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1. Introduction

This is a survey paper of certain classes of orthogonal polyno-
mials in two complex variables and the multivariate Hermite poly-
nomials. The multivariate real Hermite polynomials go back to Her-
mite and they were studied in some detail in the book by Appell
and Kampé de Feriet [4]. We felt it will be beneficial to collect
scattered old and new results on 2D and nD polynomials in one
place. This paper complements and updates the influential survey

* Part of this work was completed at BIRS in Banff and the authors acknowledge
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tional natural science foundation, Grant no. 11371294.

* Corresponding author.
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article [40] by Koorwinder which is now 40 years old but is still a
valuable reference on the subject.

One of the earliest orthogonal polynomials are the Legendre
polynomials which are orthogonal with respect to dx = (Lebesque
measure) on the unit interval [—1, 1]. They are the spherical har-
monics in R2. The ultraspherical (or Gegenbauer) polynomials are
the spherical harmonics on R™ and are orthogonal with respect
to L+3/2)

(0} m(1 —x%)Vdx on the unit interval [—1, 1]. If we replace x

by x/+/v and let v — oo the measure becomes 7 ~1/2¢=**dx and the
ultraspheical polynomials, properly scaled, tend to Hermite polyno-
mials. The next sequence of polynomials in this hierarchy are the
Jacobi polynomials which are orthogonal on the unite interval with

respect to %W“ —X)%(1+x)Pdx. The Laguerre poly-

nomials arise when x is replaced by —1+2x/a and o — oo. It
is worth mentioning that none of the one variable polynomials is

1110-256X/© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license.

(http://creativecommons.org/licenses/by-nc-nd/4.0/)


http://dx.doi.org/10.1016/j.joems.2016.11.001
http://www.ScienceDirect.com
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2016.11.001&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.13039/501100001809
mailto:ruimingzhang@yahoo.com
http://dx.doi.org/10.1016/j.joems.2016.11.001
http://creativecommons.org/licenses/by-nc-nd/4.0/

92 M.E.H. Ismail, R. Zhang/Journal of the Egyptian Mathematical Society 25 (2017) 91-110

named after the person who first discovered them, see the inter-
esting paper by Askey [5].

The 2D history is somewhat parallel. In the late 1920s Frits
Zernike (Nobel prize for physics in 1953) was working on opti-
cal problems involving telescopes and microscopes. He introduced
polynomials orthogonal on |z| < 1 with respect to the area mea-
sure, so this is the 2D analogue of Legendre polynomials, see
[58] and [59]. The more general disc or Zernike polynomials are or-
thogonal with respect to (1 —x2 —y2)¥dxdy on the unit disc. Again
if we replace (x, y) by (x/+v/v.y/+/V) and let v — oo this measure,
properly normalized becomes ey dxdy on R2. The polynomials
become the 2D-Hermite polynomials introduced by Ito in [34] in a
different way. They are defined by

man
Hn(21.22) = 3 (',Z’) (,c)( Dtz 2k, (11)
where anb := min {a, b}. In 1966 Myrick [43] considered only the
radial part of the polynomials orthogonal with respect to the Ja-
cobi type measure (x2+y2)¥(1—x% —y2)Pdxdy on the unit disc.
An addition theorem for the disc polynomials were found by Sapiro
[48] and Koornwinder [39]. Maldonado [42] very briefly considered
a class of radial functions which can be used to generate 2D or-
thogonal polynomials. Floris [15] introduced a g-analogue of the
disc polynomials proved an addition theorem for them, see also
Floris and Koelink [17]. Wiinche [57] also studied the disc polyno-
mials.
We shall use the notations

0@ =8B s.p@ =z, (2)
[a]g = 1%(1; mvn=max{m,n}, man=min{m,n} (13)
and

0; = 8% 8, =20;, 8¢, =12Dg;. (1.4)

In addition we shall follow the standard notation for shifted facto-
rials, hypergeometric functions and their g-analogues as in [3,19],
and [25].

In Section 2 we treat the Complex Hermite polynomials {Hp(x +
iy)}n=0- They are orthogonal on R? and are polynomials in the two
real variables x and y with complex coefficients. We state their or-
thogonality relations and show that they are eigenfunctions of a
2D-Laplace transform. In Section 3 we treat Ito’s 2D-Hermite poly-
nomials in some detail. This includes orthogonality, differential re-
currence relations, pure recurrence relations as well as linear and
multilinear generating functions. Many of the multilinear generat-
ing functions are kernels of integral operators with explicit eigen-
values and eigenfunctions. This is typical of the material treating
specific sets of orthogonal polynomials in the subsequent sections.
This section is followed by Section 4 which is a systematic study
of their g-analogues introduced by the present authors in [33].
Section 5 contains a survey of the n-dimensional Hermite polyno-
mials introduced by C. Hermite in 1860s. They form a biorthogonal
system of polynomials. Section 5 contains recent results from [28].
In particular we mention combinatorial interpretations of the inte-
grals of products of the polynomials times their weight functions.

In Section 6 we briefly describe a class of polynomials we in-
troduced in [31]. This contains a general construction of bivariate
orthogonal polynomials from a univariate system of polynomials
orthogonal on a half line. Sections 7-11 contains important ex-
amples of this construction. In each section a specific system of
orthogonal polynomials is introduced and its important properties
are recorded. The paper concludes with Sections 12 where we dis-
cuss polynomial solutions to certain second order partial differen-
tial equations.

For completeness we recall the definition of the Ramanujan
function Ag(z) and 94,

A@ = Z T (13)
9a(z:q) = Y (-D"g"2" (16)

Note that our 94 is slightly different from 94 in Whittaker and Wat-
son [53]. The g-Laguerre polynomials are [25, Section 21.8]

gkt

(G Pn Z[I(]q(qaﬂ;q)k( 2)" (1.7)

k=0

L (2) =

2. The complex Hermite polynomials

The complex Hermite polynomials are the usual Hermite poly-
nomials {H;(x +iy)}n=0. X,y € R when viewed as functions of the
two variables x and y. Many of the algebraic properties of Hermite
polynomials {Hs(X)}; > o hold when x is taken as a complex vari-
able. In particular we have the generating function [25,45,50]

Zwt" =exp(2zt — t?). (2.1)
—~ nl
Theorem 2.1. Assume that
1 1
O<a<b, a:l—f—B. (2.2)

Then the complex Hermite polynomials satisfy the orthogonality rela-
tion, [36,52],

. o —ax?—by? _ T no a+b
/]RZ Hp(x+iy)Hy(x —iy) e dxdy —\/@2 n! ( m Smn
(2.3)
as well as the orthogonality relations [22]
f Hyn (X + iy)Ha (x + iy)e~ ™= dx dy
R2
_ o o —ax2—by? _ T Ny
[Rz Hp (x —iy)H, (x —iy)e dxdy 7@ 2"l S, (24)
The proof follows from the generating function (2.1).
The weight function e~®’-%* on R has the moments
/ (x £ iy)21 e~ gx dy = 0,
R2
X+ iy)2 e ™0 dxdy = T (1/2),, 2.5
[ vy y = 2= (172}, (25)

provided that the condition (2.2) is satisfied.

Ismail and Simeonov [27] studied the combinatorics of the
complex Hermite polynomials. One of their combinatorial results
established the more general orthogonality relation

/ Hm (otx + By)Hn(yx + 8y)e~ ™% dx dy
]RZ

ay Bé
= — n' R r-gn
mz n.(a + b)am'" (2.6)
where
2 2 2 2
a>0, b=0, OL+%—”?+%—1 2.7)

Formula (2.6) implies that for

a/va  B/vb
<5/¢a a/ff;) € SO(2,R),
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then Hp(ax + By) is orthogonal to Hy (8x + yy) unless m=n=0.
It is also clear that the orthogonality relations (2.3) and (2.4) are
special cases of (2.6).
Theorem 2.2. Suppose that we have two colored multisets. The first,
of color I, has size m= (my,my,...,my) € N(’j and the second, of
color II, has size n= (ny,ny,...,n) € N’{). We match elements from
different sets, and to each pair of matched elements we assign weight
1 if the elements have the same color and weight 1/a+ 1/b if the
elements have different colors.

Then the total weight of all perfect matchings of this type is the
number B(m, n) defined by

k
B(m,n) = @2-%0"‘“'“‘)/“qez [ [1Hm, (x + iy)Ha, (x — iy)]
j=1

x e~ by dy dy. (2.8)

Observe that the orthogonality relation (2.3) is the special case
k =1 of Theorem 2.2.

Theorem 2.3 [27]. The following integral relations hold

vas
2 Jre

b+a.
—( b ) Hy (2),
Jab

V2 Jre
= ian (Z),

n € Ny, where a and b satisfy conditions (2.2).

G-I+ @+E- 2y (& 4 in) e %" D1 dg dp

(2.9)

-+ @+ E-MD2H, (£ — i) e~ b7 dg dp

(2.10)

This theorem indicates that the complex Hermite polynomials
are eigenfunctions of a 2-dimensional Fourier transform. However,
we could not use the orthogonal system S = {Hq(x +iy)}peq U {1} U
{Hn(x —iy)};2; to define a 2d Fourier transform. First we observe
that H,(x — iy) is not an eigenfunction. Furthermore, the system S
is not complete. It has the same L2(RZ, ‘{r—"ibe‘""z‘byzdxdy) closure
as {(x+iy)"}n; U {1} U {(x —iy)"}72, which does not contain all
of {x”ym}ffmzo. For example, xZ, y2 is not in the closure. Moreover,
in order to do Fourier analysis we also need both 2.3 and 2.4 un-
der the condition 2.2 to ensure the orthogonality of system S. To
require they are eigenfunctions correspond eigenvalue +i, £1, from
Theorem 2.3 we also need to have the condition { + 1 = 1. But the
two conditions imply that a =1, b = oo, which is impossible.

3. Ito’s 2D-Hermite polynomials

The complex Hermite polynomials {Hp, n(z1, z)} defined by
(1.1) were introduced by Ito [34] in his study of complex multiple
Wiener integral and were used in [1] to study Landau levels. They
were applied in [51] to coherent states, and in [55,56] to quan-
tum optics and quasi probabilities, respectively. See also [10,20,21].
They are essentially the same as the polynomials in [11, (2.6.6)].
They also appeared in combinatorics in the work of Novik et al.
[44].

Their exponential generating function is

5" Huatar 2) BV e (31
m, n=0
and they satisfy the orthogonality relation, [24] and [20]
1 . . T T 7. < . N
P / Hpn(x + 1y, x — iy)Hp g (x + iy, x — iy) eV dx dy
R2
=m!n!mpbng. (3.2)

By 3.1 we also get

umpn UM

elA iR etV Z mi Hmn(zl 2)= Z WHmn(Zl,Zz),

mn=0 m,n,e>0 T
then,
ZJ r aj+keuzl+vzz
12 — i

82{ 82’2‘ 21=2,=0
jlk!
= Z WHm,n(ZLZZ),

mne>0m+L=jn+e=k

which gives

i k j k
ik (=) )
j >0,k>n>0

Jzmz=

j+k—m—n
X (J 'Hmn(zla 22)

( >< ) m)!Hm.n(Zl, 22)
- > (,Jn) (’;) (k= 1) Hp (21 22).

j=m=>0,k>n>0

The combinatorics of these polynomials have been studied in the
recent work [27]. We note that Carlitz rediscovered these polyno-
mials in the more recent work and found their generating func-
tions [8].

It is important to think of the 2D-Hermite polynomials as poly-
nomials in two complex variables or four real variables but their
orthogonality is on the complex plane or on RZ.

From the generating function it is easy to see that the polyno-
mials satisfy the three term recurrence relations

Z1Hp q(21,22) = qHp q-1(21.22) + Hpy1,4(21, 22)

ZyHp ¢(21,22) = pHp_1,4(21.22) + Hp g41(21. 22). (3.3)
They also satisfy the connection relation
i m+n m g
7Y — _ j+n
Hnn(z,2) = m!n!<2> sz'k'( 1)
j=0 k=l
Hjx (X)Hm+n_j_k ) 7 (34)
(m—-j)l(n-k)!

and its inverse
HH) = 3 51

rlstis (=1)m-i
- PDIm=HIs+j-—m!

Hiris-m(z.2).

j.m=0
(3.5)
Also note the symmetry relation
Hmn(z,Z) = Hym(z, 2). (3.6)

The linearization of products is given by

ny!nyHy o —j—k,nq+n —j—k(ZhZZ)
Him, m (21, 22)Him, my (21, 22)= 3k 5e7cm, =~ 10y~ Gy~ T3 01

(3.7)
and its inverse is, [21],
Hp+m.q+n(zlvzz)
~plg!min!
B pZNiqinf (=1)J** Hy_j o k(21,22) Hp_gnj(z1.22) (3.8)
B Jikt (p=DHg-k)! (m-K!In - '

j=0 k=0
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When m = n+s > n the polynomials Hy (21, z5) are related to
Laguerre polynomials via

Hnisn(z1,22) = ()" ZLY (2122). (3.9)

The symmetry relation (3.6) shows that Hyn(z,2) is real. The Ro-
drigues formulas are

Hmn(21,22) = (—1)™*"en %2019} e~4172,

Hmn(21.22) = (—1)mneaz il gie-az, (3.10)

where 9, := %. We note that

b (2 D) all(D0)
=5 \ax "oy f72\ox " oy

Note that (3.10) is equivalent to the formulas

Hnn(21,22) = (—1)me 20} (z5e01%2),
Hun(z1.22) = (—1)"e41220] (zPe-412),

(3.11)

(3.12)

The operational formula
(=0; +22)"f(21,22)

IZ( 1)k Hmn v (21, ZZ)ak (5" f(21.22)).

ot (3.13)

is from [21] and extends a one variable result due to Burchnall [7].
Another operational formula is

Hinn(z1,22) = exp(—0,,0,,) (21'25). (3.14)

The Kibble-Slepian formula is a multilinear generating function
for Hermite polynomials and is due to Kibble [37] and later was
proved using Fourier transforms by Slepian [49]. Foata [18] gave
a nice combinatorial proof while Louck [41] used Boson operator
calculus to give a new proof of this remarkable result. The norm
of a matrix A = {aj : 1 < j, k < N} is the Frobenius or the Hilbert-

Schmidt norm /Z?{k:] la; |2, [23]. Ismail [26] proved the follow-

ing

Theorem 3.1. Let Z = (21,25, ..., zy), and H be an N x N Hermitian

matrix with |H|| < 1, and Iy is an N x N identity matrix. Then

Det[(Iy + H)~ '] exp (ZH(IN + H)“Z*)
=2k [li<jken (hnkiuj Hy ¢, (z1.71). .

where K= (nj; : 1< j k<N) is a general matrix with nonnegative
integer entries, ¢, is the sum of the elements of K in column k and r;
is the sum of the elements of K in row j, that is

N N
Ck:an_lo T] :an_k.
Jj=1 k=1

It is important to note that the multilinear kernels given by
Theorem 3.1 will always be positive.

The following results, namely Theorem 3.2 and Corollary 3.3,
are due to Ismail and Zhang [32].

_ (3.15)
- Hpy oy (2n, ZN),

(3.16)

Theorem 3.2. Following the notation in Theorem 3.1 we let § be a
fixed real number such that 0 < § < % then (3.15) is also true for

|hje| <6, 1<jk<N (3.17)
and H is not necessarily Hermitian.
It is known that a multivariate analytic function f(zy,...,zn)

at (0,...,0) can be expanded in a convergent polynomial series,
[6]. Then one may prove Theorem 3.2 on a domain, possibly all
of ||H|| < 1, in the following steps: first prove the polynomial se-
ries is exactly the right hand side of 3.15, then prove both sides
of 3.15 are analytic inside the domain by applying the estimate in

Theorem 3.5, finally prove Theorem 3.2 by analytic continuation. It
is interesting to see this can be carried out for a larger domain.

Corollary 3.3. For NeN, let W = (p1ef91,...,pNe"9N)T that p; >
0, 0;eR for j=1,...,Nin (3.15), H, Iy K, ¢; and r; are the same
as in Theorem 3.1 but H is not necessarily Hermitian, then

det (Iy + H)’1 exp (W*H(IN +H)"'w)

(3.18)
where {L,(f‘)(x)} are Laguerre polynomials.

This follows from Theorem 3.2 and (3.9).
It must be noted that Ismail and Zeng [30] gave a purely com-
binatorial proof of (3.15) but as a formal power series.

Example 1 (Poisson Kernel). As an example consider the case N =
2 with

H=(0 8)

In this case Theorem 3.1 gives the Poisson kernel. Indeed in the
sum in (3.15) we must have ny; =n,, =0 and we get

oo

um2 ph2a
Z T |Hn12 ny1 (21, Z1)Hny 0, , (22, 22)
M1,2.12,1=0 127121

=1 -uv)Texp (

—UVZ1Z1 + UZ1Z3 + V2125 — UVZpZ5 (3.19)
1—uv ’ ’

The Poisson kernel (3.19) is stated in [56] without proof. Carlitz
discovered the 2D-Hermite polynomials independtly of Ito’s work
and established (3.19). He did not prove the orthogonality relation.

Example 2 (General2 x 2 Case).
Ismail [26] considered the general 2 x 2 case

a u
H:(U b)’ a,beR

This leads to the bilinear generating function

am1 p22 yma pyh2a
Tl]y]! leyz! n1,2! 112‘1!

an.kzo,lgj.ksz n1,1+n1.2,”1.1+”2.1(Zl’zl)

X H"2_1+n2_2,n1‘z+n2‘2 (22, Z)
=[(1+a)(1+b) —uv]™! x exp
((0(1 + b)—uV) 171 +Uz1Z3+VZ1 2o+ (—uv + b(1 + a))zzzz)

(3.20)

(1+a)(1+b) —uv

An important observation is that (3.19) is essentially a generat-
ing function for Laguerre polynomials. Write the series in (3.19) as
a sum over ny, > ny; plus a sum over ny, < ny; minus the sum
over 1y 3 = ny 1. The result is

Z (n +.s)| uV (212) LY (|2 LY (1221)
n! -
b Y G L (L (sl
s.n=0 )

= Y @)"La(1z11*)La(I221?)

=(1-uv)lexp (

UVZ1Z1 + UZ1Z3 + VZ12y — UVZpZ)
1—-uv
(3.21)
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The third series can be summed by the case o = 0 of Hille-Hardy
formula, [25, (4.7.20)]

Z LR o)

(X“Lf))oa( o+ 1xyr(1—1)2).

(3.22)

It will be of interest to give a direct proof of (3.21) using properties
of Laguerre polynomials.

We call a sequence of polynomials {pm, n(z1, z2)} a bivariate Ap-
pell sequence if its exponential generating function is of the type

Z pmn(zl ZZ)

m,n=0

=(1-r)"Texp (

=A(u, v) exp(uz; +vzy), (3.23)

where A(u, v) is analytic in u and v and we normalize our formulas
by A(0,0) = 1.

Theorem 3.4 [26]. The only bivariate Appell sequence pn(z1, z) such
that pn(z,Z) is orthogonal on R2 is {Hnn(z,2)}.

For properties of Appell polynomials in one variable we refer
the interested reader to [45].

Theorem 3.5 [32]. For all m,n € Z* and z € C we have
|Hmn(Z.2)| < e Vm1 - nl.

Theorem 3.5 is very useful in justifying interchanging sums, or
sums and integrals.
We now construct some integral operators. Let

K(z1.21,23,Z3; u, V)

1 -1
= E(l —uv) exp(

—UVZ1Z1 + UZ1Z; + VZ1Z) — UVZrZ
1—uv ’
(3.24)

and consider the integral operator
(P2 = [ K@ Fux - w0 fGer i x— )
Y

x e~y dxdy, (3.25)

defined on L, (e"‘z‘y2 dxdy, R?). We know that the polynomials
{Hy(x)Hs(¥)}r, s = o0 are dense in L, (e*"zfyzdxdy, R2). Hence formula
(3.5) shows that {Hin.n(2,Z)};n.n>0 are also dense in the same space,
with z = x + iy. Therefore the polynomial system {Hmn(z,2)}m.n=0
is complete in L, (e"‘z‘yzdxdy, R2). Then the orthogonality relation
(3.2) and the symmetry (3.6) imply

/ K(z1,Z1,x+ iy, x — iy, u, V)Hpn(x + iy, x — iy)e*XZ*yzdxdy
R2
(3.26)

This shows that {Hpmn(z1,Z7)} are the eigenfunctions of T with
eigenvalues u™vy" and the completeness of the system implies that
there are no other eigenfunctions. For 0 < u, v < 1 we observe that
T is self-adjoint, compact and positive definite. But the series ex-
pansion for K cannot be obtained by applying the spectral theo-
rem directly. The expansion obtained from spectral theorem is a
re-ordering of {u™v"}>° _, so that the obtained 1d sequence de-
creases to 0. It is not hard to see the expansion also provides an
example for the generalized Mercer’s theorem, [14].

The Fourier transform in two dimensions corresponds to the
special value u =v =i in (3.26). This case was stated explicitly in
[55] and can be proved by imitating the classical proof for the
one variable Hermite polynomial case in [54]. One cannot how-
ever simply put u =v =1 in (3.26) because the Poisson kernel for-
mula (3.19) is valid for max{|u|, |v|} < 1, since the right hand side

= u"™V"Hmun(z1,71).

of (3.26) can be expanded in power series in u and v when |u]| < 1
and |v| < 1.
We next consider linearization of products of 2D-Hermite poly-

nomials.
Note that (3.7) can be written in the form
- 1).
(3.27)

Hin, ny (2, 2)Hmy n, (2, 2)
Ny ' Hiy +my—snq +ny -5 (2,.2) =S, —my, —Ny
= Zs m]|51| (nzl 5)11(;12 5)|3F2<
It is clear that (3.27) and the orthogonality relation (3.2) give the
value of the integral

ﬂ1—5+1,m2—5+1

k
/ [ Hn,n (2 2)e ™ dxdy, (3.28)
B2 g
when k = 3. This raises the question of the evaluation of a prod-
uct of k polynomials. For k > 3 this integral does not have a nice
closed form but has an interesting combinatorial interpretation;
see [27].

Formulas (3.7) and (3.8) are inverse relations in a combinato-
rial sense, see Riordan [46,47]. Another result which immediately
follows from the generating function is the addition formula

Hun(z+w,Z+w)
m!n!

~ P & H; (V22,722)) Hy_j gk (V2W, v2W))
SRy R = T

j=0 k=0

(3.29)

The above formula was proved in [21] but also follows from the
exponential generating functions [26].
In [26] Ismail derived analogues of

ZHM(x)— e UH(x 1),
=0

n/2] nlch—2k

Ha(cx) = Zl<|(n k1

- CZ)an—Zk(X),
[25, (4.6.29)] and [25 (4 6.33)]. His results are

Z Hin i jnik(z, Z)

( 1)]+keuz+vz uvH ,(Z v, 7 v)

m,n=0
(3.30)
and
A - mlnlcm-ign-i <
_ o j
Hmn(cz, ¢2) = Z;Hm,],n,](z,z)j! RO ])l( —1)4.
(331)

Notice that by setting z = 1, formula 3.31 gives yet another rep-
resentation of Hp »(c, ) in terms of ¢™~J¢c"~J(cc — 1)J. He also ex-

tended
roq 1 d
Z l_[ ﬁHmj(Xj) = H, Zanj , (3.32)
mytmyttme=n | j=1 1" ) =

provided that Z;:1 a% =1, [12, (10.13.40)], to
Mmj 7.1

a.
Z HHmJ”J(‘Z}’z})m 'T]l'

oy my=m Y ny=n j=1 "
T T
=Hm,n ZGJ‘ZJ',ZG]'ZJ' s
=1 j=1

when Y% |a;|? =1.

(3.33)
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The Hermite polynomials have the generating function [45, Sec-
tion 106]

©n o,y (€12 €+ 12| __—4°
Z .tHn(X)—(l 2xt) 2F0<C/ (C_+ )/ (1—2Xt)2)

n=0

(3.34)

In general (3.34) holds as a formal power series since the ,F; di-
verges, unless c is a negative integer, in which case (3.34) holds as
equality between functions. Rainville [45] attributes (3.34) to Braf-
man for general ¢ and to Truesdell when ¢ = 1. We now extend
(3.34) to the complex Hermite polynomials and again our result
will be a formal power series identity unless a or b is a negative
integer when it becomes an equality. The generating function is

Zm 0 (@Dm ;b)n UM Hpy (2, Z)

= (1-uz)(1 - uz)sz()(“’_b uw ) (3.35)

1-uz)(1-v2)
We now give a moment integral representation of the Hp, »'s.

Theorem 3.6. Let z = x + iy with X,y € R. The complex Hermite poly-
nomials have the moment representation

im+n
Hyn(iz, i) = / (r + is)™ (1 — is)"
T R2
x exp (—(r—x)? — (s - y)?)drds. (3.36)
A two complex variable case is in [32].

Theorem 3.7. Let w=r+is with r,s e R and z;,z; € C, then we
have the moment integral representation

e 92Hy (21, 22)= / W"W" exp {—wWiz; w-+iz,whdrds.

JTITTH»H
(3.37)
Note that Theorems 3.6 and 3.7 are the 2D analogues of
H, (1x) =2
= 7= / yhdy, (3.38)
see [25, (4.6.41)]. Another integral is
0 ifm#n,
/ e XV Hyn(cz. @)dxdy = | (cc_ 1" | (3.39)
R2 ———> 7 ifm=n
n!
One more integral from [26] is
——y? = _Jo if n—mis odd,
Jr2€ Hmn (S, &) dxdy = {C(m, s) ifn—m=2s, (3.40)
where
¢ =ax+iby,a,be R, m=n+2s,
2751 -m/2,(1-m)/2|a® - b? (341)
Cim,s) = m!s! 2Fl< s+1 4 )

Several authors considered sign regularity of determinants
whose entries are functions. This includes Wronskians and Tura-
nians. One classic paper in the subject is the monumental work
of Karlin and Szegdé [35]. Theorem 3.6 is the key to proving
Theorem 3.8 below.

Theorem 3.8 [26]. Set z=x+iy and let Ay be the determinant
whose elements are

{(=i)™™ 2w Hy s s (iz,iZ) : 0 < m,n < N}.

Then Ay is given by

N
1 . . .2
Av =5 f [T Ik + isel* |: [T |rj+is;—ric—ise] :|
- JR2N .
k=1 1<j<k<N

N
<] e~ ="V’ dr; ds;.
j=1

(3.42)

Hence the determinant formed by (—
m,n < N is positive for N > 0.

D™ (1) Hmos,nas(iz,i2) 1 0 <

Ismail [26] gave two extensions of the integral [45, Section 109,

(4],

Pu(x) = e~ t"H, (xt)dt. (3.43)

2
nlym Jo
His two extensions of the above integral evaluation are in the fol-
lowing theorem.

Theorem 3.9. With z = x + iy we have the integral representation

4 / / e~ 21 (3" Hyn (2, cZ)dxdy
T Jo Jo

_ —m, —n|cC—1
=mln!lc"c",F ' — 344
m!nlcmc", 1( 1 = ) (3.44)
and the integral evaluation
1 _x2—y2.mi=n -
— e XV zZMZ"Hp, n, (2, Z)dxdy
T R2
{0 if my +my #ny+ny, orny >my
= my ! n 1 . (345)
— if = .
(m] —le)! Hm+mpy=ny+n

Theorem 3.9 suggests considering the more general integrals
I(mg, mq, ..., My; Mg, Ny, ..., M)
=1 [0 e XV ZM0Z [T, Hoyy (2. 2)dxdy,  z:=X+1y.
(3.46)

Of course this integral does not have a closed form but has a com-
binatorial interpretation. Consider k + 1 two groups of disjoint sets
S0,S1, Sk To, Tq, . .., Ty.. The S sets are of a certain type, say type
1, and the T sets are of type 2. A perfect matching is a one to one
mapping from U’]?=OS]- onto u’]fonj. Further we allow the elements

of Sy to be matched with elements of any T set, however elements
of S;, j # 0 are matched only with elements of T, for r # j. Of
course each element (vertex) is matched with a unique object.

Theorem 3.10. The number of the above mentioned matchings is the
integral in (3.46).
4. 2D — gq-Hermite polynomials

Ismail and Zhang [33] introduced two g-analogues of the Ito
polynomials. The first g-analogue is defined by

man m

Hmn(z1.2210) := Y [k ( DO (q: 2 *z k. (41)
k=0 q

It is clear that

Hpp (221 21 |CI) = Hpm (zl , 22 |Q) (4.2)

The second g-analogue is defined by the explicit representation
man m n

hnn(z1.2219) ==Y | qmDe=D (—1)) (q: q) 2725
j=0 1 q j q

(4.3)
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As a basic hypergeomoetric function (4.3) takes the form

hmn(z1,221q)

q*ﬂ

= (_l)n( mon q) Zm n1¢1 (qmnﬂ

Note the (m,n) —

hm,n (zl»ZZM) = hn,m (ZZa Z1 |q)s (4-5)
and the fact

hm‘n (zleZH/Q) = q—mn

Theorem 4.1. The polynomials {Hm, n(z1, z31q)} and {hm, n(z1, 22/9)}
have the generating functions

q, —qm+12122>. (44)

(z1,z3) symmetry

i7" "Hm n(iz1, i22]q) (4.6)

uv; @)oo > um "
T Mo Hmn(z1,22]q) ——————, 4.7
(Uz1, V255 @)oo méo ma 210 G @ D 4.7
(—q'"?uzy, —q'?vz: q)_ Z mn(zl,zzlq)q<m w2y
(_uv;q)oo m.n=0 (q q)m(q q)n
(4.8)

and satisfy the functional relations

= Hmn(z1,22|19) —21(1 — q")Hp_1.0(21, 229),
(4.9)

Hm,n(qzleZ|Q>

Hmn(z1,9221q9) = Hnn (21, 2219) — 22(1 — ¢")Hpm n-1 (21, 2219),

(4.10)
Hmn(qz1, 22|0)qg™"
=Hmn(21.2219) = 7' (1 = ¢™)(1 — " )Hm_1.n-1(z1. 22|9).
(4.11)
Hmn(z1,92219)q7"
=Hnn(21.2219) = 7' (1 = ¢™)(1 — " )Hm-1.0-1(z1. 22|Q).
(4.12)

2|q)=hmn(21,2210) + 21 (1-4")q 1.0 (21, 2219),
(413)

hm,n (Zl 61_1 s

hm,n (Zlszfrl |Q) = hm,n (le22|Q) + 22(1 - qn)qinhm.n—l (leZZM)ﬂ
(4.14)

q"hmn(21/9, 2219)
= hmn(z1.2219) + (1 — q™)(1 — ¢")q" " "hp_1 .01 (21, 2219),

(4.15)

q"hmn(z1,22/419)
= hmn(21.221q) + (1 = q™)(1 — ¢")q" " "hp_1.n_1(21. 2219),

(4.16)
They also satisfy the three term recurrence relations
Z1Hmn (21, 221q) = ¢™ (1 — ¢")Hm.n-1(21, 2219) + Hint1.0(21, 229).
ZHmn(21,221q) = q"(1 — q™)Hm-1n (21, 221q) + Hm n11(21, 221 Q).
(4.17)
and

q"z1hmn (21, 2219) =
q"2hmn(z1, 2219) =

hm+1,n(zlaz2|Q) + (l - qn)hm,n—l (21,22|Q),
hmni1(z1,2210) + (1 = q™)hm_1.0 (21, 2219).
(4.18)

Moreover they have the Rodrigues type formulas

1 — 1/g)m+ngmn
%DWH z q 12, ((qz122; Do)

(4.19)

Hm.n(zleZM) =

(q — 1)™"(=z122: Q) Dy, Dy !

hmn(z1,221q) = 12702 (7,725 Q)0

(4.20)
Furthermore we also have the operational formula
Hnn(z1,221q) = (1 - Q)qu.leq,22§ q)OCZng,
qm™ (4.21)
hmn(z1, 2 = zZnzn.
mn1 200 = T gD, by e
and the lowering relations
1 —qm
Dq,lem,n(ZlaZZM) = Hm—],n(zlaZZM)’
qq (4.22)
quszn(ZLZZM) qun 1(z1, 221q),
and
n—-m+1 1—gm
qul,z] hm.n(zl,22|q) = %hm—l,n(ﬁvzﬂ‘n,
q (4.23)
qm—n+1 (1 _ qn)
Dq*‘.zzhm,n(zlv22|q) = 17_qhm,n—l (Zl’ZZM)-

We note that (4.11) and (4.12) imply the symmetry relation
Hmn(qz1. 22|0) 0" = Hun (21, 422|9)q ™" (4.24)

Theorem 4.2. The 2D — g-Hermite polynomials have the raising re-
lations

Hu @1 2100 =" Dy, (@212 @i (1. 2210),
1
Hpni1(21,. 2219) =q™ ﬁ 12, ((@2122: Q) ocHmn (21, 22|Q)).
(4.25)
and
hmn(z1,2
hmi10(21.2210) = (@ — 1) (=2122; ) Dy 2, ((’"_’125212;)"1))
’ =5} 26)

hnn(z1,2210)\
(-212; Do )’

Moreover the same polynomials have the multiplication formulas

himni1(z1. 2219) = (@ — 1)(=2122: Q) oeDy 2, (

Hmn(azy, bz |q)

2[5

hm.n(azy, bzz; q)

m—jn—j(Z1,221q)

e (4.27)

(q.1/ab; q)(q: q) .

man

- Z|: i| |: i| (q ab Q) jam” ]bn jhm J.n— ](Zl 223 Q) (4-28)
q q

This theorem can be proved using the generating functions of
Theorem 4.1.
The polynomials Hy,, , have the representation

0 (4 g
@ q)m—n
where pn(x; g¥|q) is the little g-Laguerre or Wall's polynomials,
[38], defined by
).

-

Hin(21,22]q) = (-1)

20" pn (2122, q" q), (4.29)
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Theorem 4.3. The polynomials {Hmn(z.2|q)} satisfy the following
orthogonality

- mn . .
/CHm,n(z,Z|q)Hs,t(z,Z q)du(z.2) = Wém&m
(4.30)
where
= — ¢ K2y 40
du(z,z) = §(r—qgk?) =—,
n(z.2) g(ﬂﬁqh (r—q"%) 5

and z=re? r e R*,0 € [0,2m], m,n,s,t € No.

It is clear that the orthogonality relation (4.30) and the gener-
ating function (4.7) imply the g-beta integral evaluation
du(z.2) _ (111023 @)
¢ (WMZ,1MZ, 102,117 Qoo (q, Urlin, V1V2, UgV1, Upl; Qoo

(4.31)

The orthogonality relation of the h’s is given in the following
theorem.

Theorem 4.4. The polynomials {hm n(z,Zz|q)} satisfy the orthogonal-
ity relation

_ ———=— dxdy
/RZ hm4n(z,z|q)h5,[(z,z Q)m

_7108q (G D (@ Dng
- q(m=m?/2+(m+n)/2 m,sOn,t»

(4.32)

where x =x+1iy,x,y € R, m,n,s,t € Ny.

As it was the case with the Hp, n's the generating function
(4.8) show that the orthogonality relation (4.32) is equivalent to
the g-beta type integral

(fq”zulz, 7q1/2v]27 qu/szz’ 7q1/2u22; Q)wdxdy
R (=2Z; Q)
_1 (=g, —ualy, —UgUp, V1125 ) oo
(U1UaV1V25 @)oo
Theorem 4.5. The polynomials {Hm, n(z1, z)} have the generating
function

=mwlng (4.33)

o0 u™(a/u; q)nv" (b/v; Q)n
2 Hna(z1.2:[q) (@ Dm (G O

q; uv).

As we saw in Sections 3 the Ito polynomials are orthogonal
with respect to two different measures. The next theorem show
that our Hpy, n(z1, 22|q) share this property.

m,n=0

_ (az1.bz; @)oo # (a/u, b/v

_ 0215235 @)oo , 434
(Uz1v23; Q) > °\ azy, bz, (434)

Theorem 4.6. We have the orthogonality relation

p S T . .
3 / (q. %% =20 q)
0

=0 k=0
H;(re® re|q)H;_y ,j(re? re=|q) d
(@ DG DK D (@ @) p—j T

r2P(1/r?, =S
= (/q)p1¢1<qq q,Q)(Ss.n

(CHP) 1=pp2
The large degree asymptotics of Hm,n(z, z q) are straightforward.
Indeed (4.1), Tannery’s theorem, and the g binomial theorem show
that

(4.35)

%%Z;mHm,n(zl %) ‘q)

n
n
=43 [k] 90 (~212) " = 21 /212: O, (4.36)
k=0 q
Similarly we establish the limiting relations
lim z,"Hmn(21. 22[4) = 27 (1/2122: Q. (4.37)
m 7,72, Hi n(21.22[) = (1/2122: Q). (4.38)

The convergence in (4.36)-(4.38) is uniform on compact subsets
C x C. The next two theorems give the Plancherel-Rotach asymp-
totics of the polynomials {Hm, n(z1, z21q)} and {hm, n(z1, 2219)}.

Theorem 4.7. Leta, b,c,d >0, T =t(m,n;a,b,c,d) = [(a+c)m+

(b+d)n] and x = x(m.n;a,b,c,d)={(a+cym+ (b+d)n}, for 0
< t(m, n; a, b, ¢, d) < man, then

_1 _1
(0 @)oo Himn (2195, 2oq™+4"=3 | q) (=2125)"
Zng qamZJr(l)+c)rn11+dn2 —(m+n)/4-t2/2-T%

lim
m,n—oo
= 04(21229%: ¢'7).
holds uniformly on compact subsets of the z; and z, planes, where 9,
is defined in (1.6).

Theorem 4.8. For a,be C and 0 < € < 1 the following asymptotic
result holds uniformly when wy,w, are in compact subsets of the
complex plane

. (Wit wyg (oMb g) (g, i )

llm M al (afb)mnfam%r(b,])nz :Aq( )

i wiw,
(4.39)

Since the polynomial Hy n(z, Z) factors as a function of 6 times
a radial function it is clear that with z; =z, zy = Z the zeros of the
polynomials investigated here as functions of z lie on circles. Now
(4.38) implies the following asymptotic result.

m,n—oo

Theorem 4.9. Assume that the zeros of Hyn n(z,z|q) lie on the circles
with radii

ri(Hmn)>nrHmn)>-.. (4.40)
Then

i . —gll2 j—
m!érllwr](H,m,n)_q , J=1,2,.... (4.41)

Note that the limiting distribution of the radii of the circles of
zeros coincides with the location of the masses of the orthogonal-
ity measure of the polynomials.

Theorem 4.7 implies the following results about zeros of Hy, n.

Theorem 4.10. The zeros of Hmn(z1q@™P=1/4), z,q(cm+dn=1/4)|q)
asymptotically lie on the the curves zyzyqX =q="+1/2) n=
0,1,2,.... These curves become circles when z; =z,z) = Z.

The function Aq(z) has infinity many zeros and they are all pos-
itive and simple. We denote them by

0<ii(q) <ix(q) < <in(q) <---.

Theorem 4.11. Assume that the zeros of hm n(z, zZ|q) lie on the circles
with radii

(4.42)

rith,m,n) >ry(h,mn) > ... (4.43)
Then

i (m+n)/24.. _ - -
oim g rith.m,n) =1/\/ij(@. j=1.2,..., (4.44)

where {i;(q)} are the zeros of the Ramanujan function ordered as in
(4.42).
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We now identify the g-Sturm-Liouville problems whose eigen-
functions are either {Hm, n(z1, 2219)} or {hm, n(z1, z2|q)}. Using the
first equations in (4.22) and (4.25) we find that Hp, , satisfy the
eigenvalue equation

(1= 2122)Dg-1,5,Dq, f(21.22) = 1quzlﬂz] 2)=Af(z1,22),

(4.45)
with
1—-q™
_ _ _pl-n
A=dmn =0 G (4.46)
Similarly we show that Hyu, solves the eigenvalue equation
Z
(1= 2122)D515,Dq2, [ (21.22) = 12Dz (21, 22)=A [ (21.22).
(4.47)
with
1-q"
_ _ _pal-m
A=Ann=—-q a—or (4.48)

Combine (4.23) and (4.26) to see that hy n(z1, 22]q) satisfies the
equation

(14 2123)Dq 2,D4-1 5, f (21, Zz)— qD 1.5 (21, 22)=Af (21, 22),

(4.49)
where
A= oy = (1 - q)zq" mi1, (4.50)
Similarly we find that
z
(1+2122)Dg 2, Dg-1 4, f (21, 22) — %Dq—l,zlf(zl, 22)=Af(21.22).
(4.51)
with
1-¢q" 1
A=Ann= T o2 — g™ (4.52)
We note the relation
hmn(21,2219) = (=1)(q: D27 "L (21223 ), (4.53)

where L,(f")(z; q) is a g-Laguerre polynomial, see (1.7).
Since the moment problem associated with L,(,"’)(x; q) is inde-
terminate [25, Section 21.8], they have infinitely many orthogonal

measures. Let x*du(x) be such a measure, for example,
du(x) =x*wor(x; o0, c, A)dx, o, A,c>0,

du(x) = ———98(x—cq), yeZca+1>0,

(X)oo

etc. it is clear that our proof shows that

do (re, re™) = %d@du(rz), reR*, 0 e[0,2r]

is also an orthogonal measure for hy (e, re=|q) where re
R*.6 < [0,27].

Theorem 4.12. Assume that q = e~ and |q] < 1, then we have

(q% eZimk)s (q% e—2imk>t

(—21 qEZimk7 -7, qe—Zimk; q)

_ Hs t(zl
-3 GOl

s,t=0

o0

(4.54)

(71225 @) o
_ . 2mk —2mk.
(—2122; 21 €27, zye2mk: q)

hst(zl 22|q)< k)s( 1 —mk)t
= qze qze (4.55)
Stzo (@ 9)s(q: D
and when |z1z3| < 1, |z3/z3] < 1, we have
(2122 9) g i hmn(z1.2219) Pimn(@1. 221) (mam 26 (m-n)/2
(=2122,2123,22/23: Qs 50 (@ Din (T D
(4.56)

5. The Hermite polynomials on R"

We follow the notation in [12, Section 12.8]. First we define

P(x) =(Cx.x),  YX =(C"%xx=0(Cx), (5.1)
where C is a positive definite n x n matrix, X! = (x{,...,Xp) € R,
and (x,y) = Z]=1 x;y . The integral evaluation [12, §12.8]
/ e PX)/2+@X) gy — eV @)/2, = Qm)V2A12 (5.2)
RYI

where a = (a;,...,ay) € R", dx =dxq,...,dx,, and A is the deter-
minant of C, follows from diagonalizing ¢ and a change of variable
on the normal distribution.

Let m=(my,...,my) eNj. The polynomials {Hm(x)} and
{Gm(x)} are defined through the generating functions [12, §12.8]

2 Hm(®) H

meNj

= exW-pW)/2 _ op(X)/2-¢x-u)/2 (5.3)

3 (%) 1—[ — oWV W/2 _ ph(02-60-CTWR2 (5 4)

meNj

The second equality in (5.3) follows from the identity ¢(x) —
2(x,Cu) + ¢(u) = ¢p(x —u). The second equality in (5.4) is ob-
tained by replacing u by C-'u in (5.3).

The generating function (5.3) leads to the Rodrigues formula
[12, Section 12.8 (20)]

m
Hm (X) = (71)lm‘e¢<">/2%xe*¢<">/2, m e Ng, (5.5)

where [m| =Y, m; and &2 : we set

Hm(X) = Gm(x) =
The following biorthogonality relation holds [12, Section 12.8]:
Imici= ;" [ Hm ()G 97 dx = 5 S Tmit. (59
j=1

More generally, Ismail and Simeonov [28] considered the inte-
grals

r S
I )2 =" [ T Hm 00 T] Gy (0 #0972 dx,
i=1 i=1

(5.7)

where {m;}l_; c Ny and {k;};_; c No. If F(U, V) is the exponential
generating function

Tn,]
FU V)= > > I(m),, (k) o]‘[]‘[ ”
{m;}_ cNo {ki}i_, CNo i=1j=1""J
m”
X 1_[1—[ - (5.8)
i.j!
i=1 j=1
where U = [u; ;] is a r x n matrix and V = [v; ;] is an s x n matrix.
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A formula of Feldheim [13] is

n
i1ml H (i%) = 1 / {H(Cy);""}e*¢("*3’)/2 dy.
R® U
Jj=1

n
m e Nj.

(5.9)
Burchnal [7] proved that

(o +2) fw = Iy (',:’)Hmk(x)f“‘) (x).

Ismail and Simeonov [28] extended proved the following multivari-
ate version of Burchnal’s formula.

Theorem 5.1.
n a mj
H(—a—xj (@) f)

j=1

—Z Z< 1>""l'[(mf> ) 2 f ).

k1=0 kn=

(5.10)

Using a technique similar to Louck’s proof of the Kibble-Slepian
formula, [41], Ismail and SImeonov also proved the following gen-
erating function.

Theorem 5.2. Let S and C be positive definite n x n matrices such
that I+ 3C/2SC1/2 is invertible, and let {Hm(X)} be the Hermite poly-
nomials associated with C. Then

det(1+C'25C'2/2) 72
x exp [(1/4)(csc1/2 (1+C12sC1122) 12y, x)]
(s, 1/2)m

_ -tr(M) [

MeM, (No) 1<j<lzn
M=Mt

}H,,. x), (5.11)

where My (Ng) is the set of all n x n matrices with entries from
Ng, M= [mjvl]]n,l=1’ tr(M) = Z?=1 m; ; is the trace of M, and m =
(my,..., mp) with mj=m;;+3 1 mj;, j=1,..., n.

Moreover Ismail and Simeonov [28] proved that

Proposition 5.3. Let S = {S j}’]?z1 be a multiset of n sets, where each
set S; contains m; = |S;| distinct objects, j=1,...,n. Let M(m) be
the set of all inhomogeneous perfect matchings of this multiset. Then

Z l_[ (—Cedge) l_[ (CX)ifix)»

pnemM(m) edgeeE (i) fixeFix(u)

Hn(X) = (5.12)

where E(u) denotes the set of all edges and Fix(u) denotes the set
of all fixed points (unmatched elements) in a matching u € M(m),
Cedge = Cj;.j,» if edge € E(u) connects elements from sets S; and S;,,
and i(fix) = j if fix € §;.

With the notation m = Z;L] mj, the polynomials {Hm(x) and
{Gm(x) have the Rodrigues type representations

m om
Hu(0) = (1) exp(@012)) 5 exP(-9(3/2).
(5.13)
m am
Gn(0) = (=)™ exp(Y (2)) g XD (0/2).

(5.14)
One curious property of the Hermite polynomials is the follow-
ing

2 H

My +My+-+Mp=m j=1

Hml my,...,My (Xla .- -7xn)

[¢(a)/2]™? (Ca,x)
T ml Hm([2¢(a)]1/2)’ (5.15)
Z l_! Gmlmz ma (X1, ..., Xn)
My +My+-+Mp=m j—
[V (a)/2]m? @,x)
B m! H’"([zw(a)]l/z)' (5.16)

6. Complex 2D-systems

We introduced the model of this section in [31]. Let {¢n(r; o)}
be a system of orthogonal polynomials satisfying the orthogonality
relation

fo " (13 )b (1 )11 (1, B) = 60 (@)Bmn, @ = 0.

It is assumed the measure i does not depend on o but may de-
pend on another parameter 8. Let

n
Y e )y,

(6.1)

() = ci(n,a) eR, (6.2)
j=0
and define bivariate polynomials fi;n by
2" pn(z1z2:m—n+B), m=n,

z1,22: B) =171 6.3
fm.n( 1,42 .B) {fn,m(227zl;ﬁ)’ m<n. ( )
From (6.3) it is clear that

.0 - _
—iggfmn(@. 2 B) = (M —n) fmn(z. 2. p). m=n.
Therefore the functional relations
(82, = 82,) fmn(21,22; B) = (M =) fan(21,22; B), m=n, (64)
(Bq,zl - 8qzz)fm n(21,22; /3) = fmn(zl 233 ﬂ)
m>n,
(6.5)

hold.

Theorem 6.1 [31]. The polynomials {f, n(z1, zo; B)} satisfy the or-
thogonality relation

[ a2 ) Fue 3B 5 du% B)

= Cman(Im = n| + B)m.sdn., (6.6)
for all nonnegative integers m, n, s, t, where du(r; ) = rPdu(r).

The proof follows from (6.1).
Unlike general 2D orthogonal polynomials [11] the fiy, n’s satisfy
three term recurrence relations. Indeed we have
EEEZ’_T]’ nr; i— )11 1 g;fmﬂ,nﬂ (z1,22; B)
conm-n+1+B)cpi(n+1,m—-n+ B)
T com+1,m—n+B)cn(n,m—n+p)

22 fmin(z1,22: B) =

fm.n(zls22§ /3),

m=>n, (6.7)
and
. co(n,m—-n+p) .
21 fmn(z1.22: B) - oma1o n+/3)fm+l,n(zlv22!ﬂ)
= um,nfm,n—l(zls22§ /3)! (6.8)
with
—— co(ma+1)c(na)—cn o)y (n,1+a) (6.9)

co(n—1,1+a)cg(n, 1+ )
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and @ = m —n + B. Assume that the three term recurrence relation
satisfied by the ¢y’s is

T (r; o) =an (0t)Pny1 (1; @) + Cu(@)Pn (s &) + by (@) Pp_1 (15 @)
(6.10)

By comparing like powers of r we find that

co(n, o) c(na) c(n+1,a)

tn (@) = co(n+1,a) (@) = com o) cmn+1,a)
(6.11)
by(@) co(n, a)cy(n, ) — cq(n, a)? (612)

co(n—1,a)co(n, )
3 cona)c;(n+1,a) —ci(n,)c;(n+1, )
con—1,a)cg(n+1,a)

The following recurrence relation follows from (6.2) and (6.3).

(2122 — cn(m —n+ B)) fmn(21. 22: B)
=an(Mm—n+B) fins1.n+1(21.22; B)
+by(m—n+B)fn_1n-1(z1.22: B). (6.13)

We note that the definition of the polynomials fy, , indicates that
for m > n it may have a trivial zero at z; = 0 but will vanish on
the curves z;z, = r where r is a zero of ¢, (r; m —n+ B). The zeros
of ¢n(r; m —n+ B) are positive, real and simple when m > n.

The relationships (3.9), (4.29), and (4.53) show that the polyno-
mials Hp, n and their g-analogues are examples of fp , polynomi-
als.

Remark 6.2. In view of the defining Eq. (6.3) the question of find-
ing the large m, n asymptotics of the two variate polynomials fi, n
is equivalent to finding the large m, n behavior of ¢, (r; m —n + B).
It will be of interest to carry out this program at least for some
special systems, including the Freud type polynomials orthogonal
with respect to x* exp(—p(x)), where p is a polynomial with posi-
tive leading term.

Theorem 6.3. Let ¢n(x; ), an(®), bp(e) as in (6.11) and (6.12), for
m>n-—1 we have

Z1fmn(z1,22) — Um,nfm+1,n(zlvzz) = um,nfm,n—l (z1,22), (6.14)
where
Unn = bp(m—n), vVpn=a,(m-n). (6.15)

We next consider differential or g-difference equations satisfied
by fm, n(z1, 22).

Theorem 6.4. Assume that ¢,(r; o) satisfies the second order differ-
ential equation

An(r,a)82f + Bn(r, )8, f + Ca(r, ) f =0, (6.16)
where

0
8:f=raf. (617)

Then, fin, n(z1, z2; B), for « = m —n+ B and m > n, satisfies the sec-
ond order partial differential equations

An(2122, )82 f + Bu(2122. @)8,, f + Co(z122. @) f = 0, (6.18)

An(2122, 0)83 f + {Bn(2122, @) — 20An (2122, @)}8;, f (619)
+{0?An(2122. &) — aBu (2122, @) + Co(z122. @) } f = 0. ’

Similarly, assume that ¢n(r; «) satisfies the second order g-difference
equation

An(r, )87 . f + Bu(r, )¢ f + Ga(r,) f =0, (6.20)

where
8q.rf =1Dqrf. (6.21)

Then fm, n(z1, z3), for m > n and « = m — n + B, satisfies the q-partial
differential equations

An(2122, 0)87 ,, f +Bu(2122, @)8q.2, f + Ca (2122, @) f =0, (6.22)

An(2122.@)87 , f +{qBn(z122. @) — 2[t]gAn(2122. @) }8g 2, f
+ {[a]EAn(Zﬂz, ) — [@]gq*Bn (2122, @) + ¢ Ca (2122, (X)}f =0.

(6.23)
Theorem 6.5. Assume that
Wi (X) = x*wg (x) (6.24)
and
. — 1 n n —
dn(x; ) = max (we (x)x"), n=0,1,.... (6.25)
Then for m > n we have
o (z\"OL (wp(2122)23)
fnn(z1,22; B) = <Z> T W@z (6.26)

0z, ((%)mH_HWﬂ (z122) fmv1.0(21, 22 ,3))

(2)" "ws(zi122)

Smiin1(z1.22: B) =

)

(6.27)
8; (Wﬂ (Z]Zz)ZT)
21,20, 8) = —~———— 7~ 6.28
fm,n( 1,42 ,3) W,s(lez) ( )
3z, (Wp (2122) frni1.n (21, 225 B))

21,22; B) = . 6.29
fm+1,n+1( 1,42 ,3) Wﬁ(lez) ( )
and

73 m+1-n

822((2'1) Wﬂ(zlzz)fmﬂ.n(zl»z%ﬂ))

=0, (Wﬁ (2122) fms1.n (21, 223 ,3)) (6.30)

We next state a g-analogue of the previous result.
Theorem 6.6. Assume that
War i (X) = Wo 5 (%10) = X*Wp (x]) (631)
and

Co) — . _ 1 n n —
On(x; ) = (X |q) = Wa(X)Dq,x(Wa(XIq)x ), n=0,1,....
(6.32)

Let fmn(z1.22: Blq) = fmn(z1.22: B). then for m > n we have

(2)" "0y, (W @1z219)25)

fmn(z1,22; Blq) = W@z ld) , (6.33)
fns1.n41 (21, 22: Bl@)
3q,z2((%)m+l_nwﬁ(2122|Q)fm+1,n(21,Zz;,3|Q)>
= e ; (6.34)
(2)" wg@zle)
(21, 22: Blg) = 1 (wp @229z (6.35)

Wg(z1221q)
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aq.n (Wﬂ (2122|q)fm+1,n(zl 1225 ,3|q))
wg(z1221q)

fmrine1(z1,22: Blg) =
(6.36)

and

m+1-n
By, ((2) W (@212210) 1 (21, 22 ﬂlq)> o

= (2)" e (wp @200 1.2 1)

21
7. 2D q-ultraspherical polynomials

The 2D-ultraspherical polynomials are

man m n
C#l,n(zleZ) = Z (k) (k)k! (—1)k(V)m+n_kZT_kZ§_k, V> -1

k=0
(7.38)
They are also known as the disk polynomials or the Zernike poly-
nomials, [11].
It is clear that
—-m, —n

Ch (z1,22) = (v z"z5 o F
mn(@1.22) = WmnZiz2R( _

e ) (7.39)

which a constant multiple of the disk polynomials of Section 2.3
in [11].
They have the generating function

Z Cm n(zl722)

m,n=0

=1 -uz;y —vz +uv)™’, (7.40)

(ml nl

whose proof is an exercise in the application of the binomial the-
orem. Next we solve the connection relation between Gy, ,(z1,2)
and Hp, n(zq, zp). We claim that

man
(V)myn m! n!
Cnn(z1,22) = pg;) ol (m—p)! (n _p)!Hm—p.n—p(lez)l

xFR(=p;—v-m-n+1;-1) (7.41)
Write the right-hand side of (7.40) as
00 tu—l

o TV

oo
- —t+t(t—1)uv T
= =€ E Hrs(zlzl)7t+sdt
0 F(V) r,s=0

(=D @) T +1+5+ j+2k)
= Z Hrs(zlzZ) sl Z jlk! I'(v) .

—t+Htuz) +tvzy—tuv gy

r,s=0

Equating coefficients of u™v" we see that m=r+j+k n=s+j+
k. Let p = j + k. Now (7.41) follows after some manipulations.

It is clear from the generating function (7.40) that the disk poly-
nomials have the convolution property

m n
chfk(ll 2)Chn_jnk(21.22)

j=0 k=0

n(z1,22) = (7.42)

Floris [16], see also [15] and [17], introduced the following g-
analogue of the disk polynomials. For ¢, 8 > —1 and [, m € Z,, the
Floris g-disk polynomials Rl(‘;) (2.2+: q?) are defined by

mp@l=m) (1 _ . 2
RO oz ?) = |2 (=22 0@ | l=m
: Py (1 -2z 1 ¢?) (2Y) l<m,
where

7'z7=qzz"+1-¢,

and
PP (x 2 ) = pm(x: 4. ¢P: q)
is the little g-Jacobi polynomials. The g¢-disk polynomials

R(“)(z, o qz) satisfy
R(“)(z z%: q ) —R,(Tff,)(z, % )

and the orthogonality relation

271/ / R (e¥z, e~ "zx; q*) R("), (72, e 25 ¢)dO
x (1 -2zz")"dgp (1 —zz")
- (1 _ qz)(qz; qz)l(qZ; qz)qum(aﬂ)(gw(gmm,
= (1 _ qz(a+l+m+1))(q2(a+l); q2)l(q2(a+1); qz)m

fora> -1, LI''mm eZ,.
We now introduce our g-analogue of these polynomials. For 0
<q<1andb<ql, let us define

= O (¢ b
pm,n<zhzz;b|q)=2[m} H TED Dk (7,43

k
= quq («l)kmkn

it is clear that

Pm.n(22, 215 b|q) = pnm(21, 22; blq) (7.44)
then for m > n we have
Pmn(z1.22: blq) = (—=1)"q®) (bg: @), (¢" ™ 1: q) 21

x Pn(2122: 4™, blq), (7.45)

where pn(x; a, b|q) is the little Jacobi polynomials.

Theorem 71. For 0 < q < 1 and b<q!, the polynomials
{Pm.n(z,Z; b|q)} satisfy the following orthogonality

/ Pm.n(z.Z; blq) st (z.Z; blq)d (2, Z)
C

_ (ba:9)s, 4™ (9. bG: D (9. bG: D s &
B (4:9) 1 — bgm+n+1 m,sOn,t»

where

(7.46)

di(z.2) = —q“?), (7.47)

Z(bq Did* s 5(r
(9: Dy
z=rel? reRT 0 e[0,2m] and m,n,s, t € Ny.

Theorem 7.2. The polynomials {pm, n(z1, z2; blq)} have the generat-
ing function

i pm,n(zlazz;blq)umvn

(@ D (4> D

(bq, uv; q) & u21 vzz
T Wz, v )

For bq, cq < 1 and b # 0, the connection relation between the q — 2D
ultraspherical polynomials is given by

m,n=0

q; bq) . (7.48)

Pn. n(zmz 2,q: CIq)
(cq: @) ’

Pmn (21, 22; blq) (5: )- g1y
(bg: ). Z (q; q)](

(7.49)

The connection relation between the q — 2D ultraspherical and q — 2D
Hermite is given by

Pnn(z1.22:blq) & (bq(m+ﬂ)/2+1)f

ba:a. o (@)

Hipn (Zl qj/z, Zqu/z |q)

(7.50)
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Moreover we have the inverse relation

o0 (_bq(m+n)/2+1)k

Hmn (21, 221q) = Z

B DG a1 P (@d, 2202 blg)
k=0 ’ oo VI <

(7.51)
Let us rewrite (7.48) in the form
Uz, vz, .
201 ( uv ‘q, bQ>
— (uZl,sz; q)oo i pm,n(Z1,Zz; b|q)umvn. (752)

(bg. uv; q@)os  C=0 (& D (G D

Theorem 7.3. The polynomials {pm, n(z1, z2; blq)} satisfy the follow-
ing properties,

1-b
Dy Prua 21,221 bIa) = {500 (1 = 4" P12, 225 bl
(7.53)
1-b
Dy.z, Pmn(z1.22: blq) = ( . qq) (1= q")Pmn-1(z1.22: bqlq).
(7.54)
D, (42125 Do Pm.n (21, 22; blq)
" (bqZIZZQQ)OC mn{41, 42, (755)
(@125 9) o Pmn (21,22 ba']q) '
B (qm‘1(Q)--1)(bZ1Zz:Q)oo '
qz2123; q
Dq*1 7, (Dopm n(zle%bM)
’ bgz1z3;9).
(bgz122; q) (756)

_ (a2122: Q) Pmi1.n(21. 22: g |q)
h q"1(q — 1)(bz122: @),
Pm.n(214. 22: blq) — g™ (1-¢™)(1-q") Pm_1.n-1(214. Z2; blq)

= Pmn(z1.22:blq)q™ — ¢" 1 (1—q™)(1—q") Pm_1,n-1(21, Z2; b| Q).
(7.57)

)

Pmn(214. 22: blg) — bg®™ ' (1 — ™) (1 = ") Pm-1.n-1(21. 22G; bIq)
= Pmn(21.22:blq) — @™ ' (1 — ™) (1 — ") Pm—1.n-1(21. 22: blq),
(7.58)

Pmn(21.224: blq) — bg* ' (1 = ¢™)(1 — ") pm_1,n-1(219. 22: blq)
=q"Pmn(z1.22:blq) — "1 (1 = q™)(1 — ") Pm_1.n-1(21. 22 bIq),
(7.59)

Pm.n(Z1,224; blq) — bg™" (1 — q™)(1 = 4") Pm-1.n-1(21, 22; blq)

=q"Ppmn(z1.22:blq) — "' (1 = q™)(1 — ") Pm-1.n-1(21. 22: bIq).
(7.60)

Pmn(214.22: blq) — bq" 'z (1 — ™) pm_1.n(214. 22: b|q) (761)

= Pmn(Z1,22; bIq) —21(1 = q™) Pm-1.0(21, 22; bIQ),

Pm.n (219, 22; blq) — bq"z1 (1 — ™) Pm-1.n(21. 22: blq) (762)

= Pmn(Z1,22; bIq) = 21(1 = q™)Pm-1.0(21, 22; bIQ),

(14 bq™"zy) pm.n(21. 223 blq)
=21Pm-1n(21,22; blq) — "' (1
x (z1,22; blq),

—q")(1 - bq")pm—1.n-1

(7.63)

(1 - qm_")Pm+1.n+1 (21, 22; blq)
=21(1-bg™")(1 = ¢™") pmni1(21, 22: blg) (7.64)
— 20" "(1 = bg"") (1 = ¢"") pms1.a (21, 22; bla),
Pm+1.n41(214. 22: blq) — Pmi1.n41(21. 229: blq)
=2,(1-bg™?)(1 = ") Pms1.n(219. 22: blq) (7.65)

—z1(1-bg™") (1 = ™) pmns1 (21, 225 blq),

22(1 = q")Pmn-1(214, 22; b|q) — 21 (1 = §™) pm-1.n(21, 22G; bIq)
=2(1 = q")Pmn-1(21.22: blq) — 21 (1 — ¢™) pm-1.n(21, 22: blq).
(7.66)

42122(Pm.n(219. 22: b|q) — pm.n(21. 224: blq))
+2122(1 = ") (1 = q") (Pm-1.n-1(219. 22: blq)
— Pm-1.n-1(Z1, 229; b|q))
=q2123(1 — 4") (Pmn-1(214, 22; b|q) — bpmn_1(219, 22G; b|q))
—qzi22(1 = ™) (Pm-1.(21,220; blq) — bPm_1.(214. 226; blq))
+21(1 = q") (Pm-1,n(219, 22: blq) — Pm-1.n(214. 224: b|q))
—22(1 = q")(Pmn-1(21.22G: bIq) — Pmn-1(219. 22: blq)).
(7.67)
The inversion transformation of quanta ¢ — ¢q~! in (4.6) relates
the properties of one family of polynomials for ¢ > 1 to the prop-
erties of another family of polynomials with 0 < g < 1. The poly-

nomials pm, n(z1, z; b|q) are essentially invariant under the quanta
inversion transformation,

Pm,n(ZLZz: b|q71)

_ (b)m”Z[ﬂ m by *(: q)k(%:q)mmk
q q

k=0

qk(k—m)+k(k—n)— ®-*H- (’”*"2”‘“) m—k n—k
2

_ ‘('"*"“)Z[ ] B } 4O (-9) @,

x (ﬂ;q> Zm kzn k
b m+n—k
(H’H»Yl

= (=)™ (byq) ™ g () pyyy

_ 1
x ((b/Q)aZL (b/q)' 2z E|Q>-
Therefore, we have established the symmetry

Pmn(21,22: blq ")
(bq_])(l—a)m+om

:—mnba,b1ia;]b’
(_1)m+nq(m;n) Dm, (( /Q) 21 ( /q) 2 / |Q)

(7.68)

for a € C.
We now come the asymptotics of pmn(z1, z2; blq).

Theorem 7.4. Let z1,z; € C, bq < 1 and z1z, # 0, then we have

Pm.n(Z1, 22; blq) ( 1 >
1 — = = —; 7.69
it (bgi ) \mz ) (769)

uniformly on compact subsets of the z; and z, planes.

The theorem follows from the definition (7.43) and Tannery’s
theorem.
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8. The polynomials {Z,(,f:, (z1,22)}

Motivated by the class of general 1D systems in Section 2 we
define polynomials {Z,Sf,)l(zl,zz)} by

1 &) B+1)
7B _ m_(_q1)n-kym-kyn-k 1
m,n(zl9z2) n g k (:3 T ])m—k( ) Z] Zz s (8 )
for m > n. When m < n the polynomials are defined by
Z8h@1.22) = 2 (@2, 21) (8.2)

Here 8 > —1.
These polynomials arise through the choice ¢n(x;a) =
L,(I‘”ﬁ)(x), where L,(f)(x) is a Laguerre polynomial, [25,50],

(a) _ (a+l)y xn ny (=x)* _ (a+1), 0 ny (=x)"k
Ly (%) = 5 Yo (k) (a+1), — 0! 2 k=0 (k) (a+1) ¢

Indeed, for m > n

20 (z1.22) = 2L (212,) (8.3)
and

2280 (21,22) =28, (21, 22). (8.4)
It is clear that when 8 = 0 we see that

Hnn(z1,22) = (=1)"(m AN 1Z0 (21, 22). (8.5)

Therefore in the notation of Section 2, we have
Fae+pB+n+1)
n! ’
(D" (@+ B +1)n
n=pPrjt e+ B+ 1),
Theorem 81. For m,n,s,t=0,1,... and 8 > —1, we have the or-
thogonality relation

tn(a) =

ci(n, ) = (8.6)

/ 7822 2P (2. 2) (22)Pe Zrdrdd
R2 ’

rg+mvn+1)
=T IS(THW Om,sOn,c- (8.7)
In view of (8.6) the recurrence relations (6.8), (6.7) and
(6.13) become

2221, 2) = Z,gi)m

(@1.22) - Z) (z21.22). (8.8)

Zzz,(,,ﬁflyn(zulz) =—-(n+ 1)Zr(nﬁ+)1,n+1 (z1,22)

+(B+m+1)ZP)(21.22). (8.9)

and
B+m+n+1-212)20) (21, 22) 810
=m+1ZP) @)+ m+ B, (21.22) (#10)

respectively, where m > n. We now discuss differential recurrence
relations.

Theorem 8.2. For m > n, the polynomials {Z,gf%(zhzz)} satisfy the
differential recurrence relations

8,200(21.22) = ~2Z8) | (21.22). (8.11)
8 Zitn(21.22) = nZifh (1. 22) — (B+m)ZY, | (z1.22). (812)
80Ziin(z1.22) = (M= MZW)(21.22) - 2ZL) ((21.22).  (813)
8125021 22) = mZ (1. 22) — (m+ BP)ZP | (21.2). (814)
8z — 82)ZN(z1.22) = (m—M)ZPh(21.22), (8.15)

N8z, —m8)Z0 (21, 22) = (m—m)(m+ B)ZP, . | (z1.22),
(8.16)

where 8, =210;,, 8z, = 2,0z,. Moreover they have the operational
representation

(1"

n!

Z,Sf,), (z1,22) = Z1_ﬁ exp(—0z, 0z, )z’f Hh (8.17)

and the Rodrigues type representation

1 -8
—Bz1z2qn [ M+ -2z
gl 612321(21 e 12)

=nm

n!

) (21, 2,)

(2122)’/362‘228; ((lez)ﬁazrg(e—mzz)). (8.18)

We shall use the notation
Wg(2122) = (2122)P exp(-2122). (8.19)

It is clear that (8.18) implies the differentiation formulas

e1%29,, (elezzzr(f; (21722)) =228 (21,2:) = —Z;ﬁﬁn(l],lz)

(8.20)
and
maz, (wp @2z ) = (e D28, 1. 2)
(8.21)
for m > n. It also clear that
Swg(2122) = (B —2120)Wg(2122), j=1,2 (8.22)

and (8.8) which imply the relationships

8z, (Wﬂ (@12)Z (21, Zz))

=Bz (21.22) — Zzz,gqﬁflvn(zhlz),

wg(z122)
(8.23)
and
2 (Wﬂ (@2122)Z315 (21, Zz))
wg(z122)
= (B+m-mZ)(21.2) - 2P, (21.22). (8.24)

Theorem 8.3. The polynomials {Z,(né,?l (z1.2;)} satisfy the second or-
der partial differential equation

—21Z
88218822f+ <ﬂ Z 1 2>3azzf=—nfa

1

(8.25)

for all m > n.

It is clear that the differential property (8.25) can be written in
the form

0

d
7 |:Wﬂ (2122) 22 (21, Zz)] = —nZ\¥)(z1.2).

7 (8.26)

Note that (8.25) and (8.15) indicate that the polynomials
{ané%(zl,zz)} are simultaneous eigenfunctions of the operators
on their respective left-hand sides. The differential operators

gz, 09z, + ('3*;1122)8322 and 719y, — 2,9y, indeed commute as

can be directly verified.
Let w(x,y) = (zZ)Pe~# and define the inner product

<fg>= /R . Fx.y)gx, y)w(x, y)dxdy.

(8.27)
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Theorem 8.4. We have the adjoint relations

B

«_ 4. P v a B
) =-0;-S+z ()" =-0-+Z (8.28)

The proof is straightforward calculus exercise.
This allows us to write (8.25) or (8.26) in the selfadjoint form

((9)70;)f =nf. (8.29)
Moreover we also have the following result.
Theorem 8.5. The operator A := (0;)*0; is positive in the sense that
< Af, f > >0 with = if and only if 9;f = 0, that is f depends only on
z

This indicates that

1
w(x,y) 0z

This is the adjoint of (8.11).
Ismail and Zeng [29] established the connection relations stated
in the next theorem.

[w(x y)Z,(nﬂ,,(z z)] =N+ 1)Z(ﬂn(z Z). (8.30)

Theorem 8.6. We have the connection relation

( )j

Z8(z1,2) = Z - i PV iz (@) (m=zn).
j=0 ’
(8.31)

For m > n, we have the special cases

n n )
n'Zz(nﬁn(zl ) = Z (j (B)j(=1)Hp_jn_j(z1,22), (8.32)

j=0

—_ 1l (- /3)] i7(B)
Hpn(z1,22) = n! Z (-1)Z.";, (z1.22). (8.33)
The Laguerre differential equation is [45,50],

xy'+(14+a—-x)y +ny=0. (8.34)

Therefore Theorem 6.4 shows that

9228 7
82 "t (1+B+m—n—212) '"2"+nzlzr(n’3,1_0.

Ismail and Zeng [29] gave the generating function

zp—t (8.35)

> ( Z(ﬂn(ﬁ z) = (1+uv) P 1exp(

Uvz12> +zlu)
n)' m

1+uv
m>=n>0
(8.36)
It is clear that the generating function (8.36) implies the identity
Z;F)(Zl’zz)z(y)m (23, 24)
J-k!m-n—-j+k!"

1
Zr(f:w Nz1 423,20 +24) = Z

m>j>k>0
(8.37)
This is an analogue of the convolution identity
n
L e y) = L LD o). (8.38)

k=0

Problem. Al-Salam and Chihara characterized all 1-D orthogonal
polynomials satisfying formulas of convolution type in [2]. They
discovered the Al-Salam-Chihara polynomials through this charac-
terization, [25]. It will be interesting to solve the corresponding 2-
D characterization problem.

9. The polynomials {M,(,’g (21, 2)}

For a > 0, B,y > —1 Ismail and Zeng [29] introduced the poly-
nomials ¢ (r; &) = PP (1 - 2r), that is

+B+y +n+ 1), (=r)nk
kin—i)'o+y + D

(i) = @+y+1a 3
k=0

(9.1)

They satisfy the following orthogonality relation

/1 O (r; o) Pu (r; )u*+V (1 — u)ﬁ du=u(a+y,B) Smn. (9.2)
0

where
3 Fa+y+n+DI(B+n+1)
@ty p)= nf@+B+y+n+D(a+B+y+2n+1)
(9.3)
We define the two variable polynomial Mﬁ;}; (z1,2z2) by
n —k —k
Mm+B+y + 1D (y + D2 (=z)"
M,(qfhy)(zpzz) _ Z B+vy n—k(Y mZq 2
k=0 k!(n—k)!()/ +1)m—k
(9.4)
for m > n and
MED @1,2) =M (22, 20), m<n. (9.5)
Then,
aMly ™ (z1.22) = MED (1. 22). (9.6)
Clearly, Mf,f;ly) (21, z) satisfy the orthogonality relation
Saa M @ DM (2. 27 (1 - r2)Prdrée
Fy+m+1)T(B+n+1) (9.7)

= Om.pd
nrB+y+m+1)B+y+m+n+1) m.pOn.q,

for m > n as it is stated in [29]. The disk polynomials defined in
[11] can be expressed as

P,ﬁ,n(z) = ((ﬂl) nt M(‘S O)(z Z), m>n. (9.8)
From (9.1) we get
_ M4+ B+yY 4+ Dag(y + D (D)™ F
ulm, o) = KT =K1 + Dy ’ (99)
where ¢ = m —n with m > n. Then
B+y+m+n+2)nMPY (21.2) ©10)
= (y +m+ DMP (z1.22) — (n+ DMLY (21, 22),
B+y+m+n+DzMEY (21, 25) ©11)
= (B+y +m+ OMEY z1.25) - (B+mMEY, (21.22)
and
(cr-2122)MEY (21, 2)= anM<ﬁ+1 1@, 22) + bnM(ﬁ 1n_1Z1,22),
(9.12)
where
o — m+1)B+y+m+1) (913)
"TBry+men+ DB+y+mtn+2) :
b = G +m)(f +n) (9.14)

B+y+m+n)B+y+m+n+1)
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_(m+Dy+m+1)  n(y+m)
T B+y+m+n+2 B+y+m4n
It must be noted that (9.12) is essentially the three term recurrence

relation for Jacobi polynomials [50].
It is clear that

(9.15)

n

An82¢n (X, &) + BpSyn (X, &) + Cap(x, &) = 0, (9.16)
where

Ap=1-x, (9.17)
Bi=a+y—x(a+B+y+1), (9.18)
G=xn(a+B+y+n+1). (9.19)

Then for m > n, M,(nﬁ_;.,y)(zLZZ) satisfy the following second order
partial differential equation

(1 -212)82 f(z1.22) +{m—n+y

—z21(B+y +m—n+1)}8,f(z1,22) (9.20)
+zizn(B+y +m+1)f(z1,22) = 0.
An equivalent form is
0?f(z1.22)
1-— Rt ol e ra
(1 -2z122)z, 0z
0f(z1,z
H[1+m—n+y —z1zz(2+y+ﬁ+m—n)]%
2
+zin(m+ B +y +1)f(z1,22) =0. (9.21)
Similarly we establish
0%2f(z1,z
(1 —2122)21%
2
ad ,
+[1-m+n+y —2122(2+)/+,3—m+n)]%
2
+zomn+ B +y +1)f(z1,22) = 0. (9.22)
Theorem 91. Form>n>0,8> -1,y > —1 we have
0
ThMghy)(Z1,Zz) =—(B+y +m+DMEN(21.2,)
8, MPEY (21.22) = nME (21.22) — (v + MM (21.25)

=By +m (MG @1.z2) - MED @1 2) ).
SaMWY (21, 22) = mM$EY (21, 25) — (v + mMPAY) (21, 2)
=B +y+m+ DM (21.22)
~B+y +n+ DM (z1.2).
B+y +m+ 18, ME (21.22)
—(B+y +n+1)5,MEY(z21,25)
=(m-n)(B+y +m+DHMP (z1.2,).
(82 — 8)ME (21.22) = (M — MM (21.22).
B+y +m+ 18, MP (21.22)
~(B+y +n+1)8,MET (21.22)
=(m-n)B+y+m+ DM (z1.2).
and
S, MY (21.22)

_y Bryema Doy Dz (=22)" *(n— k)
Ki(n=k)!'(y + 1),

k=0

n

_py By m Doy Dn2f*(=22)"
pard Ki(n=I)!(y + 1),
n

-y (B+y +m+ Dy (v + D2f *(=22)"*
k=1

k=DM =Ky + 1)y
=nMPY (21, 2) — (v + mMMET (21, 2,).
Similarly,
Ismail and Zeng [29] established the following generating func-
tions:

o0
3 MY (21 z)um”
m,n=0

2B+y
= T(1 +uv+p) P (A —uv+p)V

1 1
x [1 —2z1u/(1 + p — uv) + 1-2vz/(1+ p —uv) _l]’

(9.23)
and
umyn
3 ME @ z)
o (m—-n)!
2B+y
= T(1 +uv+p) P A —u+p)?
2z1u
x exp (m) (9.24)
where
o =(1=2uv(1 =2z12,) + u?v?)1/? (9.25)

They also verified the limiting relation

Jim ME(z1,25/B) = 20 "L (2125) = (~1)"ZY N (21, 22),

and found the generating relation

26V A +uv + p) P (1 —uv + p)1™7
o(1 —uv—2uz; + p)

)

> M (21 22)=

m>n>0
(9.26)
with p as in (9.25).
10. g-Laguerre type 2 — D polynomials
For o > —1 the g-Laguerre polynomials
n (a4n—k)(n—k) (__y\n—k
q (=x) (10.1)

L@ (x: q) = (q**: i
n = Q)”g(q;q)k(q,q"“;q)mk

are orthogonal to infinitely many measures. Some orthogonality
measures are

[ 1 65 L (6 ) = Su(@)dnn, (102)
are given by

du(xlq) = %,

(@) = P(-eor@ + 1) 70 (g:(;;q"))n", (103)
du(xlg) = kioo %

R C e D (@) (104)

(@1, —¢, =4 Qo1 (@ Onq"
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and
X (=ax, — s q) dx
d,u,(X|q) - (7 ,}\‘qCX qCX q)oo’
00 x(x—c(_)\’x’ _H; q) dx
n ) LA 10.5
Zn(a) /(; (—X, —\gx, —%; q)oo ( )

where ¢, A > 0. Following the procedure outline in Sections 6 we
let

m nL(ﬁer ")(Z 22:q),

(8) mz=,
Zmn(21,22|q) = (ﬂ) (10.6)

Zy, m(ZZ,Zl|CI)7 m<n,
and use the notation

n (B+m—k)(n—k) ( qaB+1. m—k
® q @Y @Qmz 2
Zmn(21,221q) = . (10.7)
el £ Z( 1k (q: @) (q: q>n_k<qﬂ+ LDk
Therefore
2120 (2. 22| B) = 20), (21,221 B).

‘l n

2 (21, 221q) = Dy @zl m=n, (10.8)

(@ Dn

Theorem 10.1. Let S > —1. Then the following orthogonality rela-
tions

/R 20221927 (2. 21 )P dye () do
= {m/\n(lm - n| + ﬂ)sm,ssn.ta

for m,n,s,t=0,1,...
(10.3), (10.4) or (10.5).

(10.9)
and du(x|q),¢n() may be any pair from

In the case

(qa+1; q)nq(or-m—k)(n—k) (_1 )n—k
(@ Di(q.q* ' Dk

Applying formulas (6.7) and (6.8) lead to the following theorem.

(na) = (10.10)

Theorem 10.2. For 8 > —1 and m > n we have

qm 02,20 (21.22) = (@ - D2, (@1 22)

+ (1 =gz (z1.2,),  (1011)
T2zl (@.2) =20 (@) - 2P (21.22) (10.12)

and
(1+q(1-q"—q

=(1-q"zP) . (z1.22) +q(1 -

ITH-ﬂ) _ lezqﬁ+m+n+l )Zﬁrf% (Zl , ZZ)
qﬁ+m)zif_)1,n_1 (Zl s ZZ)-
(10.13)

The raising and lowering relations of the g-Laguerre polynomi-
als lead to the following g-difference relations,

Theorem 10.3. For 8> —1 let wg(x; q) =xP/(=x; q)so. Then we
have

Dy, (Z'} mz) (21, 22))

B
L P ()
7 = g1z, 7mn- 10qz1,22), (10.14)
B
Dy, (251‘3.%(21,22)) qq—léf; 1421, 2), (10.15)
®B) ( )m+anZ1 {ngqlz{ZZ Wﬂ(Z]ZZ)}}
Znn(21,22) = ., (10.16)

(=1)"(q; Q)nwp (z122)

2,Dq 2, {Wﬁ (@12)28) (1. 22) }

wg(2122)
1-¢gP z
= 1,qq 28 (z1.25) - q Zq 2P (@1,2), (10.17)
where m > n and
Dy .z, [Wﬁ (z122; q)Zi(ﬂﬁr)z (21522)] 1— gt 6
= 10.1
wp (21221 Q) 1—gq Zyni1 (21,22), (10.18)
Dy, {Z?’“Wﬁ (@122 Dz (21,22)} 1_ gl
21,6 (z1.22).
2 "wg(z122; q) 1-q 2 Zinn41
(10.19)
where m > n.
The following second order g-difference equation
1—qg% -2 Ot+1x+ atntly
(14+q02,y(0) + — qaq(] = T X y(x)
gx(1 = q") (10.20)
x)=0
g2 YW

where 6, ; = zDg ; has a solution y(x) = L,(f‘)(x q). This leads to:

Theorem 10.4. For m > n the function f = z(/3 ) n(z1,29) satisfies the
second order g-difference equations

n-m-f_1— (2 -q")qzz
Fid _( Q)q129quzf
q (10.21)

(14 9z212,)0;,,

qz12,(1 — q")

a-qr 170

and
(1 +92122)6;7,, -

q(1 —gft™M)z,z,
(1-q)?
Starting with the little g-Laguerre [38] or Wall polynomials
(9]

1— qﬂ+m—n +@2- qﬂ+m+1)qz1229 f
—q q.21
(10.22)

+ =0.

Pn(x;q%|q) = Z (@ g (0 (10.23)
’ = (@ D(q. " D
we define the 2D polynomials w(ﬂ ) 2(21,22]1q) through
w)(z1.21q) = m(;""(zlzz; ¢Fmrlg), mzn, (10.24)
m(22,2119). m<n,
for > —-1and m,n=0,1,.... Then for m > n find that
2wl (@1, 2,18) =wh), (@1.2:18), (10.25)

Z (q; q)n(qﬂJr Qm— an ks n k _() 6]
(=1D)"*(q; q), (q; @) k(qﬂ+ S Dmk

(10.26)

The orthogonality relation for the little g-Laguerre polynomials is

w) (z1,2,1q) =

> g *G @)oo pm (05 4%19) Pa(g¥: g% |q)

k=0 (10.27)
_ (q: Q)ocq(aﬂ)n(q; @ndm.n
@S D@ O

This leads to the orthogonality relation below.

, mn=0,1,....
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Theorem 10.5. For m,n,s,t =0,1,...
lowing orthogonality relations

and B > —1 we have the fol-

iz 2wl @ 2l du?lg)do
= cmm(lm - n| + ﬁ)Sm,s8n,[, (10.28)
where z = rei?
du(rlg) =) x(xq; Q)od (x — 4°),
k=0
. (a+1)n(pq.
tn(at) = (q4; P g (@ Dn (10.29)

(@ Qoo (q*+; O

The function y(x) = pn(x; q%|q) satisfies the g-difference equa-

tion
n-1 + qa+n—1 _
1-—

z(1-4q")

a_ )2 V@) =

(10.30)

zZ
607 y(2) + 1 04.2y(2) +

where 60, ; = zDg ;. This gives the following theorem.

Theorem 10.6. For 8 > —1, m > n the polynomial w(ﬁ)(z1,zz|q),
satisfies the g-partial difference equations

R qf +_mq1 %26, + ‘(1(%%%22 f=0
(10.31)
N q’j*f taz, o 40 (—1qf;")22122f —o.
(10.32)
Let
wx; a) = (qX; @)ooX®. (10.33)

The following theorem follows from the raising and lowering rela-
tions of the little g-Laguerre polynomials.

Theorem 10.7. For 8 > —1 and m > n we have

w®)
Dq 21{ (Zl Zz|Q)} B _zi q1711(*1 _ qn)Wﬁrfr)l_l (21722|q)
z " oa (- -ghmomt)
(10.34)
(1 - g WP (z1,2,]q)
Dq,h{wfﬂ(zl,zzlq)} =-—d-opd _m‘-]';jmfm) . (1035)

and

qm(n—1>+n(ﬂ—1)—(§) (1— g)m+n
(=1)m(gf+m-n+1; q),

x DI, {(@2)PDIL  {(ziz2) Pw(ziza: Blo) }}.-

w(z122; BlOWE) (21, 22|q) =

(10.36)
For m > n we have
Dy- 1zl{W(lez ,3|Q)W(ﬁ)(l1,22|Q)}
w(z122; Blq)
1 — gB+m-n W(ﬂ) 7.2
_ (=gl @zl 103)

gbf+m-n-1(1~q)

D, IZZ{z'” "W(z125; Blowiin (21, 22|Q)}

Z5"w(z1z2: Blg)

_z A=gFm ) @ zlg)
- V4 qﬂ+m—n—1 (] _ q)
and

(10.38)

2D, 1ZZ{W(zlzz ﬁlq)w(’g)(zl,Zzlq)}

w21, 219)

1
= ﬁw,(f%(z],blq)—

qﬁ+1—n 1
1—-q 1—gp+m-n+l

_ qﬁ+m+1
ZZW,SQLH(ZL Q).

(10.39)

Applying the procedure of Section 6 to

(9; 9nq (=1)n*
(@ Di(q. ¢ Qi
we can derive the recurrences in the following theorem.

(k=n)(n+k-1) n)(n+k 1)

c(na) = (10.40)

Theorem 10.8. For 8 > —1, m > n we have

B)
Wy (21, 22]q) ®B)
m =Wnn(z1,221q) - m+1 11, 2219),
(10.41)
z1(1 — g™ n+ﬂ+1)w(/3) (21, 221q)
=1 - g Hwh) (21,219

_gmmB (] — q”)w,(f’;f] (z1,2219),

(10.42)

and
(qn + qm+f3(1 —q" -
=q'(1-¢
+qm

) — 2122\ Wi (21, 2219)
m+p1 )W,(f+)1,n+1 (Zl 4) |Q)

- qn)wr(ﬁg,)ltn,1 (Zl 22 |Q)

(10.43)

11. The polynomials {M'*? (2, z,|q)}

For «, y > —1, the little g-Jacobi polynomials

cwry et gy q(@ (—x)nk
(@ Dr(q, ¢ @) i

pa(x: g%, q" |q) = ((Z](g)" y
(111)

satisfy the orthogonality relation (6.1) with

— (% @)X
duxylg) =) —
= (@4% @)oo

(q’ qa+y+n+1; Q)oo(Q§ q)nqn(aH)
(qaﬂ’ qy+n+l; q)m(qaﬂ : Q)n(l _ qot+y+2n+1)’
(11.2)

[38]. Following our general construction in Section 6, we define the
polynomials

S(x—q").

Ll ylg) =

2" pn(z122. 4P, g7 |q). m =,

(113)
Mr(f,ﬁ”)(zz, z119),

Mr(zf?zy)(zl,22|Q) = { m<n
< .

In other words
ML (z1.2219)

_ @)@ P
@+ g i

@ Qi 1 q O 2K (—zp)
(q; Q)k(Q; Q)n—lc(qﬂH; Q)m—k

5

(11.4)

M) (21, 2,1q)

m+1,n

oM (21, 21q) =

for m > n. Now Theorem 6.1 leads to:

(11.5)



M.E.H. Ismail, R. Zhang/Journal of the Egyptian Mathematical Society 25 (2017) 91-110 109

Theorem 11.1. For m,n,s,t =0,1,...
following orthogonality relation

[ MED @ HMG @ P du yIg)ds
R2 ’

= Cman(Im —n| + B, ¥1q)8m.sdn.,
where du(x; y1q), ¢n(e, y1|q) are given in (11.2).

and B,y > —1 we have the

(11.6)

Following the construction of §6 we derive the recurrence be-
low via the choice

(@ Qn @7+ @) (=) F

Gl o) = TR (11.7)
(@ Di(@. ¢+1; @) g® )
(1 — gPty+mint2) B
T =g M1 2210)
= -MPY) (@1, 20q) + ME (21, 2219). (11.8)
aM$ (@1.221q)
(1-gfm (1 —ghr ) )
T (A —gfrmni (1 - qﬁ+y+m+n+1)Mm+1,n(Z1vZZ|Q)
m-n+B+1(1 _ gh)(1 — gV+"
o A== NP @z, (119)

1- qﬂ+m—n+1)(1 _ qﬁ+y+m+n+1) m,n—1

The above formulas hold for 8,y > —1 and m > n. Next we note
that the polynomials {pn(x; q%, q¥|q)} satisfy the following second
order difference equation

o _ 1 _ ql—n—ax _ qy+2(2 _ q”)x

T-q
1+ T-ay 1—n—(x+ Y42y x
— ((1q— q)? T =0

where y(x) = pn(x: q%. 47 1q), 6gz = zDg 2.

(1 - g 2002,y (x) + - By (X)

(11.10)

Theorem 11.2. For m > n and B,y > —1, the function f=
M) (21, 2,1q) satisfies

nm-f 1 —ql-m-Pz1z; — "2 (2 - qM)z12
S+ {q e }eqlzf
B 14+ (qn+1—m—ﬂ _ ql—m—ﬁ _ qy+n+2)z]zzf _o
(1-9*(1 - q"+2212) B
(11.11)
and
P (2q7+2 — q' " — gy A2) 4 grom — L

(1 -q)(1-qr+2z123)
(ql—n _ q1+m—n+ﬁ 4 qy+2 (qm+ﬁ + qZ(m—n+,‘3) _ 1))2122 _ qZ(m—rH—ﬂ) 0
020 -2z /=0

(11.12)

When B,y > —1 the raising and powering operators for the
polynomials {pn(x; q%, q”|q)} with

(gx; @) ooX”

a9 qY —
w(x; g%, q"|q) CErTe (11.13)
lead to the following ladder operators
MY (@1.221q) = MY (z1. qz21q)
1-n(1 _ g") (1 — gm+B+r-1
= OO0 I ) M$ V@ mle). (1114)

1-— qm—n+ﬂ

where m > n, and

Dy, (w(zlzz; & ML (2. z2|q>)

_ g w268, q"'19) .y
= qm*"Jrﬂ(] — q) m,n+1

(z1.22lq), (11.15)
Zg_mefl.Zz (ZE"_"W(Z1ZZ; qﬁy q” |q)Mr(nﬁny) (21,2 |q)>

_zi(1 = q" " Pyw(ziz: ¢P, q7—1|q)M(ﬂ_y_1)
= qum_n+ﬁ—1 (] _ q) m,n+1

where m > n+1.

(z1,2219), (11.16)

12. Polynomial solutions to differential equations

In this section we study polynomial solutions to partial dif-
ferential equations. We are looking for polynomial solutions to
the second order partial differential equation (8.25). Let f=
0228 and substitute in (8.25).

Theorem 12.1. The partial differential equation (8.25), namely,

-1z
8321 8822f+ <l32112)8322f = —nf, (12-1)
has a power series solution
@)= a2 (12.2)
J. k=0
if and only if
ind n! z{ ;
2.2) =Y 40—t [P (2,2
f(z1,22) ; OB A (z122)
n
—n+k1
+ Zag‘,{zgzﬁ (k 1 /3 1 Z]ZZ>. (123)
k=0 ’

Proof. Substitute the power series (12.2) for fin (8.25) and equate
coefficients of like powers of z; and z, to find that
g, - k=1-n_
ik = k(ﬂ +]) j-1,k-1>
We iterate this and find that
(=m)k@j_k 0
= k'(B+j—k+1)
! (k—j—mn)jk—j)!
KN(B+1)j
This proves the theorem. O

j. k> 0.

Y

0.k—j> Jj< k,

Theorem 12.2. In order for the equation

02,0z, f + (’3 —22> O, f = Af (12.4)
1

z

to have a polynomials solution in z,, it is necessary and sufficient that
A=-nn=0,1,2,..., in which case the function f will be given as
in Theorem 12.1.
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