N such that for all j > N3,

PG ()
L=o(, ) 1=1o(2)

For all z with |f{z)| < r. Hence, for such j,

swp [ (@0, 2) = (@) ()] Klelza)aa(z)
[z)l<r

aeD

X ¢.

<sw [ [0 - ¢ 01D 1P Kl )dA)
1z)l<r

(2 2Md14 . )% ‘
s 8<Sal€l§ /V(z)‘gr V( )| l“(lf(z)Dz ( ) < Ce,
hence,
sup / [(¢ ofy) (2) = (¢ Of)*(Z)}ZK(g(Z, ))dA(z) < Ce.
acd Jifz)l<r

(11)

where C is bounded which is obtained from (iii) of
Theorem 2.1 combining (8)-(11) we deduce that f, — f in

Oy The proof is therefore completed. [

3. Conclusion

We know that a superposition operator Sy : B; — Qy is said
to be bounded if there is a positive constant C such that

1Safllg; < Cli(f(2))]
that Sy : B, — Qj is bounded if and only if it is Lipschitz con-
tinuous, that is, if there exists a positive constant C such that

d(pof,¢og; Q%) < Cd(§(f(2)),¢(¢(2));B,), forallf, g€ B,.

5, for all f€ B,. Theorem 2.1 shows

4. Future work

It is still an open problem to extend the obtained results in this
paper by using the superposition operators in different hyper-
bolic classes of functions which introduced in [1,6,26,27] and
others.
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