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In this paper, we deal with the oscillation of the solutions of the higher order quasilinear dynamic equa-
tion with Laplacians and a deviating argument in the form of

KA + D)y (x(8(1)) =0

on an above-unbounded time scale, where n > 2,
() = ri(t)%,[(x“‘”)A(t)}, i=1,2,...,n—1, withx% =x.

By using a generalized Riccati transformation and integral averaging technique, we establish some new

oscillation criteria for the cases when n is even and odd, and when @ > y, @ =y, and @ < y, respec-
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tively, with o = &7 --- @;,_1 and without any restrictions on the time scale.
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1. Introduction

In this paper we study the oscillatory behavior of the higher or-
der quasilinear dynamic equation with Laplacians and a deviating
argument

=A@ + p(t)g, (x(g(t))) =0

on an above-unbounded time scale T, where

(1.1)

(i) n > 2 is an integer and y > 0;
(ii) *(E) = 1;(E)be, [(xli—H)A(t)], i=1,2,. .n—1, with X% = x;
(iii) @g(u) := |u|?sgnu for 6 > 0;

Without loss of generality we assume tg e T. For Ac T and
B Cc R, we denote by C,4(A, B) the space of right-dense continuous
functions from A to B and by Crld (A, B) the set of functions in C,4(A,
B) with right-dense continuous A—derivatives, for an excellent in-
troduction to the calculus on time scales, see Bohner and Peterson
[1,2]. Throughout this paper we make the following assumptions:
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(iv) For i=1,2,....n—=1, a; > 0 is
Cra([to, 00) 1, (0, 00)) such that

a constant and r;e

/ r V(D) AT = o0;

to

(v) p e Gq([to, 00)r, [0, 00)) such that p = 0;

(vi) g€ G4(T, T) such that lims . g(t) = co with g*(t) := min{t
g(t)} is nondecreasing on [tg, co)r.

(12)

By a solution of Eq. (1.1) we mean a function
xeCL([Tx.o0)r.R) for some Ty > 0 such that xlile
CL([Tx.o0)1.R), i=1,2,....n—1, which satisfies Eq. (1.1) on
[Ty, oo)r. A solution x(t) of Eq. (1.1) is said to be oscillatory if it is
neither eventually positive nor eventually negative. Otherwise, it
is nonoscillatory.

Oscillation criteria for higher order dynamic equations on time
scales have been studied by many authors. For instance, Grace,
Agarwal, and Zafer 3] established oscillation criteria for the higher
order nonlinear dynamic equations on general time scales

XA () + PO (7 (g())” =0,

where y is ratios of positive odd integers and where g(t) < t. In
[3], some comparison criteria have been obtained when g(t) < ¢
and some oscillation criteria are given when n is even and g(t) =t.
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The authors in [3] assumed that

p(U) AuAsAt = oo. (1.3)
I

Wu et al [4] established Kamanev-type oscillation criteria for the
higher order nonlinear dynamic equation

(T (O[22 () C.. (rOXA(E)A))A A
+f(t.x(g(t))) =0,

where « is the quotient of odd positive integers, g: T — T with
g(t) > t and lim¢_, ,, g(t) = oo and there there exists a positive rd-
continuous function p(t) such that % > p(t) for u # 0. Sun et al
[5] presented some criteria for oscillation and asymptotic behavior
of dynamic equation

{ra1 (O[(ra2(O) (.. (M (OXA(E)A .. )M A4
+f(t, x(g(t))) =0,

where o > 1 is the quotient of odd positive integers, g: T — T is
an increasing differentiable function with g(t) <t,goo =0 og and
lim;_, o g(t) = oo and there there exists a positive rd-continuous
function p(t) such that % >p(t) foru # 0 and B > 1 is the
quotient of odd positive integers. Sun et al [6] considered quasilin-
ear dynamic equation of the form

A
[ra O[O o> 004+ poxt o =o.

where «, S are the quotient of odd positive integers.
Also, The results obtained in [4-6] are given when

| 7w {ff R=GIA p(”)A”]l/aAs}At - 09

Hassan and Kong [7] obtained asymptotics and oscillation criteria
for the nth-order half-linear dynamic equation with deviating ar-
gument

®HAE) + PO Pap n-11(X(E(1))) =0,

where a[1,n—1]:= oq---a,_1; and Grace and Hassan [8] further
studied the asymptotics and oscillation for the higher order non-
linear dynamic equation with Laplacians and deviating argument

@A @) + p(t)py (7 (&(1))) = 0.

However, the establishment of the results in [8] requires the re-
striction on the time scale T that g* oo =0 og* where g*(t) =
min{t, g(t)} (though it is missed in most places) which is hardly
satisfied. For more results on dynamic equations, we refer the
reader to the papers [9-14,16,15,17-26].

In this paper, we will discuss the higher order nonlinear dy-
namic equation (1.1) with Laplacians and deviating argument on
a general time scale without any restrictions on g(t) and o(t)
and also without the conditions (1.3) and (1.4). Some asymptotics
and oscillation criteria will be derived for the cases when n is
even and odd, and when o > ¥ and o < y, respectively, with
o = ---0y_1. The results in this paper improve the results in [3—
8] on the oscillation of various dynamic equations.

2. Main results

We introduce the following notation:

alh k] = {‘l"h"'“k h<k, (21)

R h >k,

with o =«a[l,n—1]. For any t,seT and for a fixed me
{0.1,....n—1}, define the functions Ry j(t, s) and p;(t). j=

0,1,...,m, by the following recurrence formulas:

L i=o,
1otm_js
R i€9)i= e [Ruga @O ) @2)
Tm—j+1(T) ’ Pl
and
p(), y j=0,
Ap_j
p;(t) = T e b )
rnfj(t)fr pj1(T)AT . j=12,...n-1,
(2.3)

provided the improper integrals involved are convergent.

In order to prove the main results, we need the following lem-
mas. The first one is an extension of Lemma 2.1 in [7] to the non-
linear Eq. (1.1) with exactly the same proof.

Lemma 2.1. Assume Eq. (1.1) has an eventually positive solution x(t).

Then there exists an integer m € {0,1,...,n— 1} with m + n odd such
that
xK(¢)>0 for k=0,1,....,m (2.4)
and

(_])”H'kx[k](t) >0 for k=mm+1,....,n—1 (2.5)
eventually.

Remark 2.1. If n =2 in Lemma 2.1 then m =1, whereas if n =3
then m=2 or m=0.

Remark 2.2. If n > 4 in Lemma 2.1 and
P2(T)AT = o0,
to

then
e In—1.
““In-1or0,

Proof. From Lemma 2.1 that there exists an integer number m ¢
{0,1,...,n—1} such that (2.4) and (2.5) hold for t > t; € [tg, c0).

if ne?2N,

if ne2N-1. (2.7)

(I) n € 2N. We claim that (2.6) implies that m =n — 1. In fact, if
1<m<n-3, then for t > t;

xM@) <0, x"1U(@) > 0, x"2(t) <0, x"31(t) > 0.

Since x(t) is strictly increasing on [t;, co)r then for sufficiently
large t, € [t1, 00)T, we have x(g(t)) > [ > 0 for t > t,. It follows
that

&y (x(g(t)) =17 =L fort € [tz, 00)r,
Eq. (1.1) can be written as
~(x" ()" = p(t)epy (X(g(1) = Lp(t) = L po(t).

Integrating the above inequality from t to v € [t, 00)7 and let-
ting v — oo and using (2.5), we get

A1) > L / Po(s)As,
t

which implies

1 o0 A 1/t [V
j— n-1
— f[ Po(s) S] = p1(t).

By integrating the above inequality from t to v € [t, o) and
then taking limits as v — oo and using the fact xI"-2] < 0 even-
tually, we get

—x"=2(t) > L”"‘H/ p1(s)As,
t

(- 2(0)* = LV [
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which implies

(K3 () > Ll/a[n—z,n—l][ 1 /oo N (S)As]uan,z
Th2 (t) t
— Ll/oz[i1—2ﬂ—l]p2 (t)

Again, integrating the above inequality from t, to t € [tp, 00)r
and noting that x["=3! > 0 eventually, we get

t
x[n—3](t2) _ X[n—B](t) > Ll/a[n—z,n—l] D2 (S)AS.
5}
As a result, lim;_, o x["31(t) = —co, which contradicts the fact
that xI"-31 > 0 on [ty, co)r. Thus 1 <m < n — 3 is false so (recall
m is odd in this case) m=n—1.
(I) n € 2N — 1. Thus from Lemma 2.1, we get either m =0 or m >
2. As shown in Case (I) when m > 2, (2.6) implies that m =
n—-1. O

Lemma 2.2. (see [27, Lemma 2.3.]) Let w(u) = au — bu'*V/8 where
au>0andb, B > 0. Then

a)(u)<<€>ﬁ<lil3>”ﬂ.

Lemma 2.3. Assume Eq. (1.1) has an eventually positive solution x(t)
and me{0,1,...,n— 1} is given in Lemma 2.1 such that (2.4) and
(2.5) hold for t € [t1, 00)r for some t; € [tg, oo)1. Then the following
hold for t € (t1, c0)7:

(a) fori=0,1,...,m

MO S strictly decreasi (2.8)
—F X 1S SUri1IC ecreasing, .
Rt (6, £1) y s
(b) forie{0,1,...,m}and j=0,1,...,m—i
. [m=il(t)
0l -1 XM .
X = b m [Rm(t’ tl)]Rm,mJ (t.t1). (2.9)

Proof.

(a) We show it by induction. From (2.4) and (2.5), (2.8) holds
for i =0 since Ry o(t,t;) = 1. Assume (2.8) holds for some i€
{o,1,..., m — 1}. Then

x[m—i] (t)
Rini(t, t1)

This implies that
. ) t [m—i]
X = X e) + [yl [X (T)}M
t

Tini(T)

e [ xim-ilr) Ry i(t.t1) o
> A ¢a':i|:Rm,i(T’tl)] ( Tm_i(T) ) At
A T R )

e [ ] [ () e

(m-—i]
= Pg [m] Rin,i1(t, ty).

is strictly decreasing on (t;, co)r.

Since

x[m—i—]](t) A
|:Rm,i+1 (t.ty ):|
Rt (6 ) (M10) " = Ry (2, 6) Xm=-11 )

B R is1(t, t1)Rm i1 (o (£), t1)

_ (Rm,j(t, tq )/rmfi(t))]/a"l*i .
Rmis1(t, t1)Rm iz (o (£). t1)

[m—i] .
|:Rm,i+1 (t.t)d) |:I:,,1,(t(tt1))i| —X[m’”(t)] <0,

—i-1 . . . .
then H is strictly decreasing on (t;,oo)r. This shows
m,i+1 " 1)

that (2.8) holds for i+ 1. Therefore, (2.8) holds for all i=
0,1,...,m.

(b) We show it by a backward induction. Note from (2.1) that
¢ =1, the identity operator, then (2.9) holds for

afm—i+1,m—i]

j=m—i as an identity. Assume (2.9) holds for some j ¢
{1,2,...,m—i}. Then for t € (t{, c0)r,

. A _ X[j](t)
[X[] 1](0] - ¢a,1|: O :|

-1 X[mfil(t) Rm,mfj(t’tl) R
> Pogjmei Rni(t,t1) ri(t) '

Replacing t by t in the above, integrating it from t; to t e
(t1,00)t, and then using Part (a), we have

xU=1(t) > xU-1(t) — xUi-1(ty)

t » x[m—i](f) Rm,m—j(n t1) 1/

= /ﬁ ¢a[j’m_i]|:Rm‘i(Tst1) ri(z) AT
» xlm=il (t) t Rm,m—j(t’ t1) Ve

~ “”’m_”[Rm,i(ﬂ fl)i|/t1 (rj(r)) At

Xl ¢
= ¢(;[]j,m—i] |:()i|Rm,mj+1 (l‘, t )

Rpn,i(t, t1)

This shows that (2.9) holds for j — 1. Therefore, (2.9) holds for
all j=0,1,....m—-i. O

Lemma 2.4. Assume Eq. (1.1) has an eventually positive solution
x(t) and m is given in Lemma 2.1 such that me{1,2,....,n—1},
(2.4) and (2.5) hold for t > t; € [tg, oo)T. Then for t € [t1, 00)r and
j=mm+1,...,n-1,

[ priaorar <o

and

(2.10)

(D™ = ¢l ey (k& ©))) / P (mAT
(2.11)

Proof. We show it by a backward induction. By Lemma 2.1 with m
> 1 we see that x(t) is strictly increasing on [t;, co)r. Hence from
(1.1) we have that for t € [tp, o)t

—( 1) = pO)y (X(E(1)) = polt) Gy (x(g (1)), (212)

Replacing t by 7 in (1.1), integrating from t € [ty,00)r tO S€
[t, 00)T, and using (2.5), we have

X1ty > —xIn=1(s) 4 xI=1 () > /t S po(T) ¢y (x(g*(1)))AT

> ¢, ©) [ " po()AT.

By Lemma 2.1 with m > 1 we see that x(t) is strictly increasing on
[t1, 00)T and Hence by taking limits as s — oo we obtain that

A1) = ¢y (x(g (1)) /[ " po(0)AT.

This shows that ™ po(T)AT < oo and (2.11) holds for j=n-1.
Assume [ pp_j_1(T)AT < oo and (2.11) holds for some j e {m+
1,m+2,...,n—1}. Then for (2.11)

(~1mI[x ()]
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— (—1)m+iH-1 X[j](t)
( 1) d’aj [ Tj(t)

1/a;
> J[lj,n_l]{%(x(g*(t))) [r (t)/ Pn—j- 1(1’)At]
= Golinn i@y (@ ©)] puj(©).

Replacing ¢t by 7 in the above and then integrating it from ¢ e
[tp, 00)T to s € [t, 00)T, we have

(1IN = (—1)™H (1) — 1))
= [ Gl @ ©OD}pa @) AT

= Bl by 0@ OD) [ Pray(0) A

Taking limits as s — oo we obtain that
O™ = g8, (0 6@ O] [ pay(r) AT

This shows that [ p,_j(t) AT <oo and (2.11) holds for j—1.
Therefore, the conclusion holds. O

In the sequel, we will present conditions which guarantee the
following conclusions hold:

(C) (i) every solution of Eq. (1.1) is oscillatory if n is even;
(ii) every solution of Eq. (1.1) either is oscillatory or tends
to zero eventually if n is odd.

We may now state and prove our main results. In these, we will
consider the two cases ¢ > y and o < y.

Theorem 2.1. Let o > y. Assume for each i€ {1,2,...,n—1} and
sufficiently large T € [ty, oo)r there exists a p; € Crld([to, 00)r, (0, 00))
and a constant k; > 0 such that

t
lim sup [,oi(r)Pi(T, T)
t—o0 T
[1,i] A of1,i]+1
o (02 (D))
Y I R B AT = o0, 213
(ywi(r,T)) |:oz[l,1] +1 t= (213)
where g*(t) > T for t > T; and
T = D Rug@®.D]"
P(z,T) := Pn—z—l(f)[w_ , (2.14)
and
r 1/ey
pi(T) Rii_1(7,T)
Yi(r,T) := : . (215)
l ki~ R;;y/“(a(T),T) | (o)
S 4 ; _
with y; 1= afis i1y Moreover, for the case when n is odd, as
sume

/:o Pn_1(T) AT =0 (2.16)

Then conclusions (C) hold.

Proof. Assume Eq. (1.1) has a nonoscillatory solution x(t). Then
without loss of generality, assume x(t) > 0 and x(g(t)) > 0 for
t € [tg, oo)r. It follows from Lemma 2.1 that there exists an integer
me{0,1,...,n— 1} with m+n odd such that (2.4) and (2.5) hold
for t € [t1, 00)r for some t; € [tg, o0)T.

(i) Assume m > 1. Define

_ xlml (t)
Wi (€)= pm () G} (217)
By the product rule and the quotient rule we have
P () (oA, Pm(E) . e \O
W#(I) = X (0) (x[ ](t)) + (Xym(t)) (X[ ](t))
o) +[ PRO  pm( (" (t))j}
xvm(t) (xrm(t))"  x¥m(t)(x¥m(t))
x (xm ().
Using the definition of wp(t) we obtain
(xm(0)” ()’
W% ) = Pm(t)W + Pn% (®) ( om (£) )
() (wn(®)\”
Pm(t) ————— X (D) (,om(t)) . (2.18)

From Lemma 2.4 with j =m+ 1, we have

=X 2 G [ By K@ ©))] [to" Pr-m2(7) AT.

(2.19)
which, together with (2.3), implies that for t € [t;, co)T,
—(M0) = Pty ldy @ ©))

1 00 1/0m
X[m/; Pn-m-2(T) AT]
= @y, (X(g*())) Pn-m-1(t). (2.20)

Subtituting (2.20) into (2.18) we obtain

¥m o
WO < ~pn(©pr @ *ELD] +p,ﬁ(t)<wm(”)

x(6) om (D)
@ (N (W)
Pn®) gty (pma)) |

Let t € [t1, 00)r be fixed. In view of Lemma 2.3, Part (a) we see
that for i = m,

X (@) > € 00

where g*(t) > t; for t > t,. From the definition of Py(t, t;) we
have that for t € [t;, co)T,

x(t) fort e[ty,o00)r,

win(6) )’
W0 < onmute) + pi0 (22

win(6)\’
Pm(t) '

By the Pdtzsche chain rule ([1, Theorem 1.90]) we obtain

)(XV’" )

—Pm(t X7 (6)

() =y [ 10— Ix©) + 1 OFdh x4 0)
0

{ym [ (O '%2(t), 0<ym=<1,

VYm > 1.

v

VY [X(E)] XA (0),

If0 < ym < 1, we have

Wi (t) ’
W#(t) < pm(t)Pm(tstl)Jszﬁ(t)(pm(t))

_ 200" (wn©)
Ym0 6 [ X } (pma)) |
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and if y;» > 1, we have

WA(E) < —Pm(DPn(E. 1) + (t)<wm(t>)

Pom(t)
_ X0 %7 () (wn ()’
)/m,om(t)xa(t) x(t) (,om(f)> '

Using the fact thatx®(t) > 0 on [t, co)r we see that for y, >
0,

win(0)\’
Wi () < —Pm(O)Pu(t, tr) +pn%<t>< pm(t))

A g
*Vmpm(t)x ) (Wm(t)) .

(0 \ om0 (221

By using Lemma 2.3, Part (b) withi=0
Xm(t) > ¢07[12_m] (X[m](t))Rm,m—l (t.ty)

which implies

1/a4
X0 2 9 (¢ w(t))[fwmq

and j =1 we see that

ri(t)

1/aq
o mm—1(E, €
= G (X" O] )[ r1(§) ])}

= ¢a[1 m]((zm((g) )(X (t))y/a|:

1/«
m,m—1 (t7 tl)i| '

r1(t)
(2.22)
Then, from (2.21) and (2.22), we get

WA() < ~pn(OB(t.t) + P (r)(‘;f:((g )

1/ o= 14+1/a[1,m]
Rym-1(t, t1) Wi (£)
‘V'“”m“)[ 0] ] [(pm@) }

1 (2.23)

S )T
By (2.5) there is a positive constant kg such that
xm(t) < ko = koRmo(t, t;)  for t € [t, 00)r.
which gives

= 1/om
m,O(tv t])

I'm (t)

Integrating the above from t, to t

fort € [tz, OO)']T.

(X[m—l](t)) < k”amI:

€ [ty, o)1 we have

tr 1/am
M) < () 4 e [ Rne T A
t L m(T)

= xm1(6) + k(l)/a'"RmJ (t,t).

Hence from (1.2
fort e [fz, oo)T,

), there exists a positive constant k; such that

m-1(t,)
Ry (t,t1)

Continuing this process, we obtain for some a positive constant
km,

XM=ty < Ry (¢, tﬂ(ko/‘*m + ) < kiR (t, 7).

X(t) =< kam,m(t, tl) forte [tZ’ OO)'JI‘A

(ii

-
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Since ¥ < o we have

KO T <k R (o (£),t)  for t € [ty, 00)7.

(2.24)

Substituting (2.24) into (2.23) and using the definition of ¥y (t,
t;) we get

W (t) 7
WA(t) < —pm(t)Pn(t, tr) +p,ﬁ(t)( o m)

—YmVm(t, t1) w7
B om(t)

< —Pn(O)Pu(t.tr) + (2 (t))+(wm(f))

om(t)

Win(6) o 1+1/a[1,m]
—Ym¥m (L, tﬂ[(pm(t)) } . (2.25)
Using Lemma 2.2 with
= (,O,% )+, bi=Ym¥m(t. 1),
_ _ (wn®’
B:=a[l,m]and u := (,om(t)) ,
we obtain
o o 1+1/a[1,m]
A Wi () - Wi (t)

(af1, m])ah,m] ((pr% (t))+)ot[l.m]+1

< (a[1,m]+ ])all,m]+1 )/rg[l’m](llfm (. tl))a[l,m]

o\ ey, T

From this and (2.25) we have

WA (t) < —pm(t)Pn(t, tr)
(PA )+

o a[1,m] al1,m]+1

Integrating both sides from t, to t we get

/[ [pm(t)l’m(r, t1)

a[1.m] af1,m]+1
od (P (1))
_(w/fm(rr])) [aumm ] ]Af

S Wi (ty) — Wi (t) < wn(tz),

which contradicts (2.13).

We show that if m =0, then lims_, x(t) =0. In fact, from
Lemma 2.1 we see that it is only possible when n is odd. In
this case

(-~ 0 for k=0,1,....n

This implies that x(t) is positive and strictly decreasing on
[t1, 00)T. Then lim;_ o x(t) =1 > 0. Assume | > 0. Then x(g(t))
> | for t € [ty, co)r. It follows that

@y (x(g(t))) =1 =L fort € [ty, c0)T.

Then from (1.1), we obtain

—(X" ()" = p(O)dy (x(g(1))) = L p(t) =L po(t).

Integrating the above from t to s € [t, co)T, we get

N
X1 (s) + 41 (1) > Lf Po(T)AT,
t
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and by (2.5) we see that x["=1l(s) > 0. Hence by taking limits
as v — oo we have

X1y > L/ po(T)AT
t

which implies

=214} > [Ven
(=21())" = 1V [rM(t)

Integrating the above from t to s € [t, co)7 and letting s — oo,
by (2.5) we get

—x[n=2I() > [V / pi(t) At.
t
Continuing this process, we get
—xl1l(e) > L1/et2nTl / Pn2(T) AT
t

which implies that

@ = et [ [ pn_z(r)m]w‘
- r1(t) Ji
PO}

Again integrating the above from t, to t € [t;, co0)T, We get
t

—x() +x(e) = LV [Tp @) Ar
t

Hence by (2.16), lim;_, - X(t) = —oo, which contradicts the as-
sumption that x(t) > 0 eventually. This shows that if m =0,
then lim;_, ,, x(t) = 0. This completes the proof. O

Theorem 2.2. Let @ < y. Assume for each i€ {1,2,...,n—1} and
sufficiently large T € [ty, oco)r there exists a p; € Crld([to, oo)t, (0, 00))
and a constant C > O such that

lim sup [|:,01‘(T)Pi(‘[,T)
t—o0 T
allilF oA a[1,il+1
o (PP (T))+ .
_<V¢7f(r,T)> _oe[l,i]+1] ]AT— . (2.26)

where g*(t) > T for t > Ty, and Pi(t, T) is defined by (2.14) and

i o wo1| Riia(z,T) Ve
Ji(@.T) = pi(0)C w)} .

Moreover, for the case when n is odd, assume (2.16) holds. Then con-
clusions (C) hold.

(2.27)

Proof. Assume Eq. (1.1) has a nonoscillatory solution x(t). Then
without loss of generality, assume x(t) > 0 and x(g(t)) > 0 for
t € [tg, oo)r. It follows from Lemma 2.1 that there exists an integer
me{0,1,...,n—1} with m+n odd such that (2.4) and (2.5) hold
for t € [t1, 00)r for some t; € [tg, 00)T.

(i) Assume m > 1. Proceeding as in the proof of Theorem 2.1 we
get that (2.23) holds. i.e.,

win(0)\’
WA (t) < —pm(O)Pu(t,tr) + P (£) ( oD )

R (t ¢ ) 1/, w (t) o 1+1/a[1,m]
m,m—1\ts L1 m
‘V’“”'"“)[ 0] } [(pma)) }

x (17 (£)"* 7.

Since @ < y and x(t) is increasing on [t;, oco)r, then x°(t) >
X (ty) for t € [ty, co)T and so

(XO' (t))y/afl > (Xa(t]))]//(x—] —- Cyﬂx*] -0

fort e [fz, OO)']T,

1 00 1/a1
/[ Po(f)Af] = LVt py(0).

where g*(t) > t; for t > t,. Consequently,

Pm(t)

~YmWm (£, t1) wn )\ 1+1/e[1.m]
e pm(l’) .

The rest of proof is similar to the first case of Theorem 2.1 and
hence can be omitted.

(ii) With essentially the same proof as that of Theorem 2.1, Part (ii),
we can show that if m = 0, then lim;_, ,, x(t) = 0. We omit the
details. O

Wé(t) = _,Om(t)Pm(t, tl) +pn%(t)<wm(t)>

Example 2.1. Consider the higher order nonlinear dynamic equa-
tion

_ 1
(A ) + a1 Py (X&) =0, gO) =t (2.28)
for t € [tg, 00)p, where n > 2 is odd, ; > 1, « < y and
RO = () = - =2 -1
1 -—0[17 i ._Ol[‘l,l']’ =Ly ey
It is clear that conditions (1.2) hold, since
/ (AT =)™ [ AT = oo,
to to
and
o 7]/0[' . 1/ai o Af .
ri () At = (af1,1]) — =00, i=2,...,n—1,
to to T

by [1, Example 5.60]. Also,

B B

pO(t) = ta+1 = talln-1]+1"

By the Potzsche chain rule, we get

pi(t) = [rnj—(t) /too po(f)At]WM

o 1/ctn_
_ gl a[1,n—1] LI
- ton ¢ Talln-1]+1
1/0nq
1 [/ -1 \%
1/0ty_
et /3 * l[tanlv/; (ta[l,n—l]> AT]
ﬂ]/an,l ﬂl/a[n—l,n—l]
= relln—2l41 T pelln—2l+1
It is easy to see that
ﬂ]/a[n—i,n—ﬂ .
Pi®) = G =01 n=2,
and
1 ) 1/
=|— A
Por®) =[5 [ Poa(r)aT]
”» o 1 A 1/
> p [“1 | el T]
0o ;o A 1en 1/a
o[ ()]
t T t
Hence

[ pa@ ar=pre [ AT o,
T T T

so that condition (2.16) holds. Therefore, we can find T; > T such
that R;;_1(t,T)>1 and g(t) > T for t > T;. Let us take p;(t) =
to[1il then, by the P6 tzsche chain rule

pE® = ()" = aft.il (e byt
! o
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< af1,i](o (t))a[“]*{ (3) Let oy = y be a quotient of odd positive integers and g(t)
< t on [tg, 00), then Theorems 2.1 and 2.2 reduces to [31,
Now, we assume T is a time scale satisfying o(t) < Kt, for some K Theorem 2.1].
>0, t > Tg > Ty. Now (b) When n = 3. In this case i = 2:
¢ (1) Let 0y =a;=y =1 and g(t)=t on [ty,0c0)r, then
lim sup |:p,-(1:)P,-(1:, T) Theorems 2.1 and 2.2 reduces to [32, Theorem 1];
t—oo JT (2) Let 3 =1, ap = ¥ > 1 be a quotient of odd positive in-
o a[1,i] (P2 (1)) a[1,il+1 tegers and g(t) =t on [tp, co), then Theorems 2.1 and
—(-) |:l:| :IA‘L' 2.2 reduces to[33, Theorem 1];
y¥i(T,T) aft.i]+1 (3)Let a=y=1 and gt)=t on [ty oco)r, then
) t Theorems 2.1 and 2.2 reduces to[34, Theorem 2.1];
> limsup I:Pi(f)Pi(Tv T) (4) Let oy = 1, ay = ¥ be a quotient of odd positive integers
oo Il . . and g(t) < t on [ty, co)r, then Theorems 2.1 and 2.2 im-
o el (PP (1))+ allil+1 A proves the results in [35] since the condition o og=
- W ol i+ 1 T goo is not needed;
Yl (5) Let ¢y =ap =y =1 and g(t) < t on [ty,o0)r, then
t[ gl/eti+1.n-1] Theorems 2.1 and 2.2 improves the results in [36] since
T the conditions r]A(t) <0 and f[f)"q(t)g(r)Ar =00 are
: : not needed;
(a ol all,1i] AT ety -1 1 AT (6) Let ; = 1, ay = ¥ be a quotient of odd positive integers
y ofl,i]+1 (CV/"‘_1)“[U] T and g(t) < t on [ty, oo)r, then Theorems 2.1 and 2.2 im-
; . proves the results in [37] since the conditions r#(t) <0
_ [ gt o \ o all,i] LT i1 and /¥ q(7)g” (r)AT = oo are not needed;
> v o[1,i]+1 (Cy/otfl)a“'i] (7) Let o = y be a quotient of odd positive mtegers. and g(t)
< t on [ty,oo)T, then Theorems 2.1 and 2.2 improves
the results in [38] since the condition o o g = go o is not
= 00, needed.

> lim sup

t—o0 Tk

~

. t AT

limsup [ —
t—o0 Tx
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