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1. Introduction

In recent years, fractional calculus has an interest to mathe-
maticians as it has many engineering applications [1-9,28-31].
It provides excellent instruments for the description of memory
and properties of various materials and processes. Non-integer
derivatives play an important role in modeling of electrical circuits
that contains super capacitors and super inductors. Moreover, in
such electrical circuits, singular linear systems were addressed in
many papers and books [10-13]. The charging and discharging
processes of different capacitors in R-C electrical circuits the-
oretically and experimentally are considered in [14]. Also the
authors investigated the nonlocal behavior in these processes
that arising from the time fractality via fractional calculus. The
existence and uniqueness of the solution of an RLC circuit model
were discussed and the solution of that model was obtained by
Adomian Decomposition Method (ADM) and Laplace Transform
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method in [15]. The solution of a new class of singular fractional
electrical circuits using Weierstrass regular pencil decomposition
and Laplace transform are proposed in [16]. In this article, we will
investigate analytical and numerical solutions for both R-L and
R-C electrical circuit models using Laplace transform method and
nonstandard finite difference methods (NSFDM).

This article is organized as: basic definitions and some prop-
erties of fractional calculus are given in Section 2. In Section 3
analytical solutions for different electrical circuits with fractional
order derivatives and numerical solution using NSFDMs are de-
rived, while some illustrative examples with their solutions are
given in Section 4. Finally a brief conclusion is given in Section 5.

2. Preliminaries

In this section, we introduce some basic definitions and func-
tions that have important rules in fractional calculus which are
further used in this article, [17-25].

Definition 2.1. Caputo fractional derivative

The fractional derivative of a function f(x) of non-integer order
o is given as,

1110-256X/© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license.

(http://creativecommons.org/licenses/by-nc-nd/4.0/)


http://dx.doi.org/10.1016/j.joems.2017.01.007
http://www.ScienceDirect.com
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2017.01.007&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:waheed_zahra@yahoo.com
mailto:waheed.zahra@ejust.edu.eg
mailto:manalhikal@yahoo.com
mailto:taher.bahnasy@gmail.com
http://dx.doi.org/10.1016/j.joems.2017.01.007
http://creativecommons.org/licenses/by-nc-nd/4.0/

W.K. Zahra et al./Journal of the Egyptian Mathematical Society 25 (2017) 252-261 253

DYf(x) = ﬁ[a (x—1r ! ;tnnf(t)dt, n-1<a<n.

(2.1)
Definition 2.2. Riemann-Liouville fractional derivative

The fractional derivative of the function f(x) is given as:

1 dr

D*f(x) = m@

/x K=" f(6) dt, @ >0. (2.2)

Definition 2.3. Griinwald-Letnikov fractional derivative

In 1867, Griitnwald-Letnikov defined the fractional derivative of
a function f(x) as:

N

D“f(x):lgiligo;—azcﬁf(x—jh),n—l <a<n, h:%, (2.3)
=0

where Cf =1 and C¥ = (1 - B5¢)C% .

The Caputo fractional derivative is not equivalent to the
Riemann- Liouville fractional derivative and they are related
by D?f(t) = RD*(f(t) — f(0)) for 0 <o« < 1. If the initial con-
dition f(0) =0, then we have that D*f(t) = RD* f(t) and the
Griinwald-Letnikov fractional derivatives is equivalent to the
Caputo fractional derivative, see [19,30].

Definition 2.4. Laplace Transform

If a function f(t) is of exponential order o and is a piece-wise
continuous on real line, then Laplace transform of f(t) for s > «
is defined by:

FO) =LfO]= [ e fod (2.4)
0
Laplace transform of Caputo derivative is:
n-1
LID*f(t)] = s*F(s) = »_s**1 f®(0), n=Tal. (2.5)

k=0
Laplace transform of the convolution of two functions:
The convolution of two functions f(t) and g(t) is defined by:
t
1©+80 = [ fe-0)g) dr. (2.6)

and the Laplace transform of the convolution of two functions
f(t),g(t) is defined by:

t
L{f(t) xgt)} = L{/O fe— T)g(f)df} =F(s)G(s), (2.7)
where F(s) and G(s) are the Laplace transform of f(t) and g(t)
respectively.

In this article, we will generalize some electrical circuits mod-
els to a fractional order system of order « in sense of caputo
definition. We assume that the voltage across the inductor v; and
the capacitor current i. are:

d*i
v =1 dt; , (2.8)
. d*v,
ic=c dt“c’ (2.9)
where % = D% is the fractional derivative operator in the sense

of Caputo derivative. Also ! is the inductance, c is the capacitance
and i; and v, are the inductor current and the capacitor voltage
respectively.

Definition 2.5. The function E; (e, a) [18,19]

vy-
§?
v

i-i>

R,

vy (t) vy (t)

Fig. 1. Electrical circuit of application 1.

The function E;(c, a) is a solution of the ordinary differential
equation

tOI71
D-a)yy= NCIE Re(a) >0 (2.10)
and it is defined by:
Ei(a,a)=t*e* " y*(a,art), (211)

where y*(a,at) is the incomplete gamma function defined in
[19] as
k

* -z - z
,Z) = - 212
vz =e gr(a+k+l) (2.12)
If we replace a by ia in (2.11), then
Ei(a,ia) =G (a,a) +1i S (o, a), (2.13)

1 k/2 k
where G (et @) = t¥ 3%, en % and

_1y®*=172 g )k
Se(a.a) =t Y 1%oud %
The function Si(a,a) or CG(a+1,a) is a solution of the

following ordinary differential equation
a ta—]

W, o > 0.

(D*+a*) y =
3. Fractional linear electrical systems

In this section, we will introduce some applications for some
electrical circuits with fractional order «,0 <« < 1. Analytical
solutions are briefly obtained for each application.

3.1. Analytical solutions of fractional systems

Firstly, we consider the following applications:

Application 1. Consider the electrical circuit shown in Fig. 1
with given resistances Ry, Ry, R3, inductances [y, 5,3 and voltage
sources v;(t), i=1,2.

Using Kirchhoff's voltages and currents laws and considering
(2.8) and (2.9) we get:

. d%i d* (i —i .

V1 (t) = llRl + l] dt; + l3 (:'lta 2) + R3 (l] - 12), (31)
. d¥(iy — i . d*i

Vy(t) +R3(i; — i) + 13% =Ry + 1l dtlj . (3.2)

We can write Egs. (3.1) and (3.2) in the following form

L+ —I3 d* 1iy(t)| _ |—(R1 +R3) R3 i1 (t)
b —(L+B)|dte|i(E)| — —Rs3 (Ry +R3) | |i2(t)

v (t)
+ . 3.3
|:—V2(f) (3.3)
i+l -l _ O] p_ [~(Ri4R3) R B
Let g = N _(12313)],I(t) = [l;(t)], R=] TRy (szRa)],V(f) =

[ v1(t) ], and g1

—(+l3) I3 1 i
Z0y® [ ,1+l3] is the inverse of q.

_ -1
Rl Y 2y y 2o oy o
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Let
An A
A=qlR=|0n A2 | 3.4
K |:A21 A22:| (34)
where
A, - LR+ bR+ 3R] _ —BRy+hLR;
n= lllz+lll3+lzlg ’ 12_l1lz+lll3+lzl3’
LiRs—LRy —[LiRy + 1 Rz + 3R, ]
Ay =—F——"—"—, Ap= , 3.5
2 ll lz—l—ll l3+lzl3 = 11 12-1—’1 13-1—1213 ( )
then system (3.3) can be written in the form
—I(t)=AI{t)+q V(). (3.6)

dte

From system (3.6) applying Laplace transform at zero initial
conditions, we get

A 1
Li(s) = S Ay L(s) - m[vl () (2 + 1) +Va(s)hs],
(3.7)
s (s) = Aali () + Axala (s) — ﬁ[lzw )+ (h+B)Va(s)]. (3.8)
Substituting from (3.7) into (3.8) we get:

1
|q|(s"‘ +6!)1)(Sa +a)2)[vl (5)[I3A11 *AZl (lz + 13)]

+V2(9)[An (I +13) — Axls]
—I3s*V1(s) — (h + 13)s*Va(s)]. (3.9)

We observe that

L(s) =

1 1
=M[ — ]where
[q|(s* + w1) (s* + wy) Y4+ S+

1
T al(wr —w2)

Applying Laplace Inverse for Eq. (3.10), then

(3.10)

1
L1{|q|(sa S ICET wz)} = Mle(t, —wy) —e(t, —wy)}, (3.11)

where
w12 = —0.5[tr(A) £/ (tr(A))* — 4/A]] (3.12)
and e(t, w;) is defined in [20] as
p—1
e(t.w) =Y (@) *Er(—ka, (@)”), i=1,2, (3.13)
k=0

where E;(c,a) is defined in (2.11) and p is defined in [20] as
the least common multiple of the denominators of the equation

n n—1
[DP +bD 7 +...4+bply=0.
Therefore applying inverse Laplace transform for Eq. (3.9)
gives
i2(t) = M {e(t, —wz) —e(t, —w1)} % {R v1 (t)
+0 vy (t) = D (t) — (L + 13)Dv, (1)},
where the symbol " x " is the convolution rule defined in (2.6),

R=5An —Axn (b +13) and U = Ay (I +13) — Axls. (3.15)

(3.14)

Now applying inverse Laplace transform for Eq. (3.7) then
i1(t) = A () xe(t, A )

L et An ) # [+ B () + s (O],

3.16
i (316)

iy R

——\W\

2
<
-4
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+
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Fig. 2. Electrical circuit of application 2.

Application 2. Consider the electrical circuit shown in Fig. 2
with given resistance R, capacitance cy, ¢cp, c3 and voltage sources
vi(t), i=1,2.
From Eq. (2.7) the current in c3 is given by
dQU3 daLh dallz

l'C3 =C3 7dt°‘ = i] —+ i2 =C 7(1['0‘ +C 7(1['0[ . (317)
From which
1 1
Uz = C—I“[QDO‘U] + D% | = C*[Clul + Caotlz] (3.18)
3 3

where %, D% are the Caputo fractional integral and derivative op-
erators respectively . Using Kirchhoff's voltages and currents laws
for the circuit shown in Fig. 2 and using (3.17) and (3.18) we get:

dur(t) v () (1 +c)ur(t)  cup(t)

= 1
dte RC] RC1C3 RC1C3 ’ (3 9)
1
va(t) = up(t) + a[clm (&) + ua(t)]. (3.20)
Then
_ G(t) —au ()
Uy (t) = o . (3.21)
Substituting from (3.21) into (3.19) we obtain:
d*uy (t)  vi(b) GV (t)
= B - 22
dte Rcq +ot (t) Rcq (C2 + C3) ’ (3 )
where
B— (c1+c+03) (3.23)

B RC] (Cz + C3) ’

Applying Laplace transform to Eq. (3.22) at zero initial condi-
tions to obtain:

1 Vi(s) eV (s)
Ui(s) = (s* —B) { Rci  Ra(c+c) | (3.24)
Applying inverse Laplace transform for Eq. (3.24) then,
_ v1(t) 531(3)
u1(t) =e(t,B) * { RC, TACETSI (3.25)

where e(t, B) is defined in (3.13).

By Substituting from (3.25) into (3.21) we obtain the value of
U, (t). Now the following analysis is to find the current expressions
across the capacitor elements. Using Kirchhoff's voltages law for
loop 1 in the circuit shown in Fig. 2, then

1 . . . 1 .
vi(t) = . I (i1 () + i (t)) + i1 ()R + = 111 (t). (3.26)
3 1
Operating both sides of Eq. (3.26) by D%, then
. 1 1 . C1+C3\.

D% = =D* - - . 27
i1 (0) = gD"0 (0 = iz = (Foc )in©) (3.27)
Similarly applying Kirchhoff’s voltages law for loop 2

1 . 1 . .
vy (t) = = 10, (t) + = I (i1 (t) +i2(t)). (3.28)
2 3
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Fig. 3. Electrical circuit of application 3.

Operating both sides of Eq. (3.28) by D%, then
. C2C3 Cy .
ip(t) = D¥vy(t) — iy (£).
2() p——— 2(8) G1 G 1(t)

Substituting from Eq. (3.29) into Eq. (3.27), we get the follow-
ing

(3.29)

D%i;(t) =B iy (t) + %D"‘w (t) + Q* D*1,(t), (3.30)

where Q* = —%. B is defined in (3.23).
Applying Laplace transform to Eq. (3.30) at zero initial condi-
tions to obtain:

1 1 .
he = 55 e+ s wel (331)
Applying inverse Laplace transform for Eq. (3.31) then,
iy () = e(t, B) {%D"‘m (t) + Q* D"‘vz(t)}. (3.32)

Substituting from (3.32) into (3.29) to obtain the value of i, (t).

Application 3. Consider the electrical circuit shown in Fig. 3 with
given resistances Rp, Ry, R3, R4, Rs, capacitance cq,c, and voltage
sources vi(t), i=1,2

Applying Kirchhoff's voltages laws and using (2.8), (2.9) we
get,

. 1 . . .
vi(t) =i1(Ri +Ry) + C—I“(h +ip —i3) + (i2 — i3)Ry, (3.33)
1
(i1 +1i —i3)Ry + C*Ia(h +iy —i3) + (i2 — i3)R3
1
- lmg —i3Ry = 0, (3.34)
C
. 1. .
i3R4 + ?Ial3 + iR = 15 (¢). (3.35)
2

We can write Egs. (3.33)-(3.35) in the following system form:

DI(t) = A~y I(t) —D* V(t)}, (3.36)
where
1 -1 -1
v=11 1 —A* ],
0 O 1
—C1 (R1 =+ Rz) —C1 Rz C1 Rz
A= —C1R2 —C1 (Rz +R3) Cq (Rz +R4+R3) N (337)
0 —C2R5 —C2R4
i c1v(t) e
(t)y=\[i|, V)= o |, A=1+—. (3.38)
i3 GV (t) €
Ju Jiz J
where A1 = ‘1—‘ |:]; ]Z JZ} is the inverse of A, and
J31 J32 I33

Jit =1 2{Rs(Ry +R3) + Rs(Rg — R3)},  Jiz = —c1C2R2(Rg + Rs),

Ji3 = C2Ry(Ry — Ry +2R3), Jo1 = —C1 G2 RyRy,
Jo2 = c1Rs(Ry + Ry), Jo3 = A{(Ry + R1)(Rs — R3) — R3},
J31 =C1CRsRy,  J3p = —C16Rs5 (R +Ry),

J33 = c3{(Ry + R)(Ry + R3) — R3}. (3.39)

From system (3.36) we can get:

D11 (t) = ¢qiq () + 1ia(t) + P2i3(t) + 1DV (£) + @DV (1),
(3.40)

D%y (t) = ¢3i1 (t) + P3ix(t) + ¢aiz(t) + qsD*vy (t) + q4D*v2 (1),
(3.41)

D%i3(t) = sy (t) + ¢5ix (t) + Psiz(t) + qsDvy (£) + gsD*v (1),

(3.42)
where
o = Ju+Jw 0 = Jiz—Jn— M L= Jo +J2
Al Al ’ Al
04 = Jo3 = o1 — A _Jntln _ == Az 453
|A] 7 Al - Al 7
_ —CiJn _ —C13 _ —CiJ _ —Cofs
ql_ |A| ’ qz_ |A| ’ q3_ |A| ’ q4_ |A| E)
—CiJ31 _ —Cf33

&= s 9= (3.43)

Applying Laplace transform to Eqs. (3.40) and (3.41) at zero
initial conditions we obtain:

h) = o (9112(5) + s (5) + 5V (5) + 025 Vo)),
(3.44)
BO) = o (9311 (5) + e (5) + a5 A (5) 4 0as” V().
(3.45)
Substituting from (3.45) into (3.44) to we obtain:
hs) = & o (1% +¢3)){[¢1 s+ @2(s* —93)]5(s)
+©1(q35s* Vi (s) + g4 5% Va(s))
+ (s = 3) (q15*Vi () + q25*Va(s)) }. (3.46)

In Eq. (3.40) we observe that:
() +ix(t) = %{Do‘h (£) = ¢ais — (1D*v1 (t) + @2D%V2 (1))}
(3.47)

Substituting from (3.47) into (3.42) and applying Laplace
transform to the resultant form we get:

ho) = 8 {s“ [(8) = @ S Vi(5) + @5 V2(6)
L D@55V (S;Jr 6 5°Va(s)) } (3.48)
5

where p = "%fia — ¢s. Substituting from (3.48) into (3.46) then,
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— LT(alpha=1)
— NSFD(alpha=1)
NSFD(alpha=0.9)
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time
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time

(b)

2 (t)

-10 LT(alpha=1)

NSFD(alpha=1)

NSFD(alpha=0.9)

NSFD(alpha=0.8)

5 10 15 20 25 30 35 40
time

(d)

i2 (t)

Y — LT(alpha=1)
——— NSFD(alpha=1)
NSFD(alpha=0.7)
NSFD(alpha=0.5) | |

Fig. 4. Time response of the current iy (t), i (t) for Example 4.1.

_ 1 20
Li(s) = T %){S @1(s)

+5%[@1 @3(s) + o (S) + @2 @ws5(5)]
+[¢@s(s) + 81 (s)] — o1 p3(9)}

where

1//1=¢1+¢3+p+%,

(3.49)

¥2 03 Y5

Yo = pler +¢3) + —=
1

— 405, @i(s) = q; V1 (5) + g1 Va(s), i=1,3,5,

5 10 15 20 25 30 35 40
time
(f)
o= ¢2¢<]P5 —@3—D. = @101 — P203,
8 =@3D+ Qa5 — %

Applying inverse Laplace transform to Eq. (3.49) to get:

o 1
i(t) =L {(52“—1,015"‘4-1#2)

} x LSy (5)
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-80 c c c L c L c L c
0 2 4 6 8 10 12 14 16 18 20
time
(@)
80
alpha=1
60 alpha=.75 | |
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40
20
g 9
-20
-40
-60 \/
80 : : : : : : :
0 5 10 15 20 25 30 35 40
time
(©

i2 (t)

c c c c c c c c c
2 4 6 8 10 12 14 16 18 20
time

25 T T
- alpha=1
20+ / alpha=.75
/\1 alpha=.5
151
10
sk
g o0
5
-10h
15h
20| \
25 : : : : : c :
5 10 15 20 25 30 35 40
time

Fig. 5. Time response of the current iy (t), i, (t) for Example 4.2.

+S@p13(s) + o (S) + Pr5(S)]

+[¢@s(s) + 8w (s)] — p1pw3(s)}, (3.50)
where
L1 L
(52% — Y §* + )
e 1 1 B 1
=L {(1’1 —T2) [(5"‘ +1) (¢ +1’1)]}
1

= m[e(t, —Tz)—e(t,—fl)], (3.51)
and
T12 = —0.5{Y1 £ /¥’ — 4y}, (3.52)
ei(t,1;),i=1,2 is defined by (3.13), also we get:
Lil{SZQW1 (5) + Sa[§01 w3 (S) —+ O W (S) + @ W5 (S)]

+{ @s5(s) + S @i (s) — g1 po3(s)}

=D* @ (t) + D¥¢1 @3 (t) + 0 @1 (t) + @2 @5(¢)]

+ ¢ w5(t) + 8w (t) — @1 @ w3 (1)}, (3.53)
where,
@;i(t) = qiv1(t) + i v2(t), i=1,3,5. (3.54)

Similarly apply inverse Laplace transform to Eq. (3.48) then
i3(t) = %e (t,—p) * {Dail (&) = D*(q1v1 (£) + g1 (t))

+ 21 D% (qswy (8) + et () } (3.55)
(2]

where e(t, —p) is defined by (3.13). Therefore substituting from
(3.55) and (3.50) into (3.47), we get a relation of i, (t) as:
1

# {D%i1 (t) — D*(qqv1 (£) + q2v2(£))} — i1 (F).

i (t) = (3.56)

3.2. Numerical simulation of fractional systems

Nonstandard finite difference method that introduced by Mick-
ens [26] is used to solve the following system of differential
equations:

i = fr(t, i, 2y ..., 0m),

Using finite difference method, the discrete derivatives are

r=1,2,..m (3.57)

; i] k+1 — i] k 5/ i2 k+1 — i2 k - im k+1 — im k
i) = L k=2 A k(358
= e o T eem o Y

where ¢;(h) =h+0(h?), h is the step size, for details see
[26,28,29].

Now we consider our fractional system as follows:
dot
dee

We apply the above technique along with Griinwald-Letnikov
definition for the fractional system (3.59), we have:

r=1,2,..,m.

ir(t) = fr(t, i1, 02, .., im), (3.59)

k
D C i (teej) = frlti i1k e - T
=0

where t;, =kh,k=0,1,2,.... and C§ = (p(h))*.

(3.60)
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i)

: : : : : : : : :
2 4 6 8 10 12 14 16 18 20
time
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time
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02
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’ — error of NSFD
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Fig. 6. Time response of the current i (t), i, (t) for Example 4.3.

4. Illustrative examples
In this section, we will give some remarks and illustrative

examples for the previous applications with some numerical
examples.

Example 4.1. Corresponding to the circuit of application 1 if & =1
and v;(t) = Vp; sin(t),i =1, 2, then Dv;(t) = V,;; cos(t), then substi-
tuting in Egs. (3.14) and (3.16), we get

ip(t) = pysin(t) + p cos(t) + p3 e~ + py e, (4.1)

i1(t) = pssin(t) + pe cos(t) + p; e1* + pg e~*2' + pg en’,

(4.2)

Where p1=M{a} (5725 - 725) +a§(]+1w% - 14:7%)}’
pz:M{a?(H]w% _ﬁ)"'a;(lfiﬁ _12)5 J m:%
Pa= M(%j;az) ps = ﬁ{f\lz(l’z —Anp1) + W}’
P = 1+1A%1 {% —Ai2(p1 +Aup2)}. pr = 22,
b = ;ﬁfﬁ;s b9 = IJT%{AQ(P] +Anp2) - 7(12“3)\/'2‘1#3%2 -
(p7 + ps), aj =R Vi1 + 0 Vina, @ = 13Viny + (I + 13)Va.

@1 and R, U are defined in (3.12), (3.15) respectively.

We observe that tr(A)(0, |A|)0 for all ;,R; €R",i=1,2,3. So
w17 > 0 and the system of circuit 1 will be asymptotically stable.
Assume that the parameters for application 1 take the values:

Ri=10 QR =1 QR3=5 Q54=02 HL=10 Hl=
5 H,Vp =100 V,Vp =100 V,a =1. Hence tr(A) = —3.8906,
|A] = 1.2264, then w; = 0.3460, w, = 3.5446 and the system of
application 1 is stable. Fig. 4(a and b) represents the time response
of the currents i;(t),i,(t) for h = 0.05 and ¢ (h) = h using the ex-
act solution by Laplace transform (LT) and NSFD method for ¢ = 1
which reveals that the NSFD method is in good agreement with
the exact solution, while Fig. 4(c-f) is devoted to show the effect of
different values of the fractional order o on the time response of
the currents with h = 0.1. Also the amplitude of the time response
of the currents attenuates as the fractional order o decreased.

Example 4.2. For application 1, using NSFD method [27,28,29] and
assuming the following parameters: Ry =1.4 Q,R, =0.2 Q,R3 =
1Q,1;=08H,l,=1H,I3=0.1H,Vy =200V, Vy =100 V. The
numerical results for this example are shown in Fig. 5(a and b)
which represent the time response of the current i;(t),iy(t) at
o =1 using Runge-Kutta (RK) and NSFDM methods with h= 0.05
and ¢(h) =1 —e~", while Fig. 5(c and d) gives the time response
of the currents using NSFD method for different values of the frac-
tion order o =1, 0.75,0.5. And the amplitudes of the oscillations
attenuate.

Example 4.3. Corresponding to the circuit of application 2, and
considering v; (t) = Vi;q sin t, v5(t) = Vi sin t, substituting in Eqs.
(3.32) and (3.29) by o =1, then

le +R Vm2 Q*

() = R(1+B?)

{sin(t) —Bcos(t) + B e*},  (43)
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Fig. 7. Time response of the voltages v; and the current i; (t), i (t) for Example 4.4.

and

iy(t) = hisin(t) + h3 cos(t) + h B, (4.4)
or simply

. CyC3 d . CyC3 .

i(t) = — (V2 sin't) | — i1 (t)), 4.5
2(t) C2+C3(dt(m2 )) c2+c3(1()) (4.5)

=y (Vg1 +R Vg2 Q) 1

where ht = ZR(CZ+1C3)(1+322) 3= Gy lea Vi +
%},h* =Bh* and B is defined in (3.23). Then

consider the following parameters for application 2:

R=5Q,¢c;=02 f,Cz =1 f,C3 =09 f, Vin1 =200V, Vi, =100V,
o =1. We found that B=-2.1333 and the system is stable.
Fig. 6(a and b) depicts the time response of the currents i; (t) and

i (t) using LT, RK and NSFD methods for ¢(h) = h and h =0.025
which declares that the NSFD method is more efficient than the
RK method. This is clearly observed in Fig. 6(c and d) where the
error of the numerical solutions of the currents are plotted using
RK and NSFD methods.

Example 4.4. For application 2, assume that R=15 Q,¢; =
0.3 f,c=0.1 f,c3=03 f,v; = 10t, v, = 5t. Fig. 7(a, b) shows the
time response of the current i;(t) and i,(t) at @ =1 using NSFD
method for different values of ¢ (h) when h = 0.05. Also in Fig. 7(c
and d) NSFD method is used with different values of the fraction
order &, h = 0.05 and ¢ (h) = sinh h. Again in Fig. 7(e and f) we use
NSFD method with different vales of the fraction order «, h = 0.08
and ¢(h) =sin h It is clear that the current tends to a constant
value with increasing the time as they has negative exponential
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Fig. 9. Time response of the current iy (t), i>(t), i3(t) for Example 4.6.

forms when o = 1 while by decreasing the value of the fractional
order « the currents increasing by increasing the voltage applied
to the circuit.

Example 4.5. For the circuit of application 3, substituting in Egs.
(3.50), (3.55) and (3.56) by o = 1 and simplifying to get:
i1(t) = xj sin(t) + x5 cos(t) + x5 e~

ntpxy e (4.6)

i3(t) = xEsin(t) + x5 cos(t) + x5 e Pt 4 x5 e ™ x5 e, (4.7)

ir(t) = Xjosin(t) + X3y cos(t) + x5, e+ x5; e pxi, e Pl
(4.8)
where
Xy = T]f_l 5 {6 = 1)(q1 Vim1 + 2 Vin2) + £ (g5 Vin1 + q6 Vin2)
k
— 166 (43 Vi1 + 44 Vin2) } +2 f2 112 :
Xy = Tzf_z = {8 = 1)(q1 Vim1 + G2 Vin2) + £ (q5 Vin1 + q6 Vin2)
k
— 106 (43 Vi1 + g4 mz)}+ f1 ;2,
1
X3 {(1=68)(q1 Vim + 92 Vin2)

T (m-n)(+12)

—¢(q5 Vi1 + 46 Vi) + @1 @6 (q3 Vi1 + qa Vin2) + Tikq},
1

Xy = m{@ 1) (q1Vim + 92 Vi)

+ ((QS Vin1 + 6 Vin2) — $1 @6 (43 Vi1 + qa Vinz) + Tak1},
X;_(ﬁ;]ﬁ{p?ﬁ P)i‘l‘ﬁ}_xé’ x;:%,
X5 = d,f’fé‘ e s g = S+ 42%) i

Xiy = %{%X’; + 1 Vint + G2 Vimg — X5} — X5,

-1
Xjp = E(ﬁ X5+ axg) — X3,

X = 1 (T + daxio) ~ i, Xy = 8,
T 1 1
fl*:1+2r2 1+r2’f2 1+12 14712
= (5)5 X1 = (@1 Vi1 + @2 Vin2)} + G5 Vi1 + g6 Vi2
and  ky = ¢1(q3 Vi1 + 44 Vin2) + 0 (q1 Vi1 + 42 Vima) + 2(qs Vi1 +

q6Vm2), i, q;,i=1:6 are defined in (3.43), and 77, are defined
in (3.52). We considered the following parameters for application
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3: R] =10 Q,R2=3 Q,R3=10 Q,R4=7 Q, R5=2 Q, 1 =
10 f, =1 f, V1 =200 V,V;;p =100 V, ¢ = 1. Flg 8(8—C) shows
the time response of the currents i (t),i>(t) and i3 (t) for h = 0.02
and ¢ (h) = sin h. We can conclude that NSFD method is superior
to RK method as shown in Fig. 8(d-f).

Example 4.6. For the circuit of application 3, using the NSFD
method and assume the following parameter Ry = 1002, R, =
309, R3=1OOQ, R4=17Q, R5=ZQ, Cq =10f, C2=1f,vm] =
200V, Vp = 100V. Fig. 9 shows the time response of the currents
i1 (t), ip(t) and i3(t) for h = 0.02, ¢(h) =sinh h and different
values of the fractional order o

5. Conclusions

The fractional calculus is used to generalize RL and RC circuits.
The fractional modeling introduces new parameters which pro-
vide more accurate representations of the real capacitor and real
inductor. Solutions of the mathematical models of these circuits
are derived using Laplace transform, RK, and NSFD methods. We
observed that the amplitudes of the oscillations attenuate with
decreasing the fractional order «. Also, the numerical results given
by NSFD method is in a good agreement with LT method and
more efficient than RK method in the case of integer order o.
We conclude that the methodology applied in this paper can be
extended for other electrical systems.
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