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1. Introduction

Stochastic approximation and related topics, as recursive pa-
rameter estimation, or up and down experimentation, belong to
the so-called on-line methods, where the solution of the problem
takes place in real time, in the course of the process of observa-
tion. Stochastic approximation is a procedure for finding the root
of an equation, or the solution of a system of equations, where
the values of the respective functions can only be observed (mea-
sured) with experimental errors, at recursively determined points.
The procedure is nonparametric with respect to the type of the
function as well as with respect to the distribution of the experi-
mental error (if an information about this distribution is available,
it can be made use of).

The procedure for finding the root is called the Robbins-Monro
stochastic approximation procedure [1]. There is an extensive liter-
ature and a lot of papers on this topics (cf. [2-7]), we shall use the
review papers [8-13] as references.
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Typically, in the investigated stochastic approximation proce-
dure, observations follow each other after fixed time-intervals;
where the point of the next observation is corrected according to
the result of the preceding one. However, in some situations, as in
biological or lifetime experiments, it may happen that the result of
an observation becomes known only after a random time delay.

Recently, the stochastic approximation has been used in clinical
applications to find optimal dose as in [14].

It is meaningful to ask, whether and how stochastic approxima-
tion can then be applied. We answer the question for the modified
stochastic approximation procedure with delayed series of delayed
multiservice observations (or customers) by investigating two loss
systems to be applicable in the presence of the modified Robbins—
Monro stochastic approximation procedure. A series of delayed ob-
servations arrives to the system each time unit where the service
time is an integer-valued random variable. Servers are parallel, and
there is no waiting places if all servers are busy. According to this
new approach, a server of one of the two loss systems cans serve a
series of delayed multiservice observations. The number of served
observations will be increased and the number of lost observa-
tions will be minimized. This approach is not applied in the papers
[8,10-13]. In these papers the problem was discussed by applying
special loss systems where servers cannot receive (serve) any ob-
servation during the time between any two consecutive arrivals.
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However, in the proposed procedure, we introduced a new situa-
tion by investigating two loss systems, where the server cans re-
ceive an observation or more during the time between any two
consecutive series of observations. In fact, the investigation of the
mentioned two loss systems was inspired exactly by this applica-
tion, where it will minimize the number of lost observations. It is
proved that the service time of a series equals the sum of service
times of its components (observations) where our procedure de-
pends exactly on this new base. The service time of a series is in-
dependent of the number of its components and this can be used
to increase the number of served observations of the series.

The service time distribution of the loss system, whose arrivals
are series of observations, depends on the service time distribu-
tion of the loss system whose arrivals are multiservice observa-
tions. The probability service time of a series equals the sum of
products of probabilities service times of observations without de-
lay terminated by with delay. If the service times of observations
are terminated with delay, then all next observations are lost, but
if they are terminated without delay, then there is no loss of any
observation. The exact bounded service time distribution of a se-
ries of delayed observations is obtained by approximating the un-
bounded geometric random time delay distribution based on the
procedure [8], by the bounded service time distribution based on
the modified procedure. The approximation depends on the num-
ber of multiservice observations of the series as well as it depends
on the efficiency of the modified procedure where the number of
observations can be increased. This new approach minimizes the
number of lost observations and increases the number of served
observations, therefore it can be applied to increase the produc-
tion of items in many fields where items are realized after random
time delays. The efficiency of the proposed procedure and its ap-
proximation by the efficiency of the procedure [8] are calculated
where the results obtained show that the approximation seems to
be acceptable. This proves that our proposal can serve as a model
of the Robbins-Monro stochastic approximation procedure.

The proposed procedure is more general than the procedure
given by the paper [13]. The results in paper [13] can be obtained
in the special case that each series contains one observation only.

The investigated procedure is new and we expect that it can
be applied to any stochastic approximation or recursive estimation
procedure.

2. The modified stochastic approximation procedure with
delayed series of delayed multiservice observations for
independent random time delay distributions

The stochastic approximation procedure with delayed observa-
tions is modified to be applicable in the presence of delayed se-
ries of delayed multiservice observations. This application will in-
crease the number of served observations in each series. To obtain
the exact service time distribution of the series of delayed obser-
vation, the unbounded geometric random time delay distribution
based on the procedure [8], is approximated by the bounded ser-
vice time distribution based on the modified procedure. Two loss
systems are investigated where arrivals are series of multiservice
observations and a series of delayed observations arrives each time
unit, service time is an integer-valued random variable, servers are
parallel stations, and there is no waiting places if all servers are
busy.

2.1. Stochastic approximation procedure with delayed observations

The Robbins-Monro stochastic approximation procedure with
delayed observations has been investigated previously for a geo-
metrical delay distribution [8]. To eliminate or diminish time losses

due to delays of observations, it has been proposed that experi-
ments (or observations) are allocated into K parallel series in the
following way.

The experiment is based on three essential elements, that is,
deterministic arrivals, K parallel series, and no queue. The K series
are either open or closed at points x,(f), where 1 < k < K, n,—1
is the number of observations realized in the kth series up to time
n — 0 (i.e. immediately before time n). At the beginning, i. e., before
time n =1, all series are open, all n, are equal to 1, and all ng)
are equal to the same constant. At time n, an experiment is made
at point x,(fi), where i is the open series with the smallest n; and
smallest i among them. The ith series is then closed at the same
x,S’i) till time (n+t(n) +1) — 0 when it opens at the point

X0y =xy) —ay, (r(xf,?) + e(n +H(n) + l,x,(l']_)>).

Here r(x) is a function whose zero point 6 is to be found;
e(v +1,x) is the observational error (noise) corresponding to an
observation of r made at point x, which becomes known during
the interval [v, v +1]; x,ﬂ’i) is the current approximation to 6 in
the ith series at time n —0; a5, n € N, is a zero sequence of posi-
tive constants, typically ap = f"o' where ngy is non-negative; and
t(n) is [the integer part of] the delay of the result of an experiment
made at time n.

If there is no open series at time n — 0, no experiment is made
at time n and a time-loss is thus incurred. If | is the steady state
probability of such a time loss, its complement, e = 1 — [, is called
the efficiency of the procedure.

To find 6, the average of the current approximations over all
series, 6y = % ZL] xf,”‘(), is chosen as a global approximation of 6
at time n — 0. Under the usual assumptions on function r and er-
ror e(n, x), not repeated here, and under the independence of de-
lays t(n), the normed approximation n%(en —6) is asymptotically
normally distributed with parameters 0 and o /e, where o2 is the
asymptotic variance of the same normed approximation in a pro-
cedure without delays. Hence, e is also the relative asymptotic ef-
ficiency of 6, as a statistical estimator.

2.2. Description of the first loss system with delayed series of
observations

Consider the service system GI/GI/K/0 where both the inter-
arrival and the service times are non-negative integer values, but
their distributions are unspecified, otherwise. K is the total number
of servers (or of parallel service stations) in the system. 0 means
that there are no waiting places and series are lost if all servers
are busy. We will confine ourselves to the case of purely determin-
istic inter-arrival times, where one series of observations comes
each time unit n=1,2,... sharp. Such a service system is called
a loss system with delayed series of observations and is denoted
by D/GI/K/0. The service time t is assumed to be an integer valued
random variable that however could have originated from a con-
tinuous one by off-rounding. The service time t will be rounded
down to O, if the service of a series of observations, who came at
time n, is finished by or immediately before the time n+1 (i.e,,
at time n+ 1 — 0), rounded down to 1, if the service is finished by
the time n+ 2 but not before time n + 1, etc.. Apparently, round-
ing up (to the next larger integer) would be more natural, but we
are inspired by the application treated later on, where a service
time not exceeding one time is considered as standard, and where
t plays the role of a delay, i.e. of an excess over one time unit.

Denote by Py; Py ; P; ... the distribution of the rounded down
service time of a series of observations or by Py; Py ; P, ...; Pr, if
the (rounded down) service time, of a series of observations, can-
not exceed T time units.
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Describe the state of the system at time n — 0 by a K- duple of
integers

00...0y}41Vjs2. - V. (1)

with
0<yjt1 <Yjs2=... <Yk,

where j denotes the number of servers free immediately before
time n (i.e, at time n—0), while y;,1yj.»,...,yx denote the re-
maining service times of the occupied servers in a nondecreasing
order. That is, y; equals 1, if the corresponding server being oc-
cupied by a series of observations at time n — 0, will be freed by
time n+ 1 —0; y; equals 2, if he is freed by time n + 2 — 0 but not
before time n + 1, etc..

A standard argument of the queuing theory shows that the
system with states (1) represents a time-homogeneous, finite or
countable Markov chain.

2.3. Description of the second loss system with s observations

Consider the service system GI;/GI;/1/0 with s observations,
where both the interarrival time and the service time may take
on only nonnegative values 1/s and t respectively, but their distri-
butions are unspecified, otherwise. The total number of servers in
the system is 1 only, where all the s observations will be served
by this server. In this case, the system has multiservice for the s
observations. 0 means that there are no waiting places. Such a ser-
vice system is a loss system with s multiservice observations and
will be denoted by D;/GI;/1/0, where an observation arrives each
1/s time unit. The service time t will be rounded down to O, if
the service of an observation, who came at time n, is finished by
the time n+ }; rounded down to 1, if the service is finished by
the time n + % + 1 but not before n + 1, etc.. In general, the service
time t will be rounded down toT, if the service of an observation
(who came at time n) is finished by the time n + % + T, where the
service time of an observation cannot exceed T time units.

2.4. Application of the two loss systems to the stochastic
approximation procedure with delayed observations

Allocation of experiments into K series is not the only possible
approach to the problem of stochastic approximation with delays.
An alternative approach not discussed in the papers [8,10-13], will
be sketched here.

The new approach is investigated by introducing two loss sys-
tems with series of delayed multiservice observations and inde-
pendent random service time. To do this, we modify the Robbins-
Monro stochastic approximation procedure to be applicable in the
presence of the introduced two loss systems.

The described two loss systems can serve as a model of the
stochastic approximation procedure [8] with delayed observations
(in case of geometric delay distribution) and with allocation of ex-
periments into K series. The series of delayed observations in the
two loss systems are observations in the approximation procedure;
the service time of a series is the delay of an observation in the
approximation procedure; the K servers of series of delayed obser-
vations are the K series of experiments; and the non-existence of
a waiting room is the impossibility to accept a series of delayed
observations if all the K servers are occupied. According to this ap-
proach, a new situation can be obtained by approximating the un-
bounded geometric delay distribution of the stochastic approxima-
tion procedure [8], by the service time distribution of the modified
stochastic approximation procedure with series of delayed obser-
vations; using the method of moments.

3. Investigation of the compound service time distribution of
the introduced loss systems

To find the compound service time distribution of the two loss
systems, we prove the following theorem.

Theorem. the compound service times t; of s observations equals
the service time t of the series of s observations.

Proof. the compound service times t; of s observations will be
rounded down to O, if the service of an observation who came at
time n + % is finished by the time n + % (i.e., before time n + % or
at time +% — 0), where the xth observation is served without de-
lay; for all x =1, 2,...,s. In this case, the service of a series of s ob-
servations who started at time n is finished by the time n + 1, and
the service time of the series will be rounded down to 0 where it
equals the compound service times t; of s observations. The com-
pound service times t; of s observations will be rounded down
to 1, if the xth observation is served without delay by the time
n+4% forallx=1,2,....,s—i; i=1,2,...,s, and the (s—i+ 1)th
observation is served with time delay (equals one time unit) and
finishes its service by the time n + % + 1. The observations com-
ing during the service of the (s —i+ 1)th delayed observation will
be lost for there are no waiting places. Consequently, the service
of a series of s observations is finished by the time n+ 2, and
the service time of the series will be rounded down to 1 where
it equals the compound service times t; of at most s observa-
tions. Here at most s observations will be served for, the service
with delay of the (s—i+ 1)th observation makes the next com-
ing observations are lost, where the number of lost observations
may be 1,2,...,5—1. In general, the compound service times t;
of s observations will be rounded down to t =1,2,..., T, if the
xth observation is served without delay by the time n + %; for all
x=1,2,...,s—1i;i=1,2,...,s, and the (s — i+ 1)th observation is
served with time delay (equals ¢t time units) and finishes its service
by the time n + % +t. Therefore, the service of a series of s ob-
servations is finished by the time n +t + 1, and the service time of
the series will be rounded down t where it equals the compound
of the service times t; of at most s observations. This completes
the proof of the theorem.

The compound service time distribution of the introduced two
loss systems is investigated in the following way.

3.1. Service time distribution of the second loss system with s
observations

Denote by  po; p1; P2; ..., the distribution of the rounded
down service time of observations or by pg; p1; p2; .. .; Pr, if the
(rounded down) service time of an observation cannot exceed T
time units.

Let A;(t) be the event that the xth observation is served without
delay with probability pg, for all x=1,2,...,s—i; i=1,2,...,s,
and the (s—i+ 1)th observation is served with time delay t =
1,2,...T time units, with probability p;. Since the service times
of the s observations are independent random variables; it can be
seen that

PAi(t)) = py'pe, i=12,....s; t=1,2,....T
=p), i=1; t=0. (2)

3.2. Service time distribution of the first loss system with delayed
series of s observations

Since the events A;(t);i=1,2,...,s;t=1,2,...,T, are the ran-
dom service times of a series of s observations, it can be seen that
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the events are mutually exclusive. The service time distribution of
the series is given by the following equation.

(1 —
PuAm—Xhmm —mZp =M_£?=&
i=1

t=1,2,...,T, (3)

where, P; is the service time distribution of delayed series of s ob-
servations fort =1,..., T.

From Eq. (3),
T T
POZl_ZPt:l_( 2213[:%- (4)
t=1 =1

Therefore, and by Eqs. (3) and (4), the compound service time
distribution of the introduced two loss systems is equal to P; for

allt=0,1,..., T, where
P = py; t=0,
pe(1 - 1))
=— 7. t=1,2,...,T, 5
= po) ©)

where t is the compound service time of the s observations.

3.3. A special compound service time distribution of the introduced
two loss systems

A special service time distribution of series of s observations
is obtained by considering the compound service times of the s
observations in the case that the service time of the first observa-
tion equals t for t = 1,2, ..., T time units. Since there is no waiting
places exist in the introduced two loss systems and the server is
busy by the service of the first observation for t =1,2,..., T time
units, then the next coming xth observations for x =2, 3, ..., s will
be lost. In this case, no observations are served without delay, and

po=0. (6)

Substitute (6) into (5) to get the compound service time distri-
bution P; of the delayed series of s observations under the assump-
tion that the first observation is the only served one with time de-
lay equals ¢t for t =1,2,..., T time units, and the rest (s —1) ob-
servations are lost, where

Ptzpt, t=],2,...,T
=0, t=0, (7)

The (s —1) lost observations are not allowed to be served by
other service station of the same loss system even they were free,
for this will affect both the number of served arrivals of the two
loss systems and the efficiency of the modified stochastic approxi-
mation procedure with delayed series ofs delayed observations.

As a result of this case, each series of s observations will be-
come a series of one delayed observation and by the last theorem,
the service time of each series equals the service time of its de-
layed observation. Therefore, the service time distribution P; of a
series equals the service time distribution p; of its delayed obser-
vation. We conclude that the number of served observations of a
series of s observations can be maximized if all or at least (s — 1)
of them are served without delay, where this will minimizes the
number of lost observations of the series to become zero.

4. Methodology

The first topic of the work was studying mathematical models
of two special service systems.

As the considered systems can be viewed as compound Markov
chains, it was first of all the theory of finite or countable (discrete-
time) compound Markov chains that were made use of. The com-
pound states of the chain reachable from the initial zero compound
state, and the equations necessary for the stationary distribution
were found. Some matrix algebra and methods of solving systems
of linear equations were utilized in connection with the stationary
distribution and with asymptotic efficiency.

The second topic of the work was investigating the modified
stochastic approximation procedure with delayed series of delayed
observations and with allocation of the series into parallel series.
Here, the results obtained for the above mentioned service systems
became main tool of the investigation. Moreover, results on almost
sure convergence and on asymptotic normality, known for the non-
delayed stochastic approximation, were made use of.

4.1. The stationary distribution of the compound Markov chain

The set S of compound states that can be reached from the ini-
tial 00...0 under the assumption P; > 0, for all 0 < i < T, together
with the corresponding matrix of transition probabilities P will be
called the basic compound Markov chain. We can easily see, still
assumingP; > 0, for all 0 < i < T, that the basic compound Markov
chain is irreducible, ergodic. Hence, there is a unique stationary
distribution 7, determined by the system of equations

P'n=m, (8)

where T denotes the transpose of the matrix P.
4.2. Efficiency of the two service systems

If T < K, then each state o contains at least one 0 and in this
case no observation will be lost. For T > K, the unknowns , with
o containing no 0's can be easily eliminated from the system (8),
as successive transitions from these states to states containing 0-s
occur deterministically, with probability 1. One of the remaining
equations can always be deleted as superfluous; another one is to
be added, namely the requirement

Y e =1
o

Solving the reduced system of equations and summing the co-
ordinates of the solution, we get the loss probability [,

I=Zm,,

o containing no 0, or complementarily, the efficiency e of the
two service systems, where

e= Zna; o contains at least one 0. 9)
o
Note that,
[+e=1.

4.3. Applications of the modified stochastic approximation procedure

Two applications (examples) of the modified procedure are
given here, the first depends on delayed series of large number of
observations; the second depends on an approximation based on
geometric time delay distribution of observations.

4.3.1. Application of the modified procedure to series of large number
of observations

Assume that T =K = 2; the number of observations s = 30;
and the service time distribution of an observation equals
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Table 1

Comparisons between the exact percentage efficiency e of the modified procedure with delayed series of 30 compound observations each has large probability
po; and approximate efficiency e; of a procedure with geometrically distributed time delay and parameter p.

s=1
K=2 K=3 K=4 K=5 K=6
Po P P2 p3 Pa ps Ps E(t) p e e e el e el e el e e
096 0035 0005 0 0 0 0 0.045  0.957
096 0020 0015 0005 O 0 0 0065 0939 999
096 0016 0010 0009 0005 O 0 0.083 0923 9938
096 0015 0009 0007 0005 0004 O 0.086 0921 997 999
096 0014 0008 0007 0006 0003 0002 0102 0907 996  99.9
s=30
029 062 0.09 0 0 0 0 0.80 0556 946 885
029 035 026 0.10 0 0 0 117 0461 815 797 981 955
029 028 018 0.16 009 0 0 148 0403 731 723 929 913 994 984
029 026 016 012 009 008 0 170 0370 687 687 894 884 999 997
029 025 014 012 011 005 004 182 0355 668 665 869 861
100.0 in all empty cells, and (R, ........., Ps) are approximated to two digits.
(po, P1, p2) = (0.7,0.2,0.1). The compound service time distribu- or,
tion of a series of 30 observations is obtained by substituting s = 2
30, and (po. p1. p2) = (0.7,0.2,0.1) into Eq. (5) to get the service (q/p) = Y tP,
time distribution (Py, Py, P,) = (2.257>,0.6667, 0.316) of the series. t=0 5 (11)
Substitute (Pg, P;, P;) in the reduced system of equations p=1/[1+>tR).
(8) and follow the steps stated in Section 4.2 to get the explicit t=0
solution for m,, « contains at least one 0, as mgg = 0.14, Ty = Insert  the service time  distribution (Po, Py, Py) =

0.47, and mg, = 0.19. To obtain the efficiency e, of the modified
stochastic approximation procedure, substitute the values of g,
o1, oz in Eq. (9) to get e =0.8.

As a result of this application, the modified procedure can serve
a delayed series of large number of observations with high effi-
ciency e. This application can be used to increase the production
of items with high efficiency in many fields such as biological,
medical, life time experiments, and some industrial projects, where
items are realized after random time delays.

4.3.2. Application of the Robbins-Monro procedure to the loss system
with series of observations

This application has been done by approximating the efficiency
e; of the procedure [8], based on geometrical random time de-
lay distribution of observations, by the efficiency e of the modi-
fied procedure with delayed series where each series contains 30
observations. The states S; of the procedure [8] are the number of
servers free at time n — 0 (or immediately before time n), where S;
together with the corresponding matrix of transition probabilities
P; is a Markov chain. Assume that the number of servers K equals
2, it can be seen that

S; ={0,1,2}.
¢ 2pq p?

Ph=|q* 2pq p*|. (10)
0 q p

The asymptotic efficiency e; is approximated by the asymp-
totic efficiency e, where e is obtained by the application given in
Section 4.3.1 and equals 0.8. The method of moments is used to
find the approximation where the first moment w of the geomet-
ric random time delay distribution of procedure [8] is set equals to
the first moment E(t) of the compound service time distribution of
the investigated loss system to get

w=E(),

(2.2572,0.6667,0.316), obtained by the application given in
Section 4.3.1, into Eq. (11) to get the approximated parameter
p where p=0435 and g=1- p=0.565. Substitute p, q in
Eq. (10) to get the approximated transition matrix

0319 0492 0.189
P ={0319 0.492 0.189
0 0.565 0.435

At last, substitute the approximated transition matrix P; into
the reduced system of equations (8) and follow the steps stated in
section (4.2) to solve for the unknowns m, 71, 7. It can be seen
that the approximated efficiency e; = 0.761, where

er=1-mg

The results obtained show that the approximation of the effi-
ciency e; by the efficiency e = 0.8 is acceptable and consequently,
the investigated loss system with delayed series of s observations
can serve as a model of the Robbins-Monro stochastic approxima-
tion procedure with delayed observations. This model modifies the
stochastic procedure to be applicable in the presence of delayed
series of s compound observations. Our procedure is called the
modified stochastic approximation procedure with delayed series
of s compound observations.

4.4. New results and discussion

Table 1 gives a comparison between the exact efficiency e of the
modified procedure with delayed series of 30 delayed compound
observations, and the approximate efficiency e; of the stochastic
procedure [8] with delayed observations. In Table 2, the efficiency
e in the case s = 1 is approximately the same as in the case s = 30
and this gives an important application by increasing the produc-
tion of items with high efficiency in many fields such as biological,
medical, life time experiments, and industrial projects where items
are realized after random time delays.

The results obtained by Tables 1 and 2 seem to be satisfactory,
with the difference between the two efficiencies e and e; decreas-
ing. Consequently, this show in general that the modified stochas-
tic approximation procedure with delayed series of s compound
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Comparisons between the exact percentage efficiency e of the modified procedure with delayed series of 30 compound observations each has small probability
po; and approximate efficiency e;, of a procedure with geometrically distributed time delay and parameter p.

s=1
K=2 K=3 K=4 K=5 K=6
Po p1 p2 p3 P4 ps ps Et) p e e e e e e e e e e
004 04 056 0 0 0 0 152 0397 744 71.2
004 032 032 032 0 0 0 192 0342 648 633 886 842
004 024 024 024 024 024 O 0 24 0294 564 556 791 766 948 906
004 0192 0192 0192 0192 0192 0 288 0258 499 494 712 69.7 97.7 943
004 016 0.16 0.16 0.16 0.16 16 336 0229 447 444 645 636 99 97
s=30
0 0417 0583 0 0 0 0 158 0387 731 69.8
0 0333 0333 0334 0 0 0 200 0333 635 619 875 829
0 0250 0250 0250 0250 O 0 250 0286 550 542 777 751 940 895
0 02 0.2 0.2 0.2 0.2 0 300 0250 485 481 696 681 97.3 934
0 0167 0167 0167 0167 0166 0166 350 0229 434 431 629 619 99 96

100.0 in all empty cells, and (P,

observations can serve as a model of the Robbins—Monro stochastic
approximation procedure with delayed observations. Accordingly,
the modified procedure improves the Robbins-Monro procedure by
diminishing the time losses due to the delay of observations. The
results in Tables 1 and 2 are calculated by using the Matlab pro-
gram (version 7) and Maple program (version 16).

The results obtained by Tables 1 and 2 prove that the investi-
gated procedure is more general than the procedure given by the
paper [13] for all the results given by this paper can be obtained
in the special case that each series contains one observation only.

In conclusion, our approach is new and we expect that it can be
applied to other stochastic approximation or recursive estimation
procedures.
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