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1. Introduction

Nonlinear evolution equations (NLEEs) play a crucial role in
modelling nonlinear phenomena in various branches of scientific
disciplines, such as optics, plasma physics, fluid mechanics, con-
densed matter in physics, etc., [1-12]. Studying the nonlinear
waves such as soliton, breather, compacton, etc., is one of the
most important problems in mathematical physics and engineer-
ing. Recently, many powerful mathematical approaches for find-
ing exact solutions of NLEEs have been proposed, such as tanh
method [12], extended tanh method [13], sine-cosine method [14],
homogeneous balance [15], F-expansion method [16], generalized
expansion method [17] and (G’/G) method [18,19]. Extended tanh
method [20] is one of the most effective and direct methods to
construct solitary wave solutions of NLEEs. Recently, Wang et al.
[21] showed that the coupled Burgers system and the modified
KdV-Boiti-Leon-Manna-Pempinelli (mKdV-BLMP) system are inte-
grable by using the generalized symmetries and the Painlevé anal-
ysis. Such nonlinear systems of equations play an important role
in fluid mechanics [22,23]. In this paper, we will use the extended
tanh method for examining the coupled Burgers and mKdV-BMLP
systems to obtain exact travelling solutions. Hence, the following
manuscript is devoted to investigate the applicability of the ex-
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tended tanh method to coupled Burgers and mKdV-BMLP systems.
The manuscript is organised in the following fashion; In Section 2,
The extended tanh method is described. In section 3 we apply ex-
tended tanh method to solve the coupled Burgers system and the
mKdV-BLMP systems. conclusions are given in section V.

2. Description of the method

For the general NLEE
P(u, uy, ug, ty, Uy, ...) = 0 (1)

where u =u(x,y,t) and P is a polynomial in u and its derivatives.
We seek its solutions in the form

u=>y a¢'(¢) )
i=0

with

¢ =542 3)

where § is a nonzero constant and q; are arbitrary constants to be
determined later, and

{=x+y—ct (4)
where c is the speed of the travelling wave.

step 1. Using transformation (4) we obtain an ordinary differ-
ential equation (ODE) for u = u(¢):

E v, u",u”,.)=0 (5)
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step 2. By balancing the highest nonlinear terms and the
highest-order partial differential terms in the given NLEE we can
determine n.

step 3. Substituting Eqs. (2) and (3) into Eq. (5) and collecting
coefficients of polynomial of ¢, then setting each coefficient to zero
yields a set of algebraic equations for g; (i=0,1,2,...,n), § and c.

step 4. Solving the system of algebraic equations in step 2 for
a;, § and c using Maple or Mathematica.

step 5. As Eq. (2) possesses the general solutions:

Case 1. If § < 0, then ¢ = —v/—38tanh(v/=58¢)

Case 2. If § < 0, then ¢ = —v/—8coth(v/=58¢)

Case 3.1f § > 0, then ¢ = v/Stan(v/8¢)

Case 4. If § > 0, then ¢ = —v/Scot (V8¢)

Case 5. If § <0, then ¢p = -1/¢

3. Application of the method
3.1. The coupled Burgers system

Let us consider the (2+1)-dimensional coupled Burgers sys-
tem,
U — 2Uly — Uy = 0,
Vye — Uxxy — 2Ulxy — 2UxVy = 0 (6)

Balancing the highest derivative term with non-linear terms leads
to n =1, hence we may assume that

ux,y.t) =ko+ki¢(¢)
V(X Yy, t) = po + 19(&) (7)

where ¢ = x +y — ct. Substituting Eqgs. (7) 'and (3) into Eq. (6) and
collecting coefficients of polynomial of ¢! and equating them to
zero, we get a system of algebraic equations for kg, kq, (o and pq

—cdky — 26kok, = 0,
—28k? — 284 =0,
—cky — 2kok; =0,
—2k? —2u; =0,
—28%k; — 28%ki 1 = 0,
—2c6 1 — 48kopq = 0,
—88ky — 88kt =0,
—2cuy —4kopy =0,

—6](1 — 6](]/14 =0.
Solving the last system of equations we get
ko:—C/2,k1 =:|:1,/L1 =-1. (8)

Thus we obtain the following solutions of Eq. (6):
For § < 0 we get the kink solutions

Ui () = —¢/2 £ v/=8tanh(y/~5¢)
V1 (£) = o — v/—Stanh(y/=8¢) 9)

and travelling wave solutions

Uy (£) = —¢/2 + /—8coth(v/=8¢)

V5 (8) = pro — v/ —=8coth(v/=8¢) (10)

However for § > 0 we obtain periodic solutions
us(¢) = —c/2 + Vstan(v/8¢)
v3(8) = o + Vtan(V8¢) (11)

() = —¢/2 £ y/~8cot(V8¢)

v4(¢) = o — v8cot (V8¢) (12)
For § = 0 we obtain rational solutions

us(¢) = c/2% ¢

() = o+ (13)

3.2. The mKdV-BMLP system
We consider the (2+1)-dimensional mKdV-BMLP system
3 3
Up + 3UP Uy + Ugex + 5 (uv) + 58;1 (uvy)xx =0,
3 5 3 3
Vye + j(vxvy)x + Vo + 300y )x + j(UUy)xx + E(uuxy)x =0

(14)

The balancing procedure leads to n = 1, hence we may assume
that

u(x,y.t) =ko +ki¢(g)
v(x,y.t) = o+ n1$(§) (15)
where ¢ = x +y — ct Substituting Eqs. (15) and (3) into Eq. (14) and

collecting coefficients of polynomial of ¢! and equating them to
zero, we get a system of algebraic equations for ko, ky, (9 and
682’(0](] + 6821(0’(1/14 =0,

1882k — 2¢8uq + 1682141 + 68k3 1y + 682k2 uy + 68242 = 0,
248/(0’(1 + 248/(0’(1 M1 = 0,

488k? — 2cpuq + 4081y + 6k3 g + 188K2 1y + 1282 =0,

18](0’(1 + 18](0’(1,11,1 =0,

30k? + 24, + 12k2 01 + 612 =0

Solving the last system of equations we get the first case

ko = £vc/v/3, ky = £1, g = -1, (16)
and the second case
k0=0,C=78k1=1,M1=71. (17)

Thus for the first and second case we can obtain kink, periodic,
rational and travelling wave solutions of Eq. (14) as follow:
For § <0

U (£) = £v/c//3 £ /—Stanh(y/=8¢)
Vi (L) = o — v/—8tanh(y/=8¢) (18)

Uy (¢) = £/C/V/3 £ /=Scoth(y/=5¢)
V5(8) = o — v/ —=8coth(v/=8¢) (19)
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For § > 0
u3(f) = £¢/v/3 £ Vdtan(V5¢)
U3(2) = po + Votan(V8¢) (20)

Us(£) = £/c//3 £ y/=8cor (V8¢)
V4(¢) = o — Voot (VL) (21)
For§ =0

us(¢) = iﬁ/ﬁi%

Us(£) =M0+% (22)

For § <0

us(¢) = —/~dtanh(y/~56¢)
Us(£) = po — v/~8tanh(y/~=8¢) (23)

17 (¢) = —/~8coth(v/~6¢)
V7(8) = pto — v/~dcoth(v/~8¢) (24)

For § > 0
ug(¢) = Vétan(vs¢)
Us(¢) = o + V8tan(V8¢) (25)

uo(£) = —v/—8cot (V8¢)

V(L) = o — VScot (V8¢) (26)
For§ =0

() = —%

v10(8) = o + % (27)

4. Conclusion

In this article, the extended tanh method was applied to give
the traveling wave solutions of two Coupled (2 + 1)-Dimensional
Equations, the coupled Burgers and mKdV-BMLP systems, The ex-
tended tanh method gives different classes of solutions. These so-
lutions include many types like rational, periodical, shock solu-
tions, etc. For example, solutions (11) and (20) are examples ex-
hibiting the sinusoidal-type periodical solutions, which develop a

Fig. 1. 3D Plot of the periodic solution (11) with § =09, c=1and y =1.1.

Fig. 2. 3D Plots of the explosive/blow-up solution (10) with § = -0.9, c=1 and
y=11.

t

Fig. 3. 3D Plot of the shock wave solution (18) with § = -09, c=1and y =1.1.

singularity at a finite point, i.e., for any fixed t =ty there exists a
value of &0 at which these solutions blow up (see Fig. 1). Solu-
tions (10) and (19) are in the form of explosive/blow-up solutions
as depicted in Fig. 2.

Solution (13) represents the rational-type solutions, the rational
solution may be a discrete joint union of manifolds. The solutions
(9), (18) and (23) represent shock solutions , these solutions may
be of significant importance for the explanation of shock waves in
fluid and plasma physics (see Fig. 3).

References

[1] L.C. Evans, Partial Differential Equations, Am. Math. Soc. (1999).

[2] M.H. Giga, Y. Giga, ]J. Saal, Nonlinear Partial Differential Equations (Asymptotic
Behavior of Solutions and Self-SimilarSolutions), Springer, 2010.

[3] AM. Wazwaz, Partial Differential Equations and Solitary Waves Theory,
Springer, 2009.

[4] W.X. Ma, BJ. Fuchssteiner, Explicit and exact solutions of Kolmogorov-Petro-
vskll-Piskunov equation, Int. ]. Nonlinear Mech. 31 (1996) 329-338.

[5] M.L. Wang, Y.B. Zhou, Z.B. Li, Application of a homogeneous balance method
to exact solutions of nonlinear equations in mathematical physics, Phys. Lett.
A 216 (1996) 67-75.

[6] HH.G. Hashem, On successive approximation method for coupled systems
of Chandrasekhar quadratic integral equation, J. Egypt. Math. Soc. 23 (2015)
108-112.

[7] S.Y. Lou, On the coherent structures of the Nizhnik-Novikov-Veselovequation,
Phys. Lett. A. 277 (2000) 94-100.

[8] S.A. El-Wakil, S.K. El-labany, M.A. Zahran, R. Sabry, Modified extended tanh
function method for solving nonlinear partial differential equations, Phys. Lett.
A 299 (2002) 179-188.


http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0001
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0001
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0002
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0002
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0002
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0002
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0003
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0003
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0004
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0004
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0004
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0005
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0005
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0005
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0005
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0006
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0006
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0007
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0007
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0008
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0008
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0008
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0008
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0008

128 U.M. Abdelsalam /Journal of the Egyptian Mathematical Society 25 (2017) 125-128

[9] S.A. Elwakil, S.K. El-Labany, M.A. Zahran, R. Sabry, Modified extended tanh-
function method and its applications to nonlinear equations, Appl. Math. Com-
put. 161 (2005) 403-412.

[10] R. Sabry, W.M. Moslem, F. Haas, S. Ali, PK. ShuklaPhysics of Plasmas (1994-
present) 15 (12) 122308.

[11] W.M. Moslem, R. Sabry, U.M. Abdelsalam, I. Kourakis, P.K. Shukla, Solitary and
blow-up electrostatic excitations in rotating magnetized electronpositronion
plasmas, New ]. Phys. 11 (2009) 033028.

[12] W. Malfliet, Solitary wave solutions of nonlinear wave equations, Am. ]. Phys.
60 (1992) 650-654.

[13] E. Fan, Extended tanh-function method and its applications to nonlinear equa-
tions, Phys. Lett. A. 277 (2000) 212-218. S.A. Elwakil, S.K. El-Labany, M.A.
Zahran, R. Sabry, Exact Travelling wave solutions for the Generalized Shallow
water wave equation, Chaos Solitons Fractals. 17 (2003) 121-126

[14] A.M. Wazwaz, The sine-cosine method for obtaining solutions with compact
and noncompact structures, Appl. Math. Comput. 159 (2004) 559-576.

[15] M.L. Wang, Solitrary wave solution for variant Boussinesq equation, Phys. Lett.
A 199 (1995) 169-172. U. M. Abdelsalam, F. M. Allehiany, W. M. Moslem, S.
K. El-Labany, Nonlinear structures for extended Kortewegde Vries equation in
multicomponent plasma, Pramana J. Phys. 86 (2016) 581-597

[16] G. Cai, Q. Wang, J. Huang, A modified F-expansion method for solving breaking
soliton equation, Inter. ]. Nonlinear Sci. 2 (2006) 122.

[17] R. Sabry, M.A. Zahran, E. Fan, A new generalized expansion method and its
application in finding explicit exact solutions for a generalized variable coeffi-
cients KdV equation, Phys. Lett. A 326 (2004) 326-393.

[18] M.L. Wang, X. Li, J. Zhang, The G'/G- expansion method and evolutionerqua-
tions in mathematical physics, Phys. Lett. A 372 (2008) 417-421.

[19] H. Naher, New approach of G’/G-expansion method and new approach of gen-
eralized G'/G-expansion method for ZKBBM equation, J. Egypt. Math. Soc. 23
(2015) 42-48. U. M. Abdelsalam and M. Selim, lon-acoustic waves in a degen-
erate multicomponent magnetoplasma, J. Plasma Phy. 79 (2013) 163-168.

[20] E.G. Fan, Travelling wave solutions for nonlinear evolution equa-. tions using
symbolic computation, Comput. Math. Appl. 43 (2002) 671-680.

[21] J.-Y. Wang, Z.-F. Liang, X.-Y. Tang, Infinitely manygeneralized symmetries and
Painleve analysis of a (2 + 1)-dimensional Burgers system, Phys. Scr. 89 (2014)
025201.

[22] M. Ablowitz, PA. Clarkson, Solitons, Nonlinear Evolution Equationa and In-
verse Scattering, Cambridge University Press, Cambridge, UK, 1991.

[23] CJ. Bai, H. Zhao, New solitary wave and Jacobi periodic wave excitations in
(2+1)-Dimensional Boiti-Leon-Manna-Pempinelli System, Int. J. Mod. Phys. B
22 (2008) 2407.


http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0009
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0009
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0009
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0009
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0009
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0010
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0010
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0010
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0010
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0010
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0010
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0011
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0011
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0012
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0012
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0012
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0013
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0013
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0014
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0014
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0014
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0015
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0015
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0015
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0015
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0016
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0016
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0016
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0016
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0017
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0017
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0017
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0017
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0018
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0018
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0018
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0019
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0019
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0020
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0020
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0020
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0020
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0021
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0021
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0021
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0022
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0022
http://refhub.elsevier.com/S1110-256X(16)30085-2/sbref0022

	Exact travelling solutions of two coupled (2 + 1)-Dimensional Equations
	1 Introduction
	2 Description of the method
	3 Application of the method
	3.1 The coupled Burgers system
	3.2 The mKdV-BMLP system

	4 Conclusion
	 References


