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1. Introduction and preliminaries

The theory of sequence spaces has several important applica-
tions in many branches of mathematical analysis. The classical se-
quence space [, is extended to Il,, 1 < p < oo by Reisz [1] and fur-
ther its generalizations to Lorentz sequence space Iy, ¢, for 0 < p, g
< oo due to Hardy and Littlewood [2]. In recent years, many math-
ematicians are interested to study the theory of sequence spaces
generated by Cesaro mean, Orlicz function, Musielak-Orlicz func-
tion or using the combination of these. In [3] Lim and Lee in-
troduced the Cesaro-Orlicz sequence space. Later on, Cui et al.
[4] have studied and discussed its basic topological properties as
well as geometric properties.

Let w be the set of all sequences of real numbers and let I,
¢ and cy be the linear spaces of bounded, convergent and null
sequences x = (x;) with complex terms, respectively, normed by
[|X||oo = Supy |x|, where k e N, the set of positive integers. Let R
and N stand for the set of real numbers and the set of all natural
numbers, respectively.

An Orlicz function M is a function, which is continuous, non-
decreasing and convex with M(0) =0, M(x) > 0 for x > 0 and
M(x) — oo as X —> oo. An Orlicz function M is said to satisfy A,-
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condition for all values of u, if there exists R > 0 such that M(2u)
< RM(u), u > 0.

The study of Orlicz sequence spaces was initiated with a cer-
tain specific purpose in Banach Space theory. Lindenstrauss and
Tzafriri [5] used the idea of Orlicz function to define the follow-
ing sequence space:

ZM:{XEWZZM<%)<OO,

k=1
for some p > 0}

which is called as an Orlicz sequence space. The space ¢, is a Ba-
nach space with the norm

[Ix]| = inf{,o >0: ZM(M> < 1}.

k=1 p
It is shown in [5] that every Orlicz sequence space ¢y, contains a
subspace isomorphic to ¢y(p > 1).

A sequence M = (M;) of Orlicz functions is called a Musielak-
Orlicz function (see [6,7]). For more details about sequence spaces
(see [8-14]) and references therein.

Let n € N and X be a linear space over the field of real numbers
R of dimension d, where d > n > 2. A real valued function || -, ---,
.|| on X" satisfying the following four conditions:

(1) %1, %2, -, xn|| = 0 if and only if xq, x5,
pendent in X,

.-+, Xy are linearly de-
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(2) |1, X2, -+, Xp|| is invariant under permutation,

(3) lloxy, X9, - -+, Xn|| = |le¢| ||x1,%2, -+, xn|| for any @ € R and

(4) ||x+x',x9, - x| < ||1x, %2, -, Xn|| + ||X/, X9, - -+, xn|| is called
an n-norm on X, and the pair (X, || -, ---, -||) is called a n-
normed space over the field R. For more details on 2-normed
spaces and n-normed spaces [15-19].

For example, we may take X = R" being equipped with the n-
norm |[|Xq1, X3, ---, Xn||[g = the volume of the n-dimensional paral-
lelopiped spanned by the vectors x4, X5, -+, X; which may be given
explicitly by the formula

[1X1, %2, -+, Xl = | det(x;;)],

where x; = (Xj1, X2, -+, Xjp) € R" for each i=1,2,---,n. Let (X, ||
., ==+, -||) be an n-normed space of dimension d > n > 2 and {ay,

ay, -+, an} be linearly independent set in X. Then the following
function || -, -+-, -||lc on X" defined by ||x1, X3, - , Xn_1|ec =
max{||x;. Xz, -+ Xp_1. G| :1=1,2,--- . n}

defines an (n — 1)-norm on X with respect to {ay, ay, -+, an}
A sequence (x;) in a n-normed space (X, || -, ---, -||) is said to
converge to some L € X if

lim ||x, —L,zq,---,2z,_1|| = O for every zq,---,z,_1 € X. A se-

k—o00
quence (x;) in a n-normed space (X, || -, - -+, -||) is said to be Cauchy
if lim ||x, —Xp.2zq9.---,2p_1|| =0 for every zy,--- ,z;_1 € X. If ev-
k,p—oc

ery Cauchy sequence in X converges to some L € X, then X is said to
be complete with respect to the n-norm. Any complete n-normed
space is said to be n-Banach space.

Let X be a linear space. A function p : X — R is called paranorm
if

(1) p(x) > 0 for each x € X,

(2) p(=x) = p(x) for any x € X,

(3) p(x+y) < px) +p(y) for any x, y € X,

(4) if (1) is a sequence of scalars with A, — Aasn — oo and
(xn) is a sequence of vectors with p(x, —x) — 0asn — oo, then
pP(AnXxp —AX) - 0 asn — oo.

A paranorm p for which p(x) = 0 implies x =0 is called total
paranorm on X and the pair (X, p) is called a total paranormed
space. It is well known that the metric of any linear metric space is
given by some total paranorm (see [20] Theorem 10.4.2, pp. 183).

The Lorentz space was introduced by G. G. Lorentz in [21,22].
This space play an important role in the theory of Banach space.

Let (E, ||.]|) be a Banach space. The Lorentz sequence space I(p,
q, E) (or I, ¢(E)) for 1 < p, g < oo is the collection of all sequences
{a;} € co(E) such that

[} 1
(2 llage 1)

i=1

1<p<oo,1=<q<o0;

N1
sup ()7 |lagall,
1

1<p<oo,q=cc.

I{ai}|p.q =

is finite, where {||ag;|[} is non-increasing rearrangement of {|a;|[}
(it can be interpret that the decreasing rearrangement {||ag|[} is
obtained by rearranging {||a;||} in decreasing order). This space was
introduced by Miyazaki in [23] and examined by Kato in [24].

A weight sequence v =v(i) is a positive decreasing sequence
such that v(1) =1,lim;,  v(i) =0 and lim;_, V(i) = co, where
V(i) :Zil:l for every i e N. Popa [25] defined the generalized
Lorentz sequence space d(v, p) for 0 < p < oo as follows

d(w.p) = = x} e w: lxillop = sup > |xn<i>|ﬂv<i))% <o,

i=1

where 7 ranges over all permutations of the positive integers and
v=1v(i) is a weight sequence . We know that d(v, p) c ¢g and
hence for each x e d(v, p) there exists a non-increasing rearrange-
ment {x*} = {x’} of x and

xillop = (3 1% P0G )’
= (L wrvo)
(See [25,26]).

Lemma 1.1 (Hardy, Littlewood and Pélya [27]). Let {c{} and {*c;}
be the non-increasing and non-decreasing rearrangements of a finite
sequence {c;j}; < ;< Of positive numbers, respectively. Then for two
sequences {a;}1 < ; < n and {b;}; < ; <  of positive numbers, we have

> @by <) apbi <) aib;.
i i i

Lemma 1.2 (Kato [24]). Let {xl.(“)} be an X-—valued double se-
quence such that limiﬁmxi(“) =0 for each u € N and let {x;} be an
X—valued sequence such that lim,Hooxf’” = x; (uniformly in i). Then
lim;_,  x; =0 and for each i e N

i (1)
[1Xp0)]] < ngrgo ||X¢“(,-)||,

(1)
b ()

ments of {||x;]|} and {||xl.(")||},-, respectively.

where {|[x4;|1} and {||x ||}; are the non-increasing rearrange-

Let M = (M;) be a sequence of Orlicz functions, p = (p;) be
a bounded sequence of positive real numbers, v= (v;) be a
weight sequence and u = (u;) be a sequence of strictly posi-
tive real numbers. Also assume that {||xy;)|/} denotes the non-
increasing rearrangements of the sequences {||x;||}. Then we

define the following space: L(M,u,v,p,|.,.....||) = [x =X EW:

n Xy V(i pi
%Zui[Mi(H‘p(%(),zl,...,zn_1H>] < oo, for someQ>0].
i=1

‘The following inequality will be used throughout the paper. If
0 < p; < sup p; = H, K = max(1, 2f-1) then

lai + bi| < K{|a;|” + |b;| '} (1)

for all i and a;, b; € R. Also |a|Pi < max(1, |a|") for all a € R.

The main purpose of this paper is to introduce and study
Lorentz sequence space defined by sequence of Orlicz functions
over n-normed spaces. We study some topological and algebraic
properties of the space and also show that the space is complete.

2. Main results

Theorem 2.1. Suppose M = (M;) be a sequence of Orlicz functions,
p = (p;) be a bounded sequence of positive real numbers, v = (v;) be
a weight sequence and u = (u;) be a sequence of strictly positive real
numbers. Then the sequence space L(M,u, v, p, |.,...,.||) is a linear
over the real field R.

Proof. Suppose x,y e L(M,u,v,p,|.,...,. ) and let {]lxgqll}
{llyg»ll} be the non-increasing rearrangements of the sequences
{llx:11}, {llyill} respectively and «, 8 € R. Then there exist positive
numbers o1, 03 such that

[l )]

1

Pi

< oo, for some o > O} and
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)

R

i=1
< oo, for some p; > 0¢.

Let 3= max(2|x|o1,2|Bloz). Since M= (M;) is
decreasing and convex so by using inequality (1.1), we have

i=1 3
)

(e

’ ’y¢<,)v(1)

non-

ol ‘ ’X¢(1)U(l)

)

agalu

Dpi
ez
i=1

n Di
y v(l) :
w{mz(\ )
pi
)]
pi
-JmH)]

1--~»Zn71H

n
+K1 Z

Thus, ax+ By el(M,u,v,p,|.,...,.]]). This proves that
L(M,u,v,p,|.,...,.|l) is a linear space. O

Theorem 2.2. Suppose M = (M;) be a sequence of Orlicz functions,
p = (p;) be a bounded sequence of positive real numbers, v = (v;) be
a weight sequence and u = (u;) be a sequence of strictly positive real
numbers. Also assume that {[|x4;||} denotes the non-increasing rear-
rangements of the sequences {||x;||}. Then L(M,u, v, p, ||., ... LD isa
paranormed space with the paranorm

pi

n . { ¥
g =inf{o¥ : (%i;”"[“"(w%m’“ """ aal[)] )" =
1;reN

where 0 < p; <sup p; = H < oo and K = max(1, H).

Proof. Clearly g(x) > 0 for xeL(M,u,v,p,|.,...,.||). Since
M;(0) =0, we get g(0)=0. Also g(x)=g(-x). Let x,ye
LM, u,v,p,||.,...,.Il). Then there exists positive numbers o,

and g, such that

1
pi\ K
( |: <HX¢(1)U(1) ' Z”_1H)] ) <1 and
k
n N 1 Pi
%Zu,—[M,(‘ M,zl ..... zn,1H>i| <1 where
i=1 @2

{llxgl1}, {Ilygll} are the non-increasing rearrangements of the

sequences {|[x;||}, {|ly;||} respectively. Let o3 = 20 (01 + 02) where
h =infp; > 0. Since M is non-decreasing convex function and v is
decreasing so by Lemma (1.1), we have

1
n . pi\ K
X (i) + Yo i)V !
by || S 2o
O 03
n X4y V(i
(o

20 (01 + Qz)
YoV (@)

i 1
K,Z1,...,Zn1H>]"'>K
2h (01+02)

o]

il

. (1 ; [ (H"wz)“(l)
- n
i-1 2“(Q1+Qz)

= <Hy¢<,>v(z> _____ ZHH)}%)%
h(01+az) )
n % U(l) PiN\ kK
< (;Z“z[ <H o0 FATRER Zn]H)] )
i=1 20
u 1 Yoo
1 (0]
+ 1)) u| —M; ’7 . Z ’
(n; z|:2;’§ l( 02 n—1
n X V(1)
=251<Zuf[1\/h(’¢('g)l 215 -5 Zn1 )] )
i=1
n : (
Yo
+21n(zui|:Mi<’ (P(.Ziz 1oeeosZn— 1H)j| ) <1
i=1

Since o1, 0 and g3 are positive real numbers, we get

gx+y)

n ‘ g
= inf[@f >0: (%Zui[Mi(‘ W,zl ..... Zn_1
i=1

pr n pi
< inf{QI'T >0 (%Zu,[M,(HX‘P(”v(') Ziy ey z,,,lH)] )R < 1:r€N}
s n ~v(i pi
et o (Eufm(Paa)]1) v
2

i=1

= gx) +8W).

Let (x™) = (x") be any sequence in L(M,u,v,p, ||.,.....||) such
that g(x™ —x) — 0 as m — oo and (A™) is a sequence of reals with
AM — A as m — oo. Then since the inequality

g(x™) < g(x) +g(x™ —x)

holds by subadditivity of the function g, {g(x™)} is bounded. Taking
into account this fact, we therefore derive the inequality

gATX™ — Ax) < [A™ — Alg(x™) 4 |A|g(x™ - X)

which tends to zero as m — oo. Hence, the scalar multiplication is
continuous follows from the above inequality and thus proving the
theorem. O

Theorem 2.3. Suppose M = (M;) be a sequence of Orlicz functions,
p = (p;) be a bounded sequence of positive real numbers, v = (v;) be
a weight sequence and u = (u;) be a sequence of strictly positive real
numbers. Also assume that {|[xg4||} denotes the non-increasing re-
arrangements of the sequences {||x;||}. Then L(M, u, v, p, ||.,...,.||) is
complete with respect to its paranorm.

Proof. Let (x*) ={x{} be any Cauchy sequence in the space
LM, u,v,p,|.,...,.|I). Since (x5) is a Cauchy sequence, we have
g(x* —x') - 0 as s, t — oo. Then, we have

n o —xt (i) »
%Z”i[Mi(H%’Z““"Z"HH)] 'S 0ass t—

00 for all i € N where {||x¢(l) X;(,-)H} denotes non-increasing re-
arrangement of {||x{ —xf[|}. Therefore, we have {x{} is a Cauchy
sequence in R for fixed i € N. Since R is complete, we have x} — x;
as s — oo for each i and M = (M;) is continuous. For € > 0, there
exists a natural number N such that

n (xS, — X5 V() pi
T S [k )

i=1;s5,t>N
Since for any fixed natural number D, we have

n (6, 0 — X, (i) y
uiI:Mi(H%,Z],...,Z,—,_]H)] < € by

1
DY
i<D;s,t>N
letting t — oo in the above expression, we obtain
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n

el

‘ i) — Xp@))V (D) H pi
.. Zn )] <e.
i<D:s,t>N e

Since D is arbitrary, by letting D — oo we obtain

P (|| P )] e

Then g(x* —x) —» 0 as t — oo. Since LM, u, v, p, |.,...,.||) is a
linear space, we get x = {x(i)} e L(M,u,v,p, ||.,...,.ID. This com-
pletes the proof. O

Theorem 2.4. Let M = (M;) and S = (S;) be two sequences of Orlicz
functions. Then

LM, u,v,p, ||.,.....IDNLS. u,v,p |l.,.....]|) S
LM+S,uv,p|......ID-
Proof. Let x e LM, u,v,p, ||.,...,. D NL(S,u,v,p, ||.......]|). Then
n X¢(,)U(l) Pi
%Zu[ ( 21, '”’Z”’lH)] < o0, for some g; > 0
a 01
and
Xp iy V(i pi
% u[ (H W) () ,zn_1H)] < oo, for some o > 0.

=1
Let 0= max{Q1, Qz}. The result follows from the inequality,

)

n

%gu,[(m +5; )(HX"’(”U(') e Znd

n X i V(1) pi
=3 Lu[m (|22 )]

=1
bi
)

n X V(i
A

i=1

n X V() p;
(0 )

i=1 e

n Xy V(i pi
S S )

i=1 e
< oo, where K=max{1,2H-1}. Therefore, x=(x)e

LM+Suv,p|......]H). O

Theorem 2.5. Suppose M = (M;) be a sequence of Orlicz functions.
M;(t)
Suppose that B = llrn T <
Then L(M, u, v p || LD L@ p ., .....ID.

Proof. Let 8 > 0. By definition of B, we have M;(t) >
BtVYt > 0. Since § > 0, we have ts%Mi(t) Vit>0. Let xe

LM, u,v,p,|.,...,.II). Thus

n X i V(1) pi

ol [

i=1
n X v(z) p;

S )]
i=1 Q

< OQ.

Thus, x e L(u, v, p, ||.....,

Theorem 2.6. Let M = (M;) and S = (S;) be two sequences of Orlicz
functions. Then

LS, u,v,p|.,...,
M;(t
sup; ( Sil((f))) < 00.

D clM,u,v,p, ||.,.....|1) if and only if

Proof. Let supl(M (t)) = N. Then M;(t) < NS;(t) for alli > 0. Let x €

NG
L(S, u,nu, Dl ...,.||). Then we have
X V(D) pi
s (]G z )]
i=1

1 Xpiy V(i pi
< %Zui[NS"(H%()’Zl’"”2”71H>] 1

i=1

Thus, xeL(M,u,v,p,|.,...,.]). Hence the

complete. O

proof is
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