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. Introduction 

Over recent years, mathematical models which mimic viral pop-

lation dynamics in host cells have gained much interest [1,2] .

hese models improved our understanding of HIV-1 and different

iruses, like HBV and HCV [3,4] . Mathematical analysis is impor-

ant for these models to get a realistic view for the virus dynamics

n vivo. Particularly, global stability of a fixed point can enhance

ur knowledge of virus dynamics. Many models were established

or describing the dynamics of HBV infection [5,6] . Such models

ere modified in [7,8] . Recently, in an HBV model, the infected

epatocytes may be reverted to be uninfected by losing all cccDNA

rom their nucleus [7] . 

An HBV infection model of hepatocytes of infected cells which

ill be cured was introduced by Cruz Vargas–De–León [9] and is
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iven by: 

dx 

dt 
= λ − μx − βxz + δy, 

dy 

dt 
= βxz − (ν + δ) y, 

dz 

dt 
= σy − γ z, 

(1.1) 

here x, y and z refer to the densities of hepatocytes which are un-

nfected, infected, and virions which are disease-free, respectively.

usceptible hepatocytes are supposed to be produced at rate λ, die

t μx , and infected at βxz , where β is the rate of infection. The

ate of death of infected hepatocytes is νy, σy is the production

ate of free virions from infected hepatocytes, and γ z is the clear-

nce rate of viral particles. The term δy appears in the first equa-

ion of (1.1) , corresponds to the cure-created rate of uninfected

epatocytes. 

. Fractional calculus 

Indeed, fractional calculus generalizes the classical integer-order

ifferentiation and integration to arbitrary orders [10–12] . A large

umber of researchers have modeled many real processes with the

id of fractional calculus [13–15] . Due to the applicability of differ-
. This is an open access article under the CC BY-NC-ND license. 
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ential equations with fractional-order in science and engineering, a

lot of applied researchers have been attracted to it. Such equations

have been implemented analytically and numerically. In fact, frac-

tional calculus has the ability of performing both fractional-order

integration and differentiation. Existence of solutions for differen-

tial equations with fractional-order can be found in [12,16] . 

Many contributions for the developing theorems of the solu-

tions’ existence of functional differential equations with fractional-

order existed in [11,17,18] . 

In fractional calculus we can find many definitions of deriva-

tives of fractional-order, however, we will consider the famous Ca-

puto derivatives due its advantage on initial value problems which

can be summarized in the flexibility of using classical initial con-

ditions without encountering any problem during solvability. 

Definition 1. The fractional-order integral of the function f ( t ), t >

0 can be defined as 

I β f (t) = 

∫ t 

0 

(t − s ) β−1 

�(β) 
f (s ) ds, 

where β ∈ R 

+ , and the fractional-order derivative of f ( t ), t > 0 can

be defined as 

D 

α f (t) = I n −αD 

n f (t) , D = 

d 

dt 
, 

where α ∈ (n − 1 , n ) . 

In addition, consider also the following basic properties. Let

β, γ ∈ R 

+ , α ∈ (0, 1), 

• I 
β
a : L 1 → L 1 , and if f ( x ) ∈ L 1 , then I 

γ
a I 

β
a f (x ) = I 

γ + β
a f (x ) . 

• lim β→ n I 
β
a f (x ) = I n a f (x ) uniformly on [ a, b ], n = 1 , 2 , 3 , . . . ,

where I 1 a f (x ) = 

∫ x 
a f (s ) ds . 

• lim β→ 0 I 
β
a f (x ) = f (x ) weakly. 

• If f ( x ) is absolutely continuous on [ a, b ], then lim α→ 1 D 

α
a f (x ) =

df (x ) 
dx 

. 

For the basic features of fractional-order derivatives and inte-

grals, one can see [19–21] . 

Actually, to find the solution of fractional-order differential

equations there are two familiar methods: frequency domain

[22] and time domain [23] . Since the frequency domain method is

not efficient in observing chaos, the second method is more usable

because it is more effective (see [24,25] ). 

As a matter of fact, difficulties arise when trying to find an an-

alytic solution of a differential equation, that is why one searches

for numerical methods. 

Indeed, the predictor-correctors scheme has been used to simu-

late many fractional-order differential equations with Caputo frac-

tional derivative such as the fractional-order Chua system, the

fractional-order Chen system, the fractional-order Lorenz system,

etc. [26] . 

Recently, it has turned out that applying fractional calculus,

rather than integer calculus, to mathematical epidemiology pro-

vides a good tool for the description of memory feature which is

a hallmark in many biological systems [27] . The property of mem-

ory does not take into consideration the involved process history in

such models but it also has a great impact on the future of the pro-

cess [28] . Actually, a differential operator with an integer-order is

a local operator, whereas a differential operator with a fractional-

order is non local in as it takes into account that the future state

do not relay only on the present state but on all of the history of

its previous states too. 

Now introduce the fractional-order derivatives to the HBV in-

fection model with cells which will be cured after infection given
y (1.1) as follows: 

D 

αx = λ − μx − βxz + δy, 

 

αy = βxz − (ν + δ) y, 

D 

αz = σy − γ z, 

(2.1)

here α ∈ (0, 1). The major reason of considering a fractional-

rder model in this paper is that fractional-order differential equa-

ions have a relation to systems with memory like systems of the

mmune system which creates memory T-cells and B-Cells. Such

ells learn from their experience of fighting any threat. So, they

an use their expertise to detect and fight the same threat later.

n the contrary, integer-order models do not have any information

bout the memory of neither the hepatocytes nor the free virions

n (1.1) (see [29–32] ). 

To summarize, mathematical models which use ordinary differ-

ntial equations with integer order have been proven valuable in

nderstanding the dynamics of biological systems. However, the

ehavior of most biological systems has memory or aftereffects.

he modeling of these systems using fractional-order differential

quations has more advantages than classical integer-order math-

matical modeling, in which such effects are neglected. Conse-

uently, the subject of fractional calculus has gained importance

ue to its demonstrated applications in numerous diverse and

idespread fields of science and engineering. For application of

ractional-order derivative, one can see [33–37] . 

. Existence of uniformly stable, positive, and eventually 

ounded solution 

Let x 1 (t) = x (t ) , x 2 (t ) = y (t ) , x 3 (t ) = z(t) . 

f 1 (x 1 , x 2 , x 3 ) = λ − μx 1 − βx 1 x 3 + δx 2 , 

f 2 (x 1 , x 2 , x 3 ) = βx 1 x 3 − (ν + δ) x 2 , 

f 3 (x 1 , x 2 , x 3 ) = σ x 2 − γ x 3 . 

et D = { x 1 , x 2 , x 3 ∈ R : | x i (t) | < a, t ∈ [0 , T ] , i = 1 , 2 , 3 } , then on D

e have: 

| df 1 
dx 1 

| < k 1 , | df 1 
dx 2 

| < k 2 , | df 1 
dx 3 

| < k 3 , | df 2 
dx 1 

| < k 4 , | df 2 
dx 2 

| < k 5 , | df 2 
dx 3 

| <
 6 , | df 3 

dx 1 
| < k 7 , | df 3 

dx 2 
| < k 8 , | df 3 

dx 3 
| < k 9 , where k i , i = 1 , 2 , . . . , 9 are

ositive constants. This implies that each of the functions f 1 , f 2 , f 3 
atisfies Lipschitz conditions with three arguments x 1 , x 2 and x 3 .

hen each of the functions f 1 , f 2 , f 3 are absolutely continuous w.r.t.

hree arguments x 1 , x 2 and x 3 . 

Rewrite system (2.1) as follows: 

 

αx 1 (t) = f 1 (x 1 , x 2 , x 3 ) , t > 0 , and x 1 (0) = x 01 , 

 

αx 2 (t) = f 2 (x 1 , x 2 , x 3 ) , t > 0 , and x 2 (0) = x 02 , 

 

αx 3 (t) = f 3 (x 1 , x 2 , x 3 ) , t > 0 , and x 3 (0) = x 03 . 

Note that by a solution of the fractional-order HBV model

2.1) we mean a column vector ( x 1 , x 2 , x 3 ) 
′ , x 1 , x 2 , x 3 ∈ C [0, T ], T <

 , where C [0, T ] denotes the class of continuous functions defined

n [0, T ] and the “dash” denotes the transpose of the vector. 

heorem 1. The fractional-order model (2.1) has a unique uniformly

yapunov stable solution. 

roof. Rewrite system (2.1) in a matrix form: 

 

αX (t) = F (X (t)) , t > 0 , X (0) = X 0 , 

here X(t) = (x 1 , x 2 , x 3 ) 
′ , 

F (X(t)) = ( f 1 (x 1 (t) , x 2 (t) , x 3 (t)) , f 2 (x 1 (t) , x 2 (t) , x 3 (t)) , f 3 (x 1 (t) ,

 2 (t) , x 3 (t)) ′ . 
Now applying Theorem 2.1 [38] , we deduce that the fractional-

rder HBV model (2.1) has a unique solution. In addition, by Theo-

em 3.2 [38] this solution is uniformly Lyapunov stable. �
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Fig. 1. Solution of system (2.1) with α = 0 . 85 . 

Fig. 2. Solution of system (2.1) with α = 0 . 80 . 
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Fig. 3. Solution of system (2.1) with α = 0 . 75 . 

Fig. 4. Time series of system (2.1) with different δ, where α = 0 . 85 . 
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Since we are dealing with a biological model, it does not make

sense to have negative solutions. The following theorem prove that

the state variables x ( t ), y ( t ), and z ( t ) are all positive. 

Theorem 2. Assume that the parameters λ, μ, β , δ, ν , σ , and γ are

all positive and real and denote R 

3 + = { X ∈ R 

3 | X ≥ 0 } and let X(t) =
(x (t) , y (t) , z(t)) ′ . Then for any X (0) > 0, the solution X ( t ) of (2.1) on

t ≥ 0 will remain in R 

3 + . 

Proof. We will prove this theorem by contradiction. Suppose there

exists t ∗ > 0 at which one of the elements of the solution will be

zero and until all elements of the solution will be positive. Let α ∈
(0, 1), there are three possibilities: 

(i) If x (t ∗) = 0 holds, then y ( t ) > 0, z ( t ) > 0 when t ∈ [0, t ∗) and

x ( t ) > 0 on [0, t ∗]. 
Let m 1 = min t ∈ [0 ,t ∗] z(t) , c 1 = μ + βm 1 . The first equation of

(2.1) gives: 

D 

αx (t) > c 1 x (t) , t ∈ [0 , t ∗] , 

hence 

x (t) > x (0) E α(−c 1 t 
α) , t ∈ [0 , t ∗] , 

where E α(t) = 

∑ ∞ 

k =0 
t k 

�(kα+1) 
is the Mittag Leffler function. Since

x (0) > 0, then x ( t ∗) > 0 which is a contradiction. 

ii) If y (t ∗) = 0 holds, then x ( t ) > 0, z ( t ) > 0 when t ∈ [0, t ∗] and

y ( t ) > 0 when t ∈ [0, t ∗). From the second equation of system

(2.1) we have 

D 

αy (t) > −(ν + δ) y (t) , t ∈ [0 , t ∗] , 
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Fig. 5. Time series of system (2.1) with different δ, where α = 0 . 75 . 
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which implies that 

y (t) > y (0) E α(−(ν + δ) t α) , t ∈ [0 , t ∗] . 

Since y (0) > 0, one has y ( t ∗) > 0 which is a contradiction. 

ii) If z(t ∗) = 0 holds, then x ( t ) > 0, y ( t ) > 0 when t ∈ [0, t ∗] and

z ( t ) > 0 when t ∈ [0, t ∗). The third equation of (2.1) gives 

D 

αz(t) > −γ z(t) , t ∈ [0 , t ∗] , 

which implies 

z(t) > z(0) E α(−γ t α) , t ∈ [0 , t ∗] . 

Since z (0) > 0, one has z ( t ∗) > 0 which is a contradiction.

Therefore, the solution of system (2.1) will remain in R 

3 + . 
Adding the first two equations in (2.1) , for the biological justi-

fication, we suppose that μ ≤ ν . 

D 

α{ x (t) + y (t) } = λ − μx − νy ≤ λ − μ(x + y ) , (3.1)

which implies that 

x (t) + y (t) ≤ [ x (0) + y (0)] E α(−μt) + 

λ

μ
[1 − E α(−μt)] . (3.2)

Hence, we have lim t→∞ 

sup [ x (t) + y (t)] ≤ λ
μ . The last equation

of (2.1) then leads to 

D 

αz(t) ≤ σλ

μ
− γ z, (3.3) 

which in turn implies lim t→∞ 

sup z(t) ≤ σλ
μγ �

. Equilibrium points and their asymptotic stability 

For any infectious disease, the most important issue is its abil-

ty to invade a population. Many epidemiological models have a

isease-free equilibrium (DFE) where the disease is not present in

he population. These models usually have a parameter, which is

he basic reproduction number R 0 . If R 0 < 1 , then the DFE is lo-

ally asymptotically stable, and the disease will not spread, but if

 0 > 1 , then the DFE is unstable and the disease will spread all

ver the population. The basic reproduction number for system

2.1) is given by: 

 0 = 

βλσ

γμ(ν + δ) 
. 

System (2.1) has two equilibria, namely: 

The disease-free equilibrium (DFE) E 0 = ( λμ , 0 , 0) , and if

 0 > 1 , there is an endemic equilibrium (EE) E ∗ = ( γ (ν+ δ) 
σβ

, λν −
γμ(ν+ δ) 

σβν
, λσ

νγ − μ(ν+ δ) 
βν

) . 
Next, we discuss local stability analysis of the two equilibria of

2.1) . 

roposition 1. E 0 is locally asymptotically stable if 0 < R 0 < 1 and

s unstable if R 0 > 1 . 

roof. Calculate the Jacobian matrix of (2.1) evaluated at E 0 to ob-

ain: 

 = 

⎛ 

⎝ 

−μ δ −βλ
μ

0 −(ν + δ) βλ
μ

0 σ −γ

⎞ 

⎠ . 

The characteristic equation reads: 

 (
) = 
3 + (μ + ν + δ + γ )
2 + 

(
μ(ν + δ + γ ) + γ (δ + ν) 

−σβ

μ

)

 + γμ(δ + ν) − σβλ = 0 , (4.1) 

hich has three eigenvalues: 

1 = −μ, 

2 = 

−(γ + ν + δ) μ + 

√ 

μ2 (γ + ν + δ) 2 − 4 μ(γ δμ + γμν − βλσ ) 

2 μ
,

3 = 

−(γ + ν + δ) μ −
√ 

μ2 (γ + ν + δ) 2 − 4 μ(γ δμ + γμν − βλσ ) 

2 μ
.

If μ(γ + δ + ν) 2 < 4(γ δμ + γμν − βλσ ) , then 
2 and 
3 are

wo complex conjugates. The asymptotic stability of E 0 can be

uaranteed if the following sufficient condition is satisfied [39] : 

 arg(
i ) | > α
π

2 

, i = 1 , 2 , 3 . (4.2)

f 0 < R 0 < 1 , then the above three characteristic roots will have

egative real parts. Thus, E 0 is locally asymptotically stable. 

If R 0 > 1 , then at least one eigenvalue will be a positive real

oot. Thus, E 0 is unstable and the endemic equilibrium E ∗ emerges.

iologically, the local asymptotic stability of the DFE indicates that

he infection by the virus of hepatitis B never persists. �

As a matter of fact, the region of stability of the fractional-order

odel is greater than the region of stability of the integer-order

odel. 

The characteristic equation (4.1) can be rewritten as: 

 (
) = 
3 + a 1 

2 + a 2 
 + a 3 = 0 , 

here: 

 1 = μ + ν + δ + γ , 
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Fig. 6. The infected hepatocytes for different α with δ = 0 . 502 . 
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t  
a 2 = μ(ν + δ + γ ) + γ (δ + ν) − σβ

μ
, 

a 3 = γμ(δ + ν) − σβλ. 

The discriminant of P ( 
) is given by: 

D (P ) = 18 a 1 a 2 a 3 + (a 1 a 2 ) 
2 − 4 a 3 (a 1 ) 

3 − 4(a 2 ) 
3 − 27(a 3 ) 

2 . 

If the discriminant of P ( 
) D ( P ) is positive, then Routh–Hurwitz

conditions [40,41] are the necessary and sufficient conditions for

(4.3) , i.e., 

a 1 > 0 , a 3 > 0 , a 1 a 2 > a 3 if D ( P ) > 0. 

Next, we discuss the stability of E ∗ for R 0 > 1 . The Jacobian ma-

trix at E ∗ is given by 

J = 

⎛ 

⎝ 

−βλσ
νγ + 

μδ
ν δ − γ (ν+ δ) 

σ

β( λσ
νγ − μ(ν+ δ) 

βν
) −(ν + δ) βγ (ν+ δ) 

σβ

0 σ −γ

⎞ 

⎠ . 

Then the characteristic equation of the linearized system of

(2.1) at E ∗ is 

G (s ) = s 3 + b 1 s 
2 + b 2 s + b 3 , 

where 

b 1 = 

βλσ

ν
− δμ

ν
+ ν + δ + γ , 

b 2 = βλσ − δβσλ

γ ν
+ 

δβσλ

ν
+ 

γβσλ

ν
− μδγ

ν
, 

b 3 = γμδ − δβλσ

ν
+ 

μδ2 γ

ν
. 

According to the stability conditions in [39] and [42] we have the

following proposition. 

Proposition 2. E ∗ is locally asymptotic stable if all eigenvalues of

J ( E ∗) satisfy 

| arg(s i ) | > α
π

2 

, i = 1 , 2 , 3 . (4.3)
l

The discriminant of G ( s ) is given by 

 (G ) = −

∣∣∣∣∣∣∣∣

1 b 1 b 2 b 3 0 

0 1 b 1 b 2 b 3 
3 2 b 1 b 2 0 0 

0 3 2 b 1 b 2 0 

0 0 3 2 b 1 b 2 

∣∣∣∣∣∣∣∣
. 

hat is, D (G ) = 18 b 1 b 2 b 3 + (b 1 b 2 ) 
2 − 4 b 3 b 

3 
1 

− 4 b 3 
2 

− 27 b 2 
3 
. 

Now considering the stability conditions in [43] , the following

roposition can be stated. 

roposition 3. 

(i) If R 0 > 1 , then E ∗ is locally asymptotically stable. 

ii) If D ( G ) > 0, and the conditions of Routh–Hurwitz are satisfied,

so, 

b 1 > 0 , b 3 > 0 , b 1 b 2 > b 3 , 

then E ∗ is locally asymptotically stable. 

ii) If D ( G ) < 0, b 1 > 0 , b 2 > 0 , b 1 b 2 = b 3 , α ∈ (0, 1), then E ∗ is lo-

cally asymptotically stable. 

v) If D ( G ) < 0, b 1 ≥ 0, b 2 ≥ 0, b 3 > 0, α ∈ (0 . 5 , 2 3 ) , then E ∗ is locally

asymptotically stable. 

v) If D ( G ) < 0, b 1 < 0, b 2 < 0, α > 

2 
3 , then E ∗ is unstable. 

. Numerical methods and results 

In this section, a numerical solution of system (2.1) is given

o verify the correctness of the theoretical analysis in Section 3 .

he PECE method is applied [44] . We used the same values of

he parameters mentioned in [9] , that is, λ = 5 × 10 5 cel l s. (mL.d) −1 ,

= 0 . 003 d −1 , β = 4 × 10 −10 ml. (copies.d ) −1 , σ = 6 . 24 d −1 , γ =
 . 65 d −1 , ν = 0 . 1 d −1 , x (0) = 1 . 7 × 10 8 cel l s. (ml ) −1 , y (0) = 0 , z(0) =
00 copies. (ml) −1 . In order to illustrate the effect of the fractional-

rder parameter α on the infection, we considered different values

f it, that is, α ∈ [0.75, 0.85]. 

The disease-free equilibrium E 0 = ( λμ , 0 , 0) = (1 . 6 6 67 ×
0 8 , 0 , 0) is unstable when R 0 > 1 as seen in Figs. 1–3 for different

and asymptotically stable when R 0 < 1 as seen in Figs. 4 and

 . As it is quite clear from Fig. 6 , in the fractional-order case,

he peak of the infection is reduced, however, the disease takes a

onger time to be eradicated. 
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. Conclusion and future work 

In this work, a model for HBV infection with a fractional-order

erivative is introduced as a generalization of an integer-order

odel. The positivity of the solution is proved. Local asymptotic

tability of fixed point is discussed. Numerical simulations are per-

ormed to confirm the analysis by applying PECE method. Since

ractional-order models possess memory, FODE gives us a more re-

listic way to model viral dynamics. Indeed, the global asymptotic

ehavior of FODE is still open since the chain rule is not valid there

nd this will be our future work. 
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