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Abstract: This article presents a comprehensive examination of linear and non-linear systems of integral inequalities
involving two real-valued unknown functions in n independent variables. The primary objective of this investigation is to
establish upper bounds for these unknown functions and to analyze their practical implications within broader mathematical
frameworks. The results obtained not only extend the classical Gronwall-Bellman integral inequalities but also introduce novel
and explicit bounds within the contexts of Young and Pachpatte integral inequalities. These contributions significantly enhance
the theoretical understanding of integral inequalities and their utility in addressing complex analytical problems. Moreover, the
results yield important insights into the qualitative analysis of nonlinear hyperbolic partial integro-differential equations,
particularly with regard to the existence, uniqueness, and boundedness of solutions. To derive the main theoretical results,
Young’s method based on the Riemann approach is employed. Additionally, the analysis highlights the essential role of
symmetry in the selection of appropriate methods for treating dynamic inequalities.
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1 Introduction

The exploration of integral inequalities has always been an important field of study. Recent studies have focused
on the refinement and extension of classical inequalities within multidimensional and dynamic frameworks [1-3]
particularly by incorporating general kernels, weight functions, and fractional operators. These efforts emphasize
the growing demand for adaptable inequality structures capable of handling complex systems and integral
operators. Integral inequalities not only serve as fundamental tools in the study of mathematical systems but also
find applications in a wide array of practical scenarios see for instance [4, 5].
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The integral form of Gronwall-Bellman’s inequality [6] asserts the following: Assuming continuous and non-
negative functions u and f defined on the interval [a, b], with u( being a non-negative constant, the inequality

1) < uo—i—/rf(s)u(s)ds7 forall 7€ a,b], (1)

implies that
°t
u(t) < ug exp(/ f(s)ds), forall 7€ a,b)].
Ja

For interested readers, it is useful to mention here that some efforts have been made to generalize Gronwall-
Bellman’s inequality to weakly singular situations to cope with some problems of fractional differential equations,
see for instance [7-9]. Baburao G. Pachpatte [10] established the discrete counterpart of inequality (1). Specifically,
he demonstrated that for nonnegative sequences u(n), a(n), and y(n) defined for 7 in the set of non-negative integers
Np, with a(n) being non-decreasing for n in Ny, if the condition

“FZ')/ HGN(),

holds, then

n—1

u(n) <a(n) H[l +v(n)],n € Ny.

s=0

In [11], the following nonlinear integral inequality was discussed:

)
P (u(t)) SC(f)+/09 [f(2,5)C (u(s)) @ (u(s)) +8(2,5)& (u(s))] ds,

for u € ([0,0),[0,00)), f(z,s) and g(t,s) € C([0,0) X [0,00),[0,00)) are non-decreasing in ¢ for every s fixed,
@ € C([0,00),[0,00)) is a strictly increasing function such that %gn P(y) = o, ¢ € C([0,%),(0,00)) and

§,0 € C(]0,0),[0,00)) are non-decreasing functions.
Motivated by the results obtained in [11], the authors in [12] investigated the following inequality:

8(t) ro(t)
Yt <altn+ [ [ Siem e mE wls.m) @ (uls.m)
+ " 35, m)E () @ (u(x,m)) x| dnds,

where u, f, a, 3 € C(I; x I, [0,0)) are non-decreasing functions, I, C [0,%0), 8 € C' (I}, 1), and ® € C' (I, ]»)
are non-decreasing with 8(¢) < lonl;, 9(t) <tonh, 31,32 € C(l; x ,[0,%)), and ¥, {, @ € C([0,0),[0,20))
with {¥, ¢, @} (u) > 0 for u > 0, and uErEw‘P(u) = o0,

Moreover, Anderson [13] established some new nonlinear dynamic inequalities in two independent variables
of Pachpatte type, that is useful tools in the study of qualitative properties of solutions of certain classes of dynamic
equations on time scales. For instance in [13] we find the following inequality:

0(ut.5)) a(t.) +e(t.9) [ [/ ulem)ld(e.n)wlute.m) +blz.m]VnAT
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here u, a, ¢, and d are non-negative continuous functions defined for (¢,s) € T x T, b is a non-negative continuous
function for (t,s) € [ty,o) X [to,) and ® € C' (R, R ), with @’ > 0 for u > 0.
While numerous mathematicians have devoted their efforts to the refinement and generalization of integral

inequalities of the Gronwall type, a parallel strand of research has emerged with a distinct focus on systems of
integral inequalities. This dual trajectory underscores the multifaceted nature of mathematical inquiry, where the
pursuit of enhancing individual inequalities coexists with a dedicated exploration of the intricate relationships
within systems. As researchers delve into both aspects, their endeavors collectively contribute to a more
comprehensive understanding of mathematical models and systems. In [16] a linear and nonlinear
two-dimensional integral inequalities system was established. For instance in [16], for u; and f;
€ C(I,Ry),i= 1,2 with f; be non-decreasing; ¢;; € C(I,R, ) are non-decreasing in the variable 7 for every s fixed
i=12).1If

0) < 0+ [ 000,570 (5)+ s (s))ds, @)

then for ¢t € I we have

0 < U410 [ 01 (1,5)@1 ()

exp/ ¢ll t,s ds+/ ¢u+1 Z, S I+1 (/ ¢t+lz S, T )) ds,

where @;(t) := exp [y @ii(t,s)ds, i = 1,2, and if i = 2 then fi1 = fi, Piy1 = P1, Pir1i = G12, Piis1 = Pa1.

The authors in [17] provided explicit bounds for certain classes of systems of integral inequalities such as
the following system: For u;(x),b;(x),qi(x),e;(x), fi(x),gi(x), and h;(x) are non-negative, real valued continuous
functions on Q and a;(x) be positive, non-decreasing, and continuous functions on Q; i = 1,2. If

x) < a;i(x +/ s)up (s ds+/ qi(s )ds—f—/x:e,-(s) (/x:f,-(t)ul(t)dt) ds
SRCIVE hi<r>u2<t>dr) ds, G)

is satisfied for all x € Q with x > x?, then,
ui(x) < ai(x (1+/ (¢l (8)ds + pi(s / v (H)n(t)d >ds>7 4)
where,

91(x) = b1 (x) + 20841 (x), 62(x) = g2(x) + azgxzbzu 0(x) = X2, 0i(v),
Y1 () = fi(x) + 20 (x), Ya(x) = ha(x) + S5 fo(x), wix) = XL, wi(),
Pi(x) = ei(x) +i(x), and (x) = 2+2 5 (s exp ([3 (9 (1) + (1)) di) .

This paper aims to explore into the advancements achieved in generalizing Gronwall-type integral inequalities,

alongside a comprehensive examination of the evolving landscape surrounding systems of integral inequalities,
highlighting the connections and implications arising from these parallel research streams. In the current paper we
provide upper bounds for some systems of linear and non-linear integral inequalities. On the other hand, we extend
existing Gronwall-Bellman integral inequalities and introduce new explicit boundaries.

The remainder of this paper is organized as follows. In Section 2, we establish essential notations and present
two preliminary lemmas that form the foundation for the subsequent analysis. Section 3 contains the main
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theoretical results, where we derive explicit upper bounds for various systems of linear and nonlinear integral
inequalities. Section 4 demonstrates the applicability of these results through illustrative examples and practical
applications.

2 Preliminaries

In this section, we introduce two essential lemmas that play a pivotal role in substantiating the central results
presented in this paper. However, before presenting these lemmas, we will establish some key notations. We
represent x as x = (x1,...,X;), ¥y = (¥1,...,yn) to denote elements within the n-dimensional Euclidean space R".
Furthermore, we define the relation x < y if and only if x; < y; for each i = 1, ...,n. Additionally, we use x° and x
to refer to any two points in an open bounded set £2 C R” with x° < x. In the subsequent discussion, the notation
J7 ds signifies an integral, computed as: [7!... [{" ds,...ds), where the operator D is defined as D = Dj...D, with
D; denoting the partial derivative with respect to x;, fori = 1,...,ni.e.,, D; =9d/dx;, fori=1,...,n.

In order to establish the forthcoming lemma, we will employ the methodology of Young, as exemplified in [14].

Lemma 1. Let K(x), B(x), and 6(x) be real valued non-negative differentiable functions on Q. Moreover, suppose
that K(x) and all its derivatives with respect to xy,...,X, up to order n— 1 vanish at x; = x? for i = 1,...,n. Let
v(s;x) be the solution of the following characteristic initial value problem

2 0"v(s5x) N
(-1 m—c(s)v(s,x) =0,inQ,
v(is;x)=lonsi=x;,i=1,...n. 5)
If the inequality
D,...D,K(x) < B(x)+ o (x)K(x), (6)
holds, then
K(x) < / B(s)v(s;x)ds. (7)
X0
Proof . Inequality (6) implies that
Z|K(x)] < B(x), where £ = D,...D,, — 6(x). (8)

If z(x) is a function that is n times continuously differentiable within the region defined as x° < ¢ < x (referred to
as ) then

(=1)7'D}[(Dy...Dj-12)(Djs1...DuDpy1K)], 9)

™-

ZK|-KZ 7] =

j=1

here, we define £ = (—1)"D;...D,, — o(x), and Dy = D,,;.; = I where I represents the identity operator. Integrating
both sides of relation (9) over 2 while considering that K (x) and all its derivatives with respect to x,...,x, up to
the (n — 1)th order, vanish at s; = x? for i = 1, ..., n, results in

/@(zg[K]—Kzl[z])dszZn"(—l)i*'/ (D1...Dj 12)(Djy1...D,K)ds , (10)
. =1 Jsj=x;
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where ds' = ds,...ds j—1dsj11...ds,. Now, let’s select z(x) to be the function v(s;x), which satisfies the initial value

problem (5). Given that v(s;x) equals 1 when s; = x; for j = 1,...,n, we can conclude that
Dy..Dj_v(s;x) =0, on sj=xj, j=2,...,n.
Therefore, relation (10) becomes

/ v ZKlds= [ Ds..D.Kds
9 S1=X1

=K(x). (11)
The continuity of v, along with the condition v = 1 when s = x ensures the existence of a domain denoted as Q+
which includes x for which v > 0. By multiplying both sides of (8) by v and utilizing (11), we can derive (7),
thereby concluding the proof of the lemma.

To confirm the credibility of the subsequent lemma, we will employ Bellman’s method, as exemplified in [15].

Lemma 2. Let f(x), w(x) be real valued, positive, and continuous functions. In addition, let all derivatives of f(x)
be positive on Q with f(x) =1 on x; = x?. If the inequality

Danf(x) < W(x)f(x)7 (12)

holds, then
f(x) <exp </ w(t)dt> . (13)

0

Proof . Inequality (12) leads to
f(x)D;...D,f(x)
f(x)

Hence, considering the given assumptions on f(x) and its derivatives, we obtain

f(x)D;...D,f(x) (Dpf(x)) (Dy...Dp—1 f(x))

< w(x).

7w St 70 |
which implies that
D, (W) <w(v). (19

Integrate both sides of inequality (14) with respect to the component x,, over the interval from x{ to x, to yield

D1...D,,,1f(x) Xn
opet

Thus, based on the provided assumptions regarding f(x) and its derivatives, we can formulate the subsequent

W(X1y ey X1, 1y )dty.

0

inequality
f(X)Dl.‘.anlf(X) < /x" W(Xl cey Xn—1,14 )dt + (anlf(x))(D1~~Dn72f(x))
f2(.x) — xz I yYn—1s*n n fz(x) I
this inequality yields
anl <l)llf)\gx)2f(x)> S /xonnw(xl;-"vxnflatn)dtm (15)
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Now, perform the integration of both sides of equation (15) with respect to the component x,,_; over the interval
from x{_, to x,_1 to obtain

zf
Dn- / / xl, Xn—2,In— l;tn)dtndtn 1.

Proceed in this manner until arriving at
D
1f / / w(xg,f2, ... )dtn...dlg. (16)

By integrating both sides of (16) with respect to the component x; from x{ to x; we obtain

log <f(x‘,’,fx§)j),x,,)) < /):w(t)dt.

This implies the validity of (13), thus establishing the lemma.

We are now ready to introduce and provide support for our primary findings.

3 Main results

In this section, we present and rigorously validate our central results through a series of theorems. This achievement
is made possible by drawing upon the Lemmas 1 and 2, which have been previously established.

Theorem 1. Suppose that u;(x),a;(x),Db;(x), and Dc;(x); i = 1,2, are real valued, positive, continuous and non-
decreasing functions defined on Q. Let v(s;x) be the solution of the following characteristic initial value problem

(1S (1 Dy )+ QW (sin) = 0, in 2,

vis;x)=lons;=x;,i=1,...,n,

where y(x) = Y2 wi(x), wi(x) = bi(x) +¢;(x), Q(x) = ):‘}:1 Q;(x). Let £, be a connected subdomain of Q which
contains x such that v(s;x) > 0, for all s € Q,. If the system

i (x) < ai(x) + / i, s)ur(s)ds + /xa ci(e,s)un(s)ds, i = 1,2, (17)
holds, then
() S @)+ [ 109+ DY(5)n () + Qa0 ma(s)lds, 1= 1.2 1s)
where 11(s) = [1, (J&o16(r)+ (DY) + Q) [ 61(8)v(6)d6]dr) s
0(s) = [ (6(0) + (DW(E) + Q1)) [ 9(r)v(e.r)dr) dr,

9i(x) = [t [a1(s)Dbi(x,s) + az(s)Dei(x, 5)] ds + a1 (x) Qi(x) + az(x) Qiva (%),
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P(x) = Y2, ¢i(x), Qiva(x) = Qi(x) + Qit2(x); i = 1,2. and the functions Q;(x), j = 1,2,3,4, are as follows
Q/(x) =

/ /x, 1/X[+1 / -1 i )
Xy S1yeeeySi—15Si4+1y-+35n
X9 4 oxi.. a-xl 1&)6,_;,_1 axn B ' T

i
dsy...dsiy1dsi—1...ds;

/ /xl 2/xt+2 Xn n_2 ( )
Xy STy eees§ii0,8i40, 08
x{ X 0x1...0%;_20%i42.. axn e

dsn .. .dS,'+2dS,'_2 .. .dS1

+ ...+ Kj(x),
) Kl(.) = bl(.), K'z(.) = bz(.), K'3(.) = Cl(.)7 K‘4() = Cz(.).
Proof . Let’s define the functions A;(x), B;(x) and &;(x) as follows:

Ai(x) = /xxul(s)bi(x,s)ds, Bi(x) = /xjuz(s)ci(x,s)ds, &i(x) = Ai(x) + Bi(x),

fori=1,2, &E(x) =& (x) + & (x). (19)

As a result, the inequalities, or equivalently, the system described in (17), can be expressed in the following
manner
ui(x) < ai(x)+&(x), i=1,2. (20)
Given that the functions u;(x), i = 1,2, are non-decreasing functions, we can establish the following inequalities
through the application of Leibniz’s integral rule and (19)

D;..DAi(x) < /xul(s)D]...D,,b,-(x,s)ds—Fm(x)Q,-(x),

0

Dy..DuBi(x) < / " (5) DDy (x,)ds + 12(0) Qs 2x). 1)
Use (20) in (21) to obtain
DDA < [ (@) 4 E1(9) D1 Db )ds (e () + &1 () ). @)
and
D108 < [ (@a(s) +E(6)) Dr- Dy )ds + (@2(5) +(9) Qi (o). 3)

Adding (22) and (23) for the case i = 1 gives
D& (x) < /}: [a1(s)Db1(x,s) +ax(s)Dey (x,5) + 1 (s)Dbi (x,5) + G2 (s)Dey (x, )] ds
(@1 () + £ () 21 (3) + (a2(6) + &) 03(x)
<01+ [ (EODb1(x.9) + E0)Der (v.9)ds-+ Os()E ()
<610+ DY) | E(5)ds + Qs(0E ). 24)
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Likewise, inequalities (22) and (23) when i = 2 result in

DE) < ) + DY(x) | E(s)ds+ Qo(0E (). 03)
When we combine (24) with (25), we obtain

DE(x) <¢(x) + &1 (x)(Q1(x) + 02(x)) + &2(x) (23 (x) + Qa(x))

+ [P (b1 (5:5) + ba(x.9) + Ea(5)Dler () + ol )] ds. 26)
where the function ¢ (x) is
¢ (x) =a1 (x)(Q1(x) + Q2(x)) + a2(x) (Q3(x) + Qa(x))
+/ a1 (s)D(b1(x,s) + by (x,s)) + ax(s)D(c1(x,8) + ca(x,s))] ds.

Given that all these functions are positive and non-decreasing, we can express inequality (26) in the following way:
DEM) <600 +E(X)QW) + [ E(5)DY(xs)ds @)

where y(x,s) = Y2, (bi(x,5) +ci(x,s)), and Q(x) = Z] 1 Qj(x). As both b;(x,s) and ¢;(x,s) with i = 1,2, along
with their derivatives, are positive and non-decreasing functions, it follows that both y(x,s) and Dy(x,s) are also
positive and non-decreasing. Consequently, inequality (27) can be expressed as follows:

DE() < 0(0)+EOW) + Dy () [ E(5)ds. 8)

Include & (x)Dy/(x) on the right-hand side of (28) to have
DE() < 9(x) +E()Q) + DY(x) [ E(5)ds+E DY) 29)
Take K (x) = & (x) + [ & (s)ds which implies that
K(x) 2 £, K() > [ E(5)ds, K(") =0,
DK(x) = DE(x) +£(x), DK(x) ~ K(x) < DK(x) ~ & () = DE(x). (30)

The first part of (30) is obtained by differentiating K (x) with respect to x;;i = 1,2, ... respectively, while the second
part is straightforward since K(x) > & (x). Therefore, inequality (29) becomes

DE(x) < ¢(x) + Dy (x)K(x) + K (x)Q(x). 31)
Relations (31) and (30) imply that

DE(x) = Dy (x)K(x) — K(x)Q(x) < ¢(x),
DK (x) = [1+Dy(x) + Q(x)|K (x) < ¢ (x). (32)
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Applying Lemma 1 on (32) gives K(x) < [ ¢(s)v(x,s)ds. Therefore, inequality (31) becomes

DEW) < 0(5) + DY) + QW) [ 6(s)v(es)ds: (33)
Integrating both sides of inequality (33) yields
£ < [106)+ D)+ Q)] [ o(eis.n)dds. (4
Now from (24) and (34) we get
D& () <o)+ 0wi(o) [ ( [ oo+ @wtoy-+00) [ 0tvterar| ) as

#0500 [ (06)+ 0wis)+06) [ 0(0w(s ) as. G9)

By integrating both sides of inequality (35) with respect to the variable x over the interval from x° to x, we obtain

a0 < [@+0w0s) [ ([ [00)+ 0w +00) [ oo1ir0)a6)] ar) ar

S . (36)
+0505) [ (60 + @v(0)+00) [ 9 )ts.rar ) s
where
o1(x) = /): [a1(s)Db) (x,5) +ax(s)Dey (x,s)]ds + aj (x) Q1 (x) + a2 (x) 03 (x),
Vi (x) = bi(x,s) +ci(x,s), and Qs(x) = Q1 (x) + Q3(x).
Similarly, by (25) and (34) we obtain
& < [0 +0v0) [ [ |00+ v +00)) [ o(@ntr0)a0] ar) ar
S t (37)
+04(5) [ (06)+ @v(0)+00) [ 9 wte.rar ) s

where

¢ (x) = /x [a1(s)Dby(x,5) +az(s)Dca(x,5)]ds +aj (x) Q2 (x) + az (x) Q4 (x),

X0
Yr(x) = ba(x,s) +ca(x,s), and Qg(x) = Q2(x) + Qa(x).

By substituting the expressions from (36) and (37) into (20) , we arrive at the result stated in (18) . This concludes
the proof.

Remark. In the case where n equals 2, meaning we are working with functions in the two-dimensional space R?,
we can derive from Theorem 1 that
If, fori = 1,2,

X1 X2
ui(x1,x2) Sai(x1,xz)+/ / bi(x1,x2,51,82)u1(s1,52)dsads)
X

X1 X2
+/o /0 ci(x1,x2,81,52)uz(s1,52)ds1dsa, (38)
X X
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then
2

X1 X2 J
i s S i 5 +/ / { i ) +=—=VY 5
ui(x1,x2) < a;i(x1,x2) o L 0i(s1,52) 351952 Wi(s1,82)

[ L] L oo (s tn)

r 123
X / 1 / ¢i(9|,92)\1(1'1,1’2,el,ez)dezdel} drzdh) dl‘zdt] (39)
x{ Jxg

(92
+0s th/ / ( o(t1,0) + (MW(WQ)“‘Q*(”JZ))
1 15
/ / tl,lz,rl,rz)drzdrl)dlgdll}dSQdSh
)C

where
X1 X2 82 82
¢i(x1,x2) =/ _ {m (ﬁJZ)mbi(xhxbsl ,82) +a2(sla52)mci(xl7x27sl ,Sz)} dsadsy

+ay(x1,x2)Qi(x1,x2) + a2 (x1,%2) Qit2(x1,%2);

2
O(x1,x2) =Y ¢i(x1,x2), Q3(x1,x:2) = Y Of (x1.%2), Q5 (x1,x2) = Y Of (x1,x2)
i=1 i=1,3 i=24
and

X1

Q; (x1,x2) = (x17x27S17x2)dS1+/ Er K (x1,x2,x1,82)ds> + Ki(x1,x2);

g dx %
ki(.) =b1(.), k() =ba(.), k3(.) = c1(.), k() = 2 ().

Compared to classical results such as those in [16] and [17], which provide bounds for two-dimensional
systems, the current formulation refines the estimates by incorporating the effects of mixed partial derivatives and
interaction terms via the function v(.), derived from a characteristic initial value problem. This yields more
precise bounds and greater flexibility in applications where explicit kernel structure and regularity properties are
known. Thus, remark 3 enhances previous work by delivering a higher-order correction to integral estimates in
two variables.

Theorem 2. Let u;(x),b;(x),q:(x) be real valued, non-negative, and continuous functions on Q and a;(x) be
positive, non-decreasing, and continuous function on Q; i = 1,2. If the system

) Sail) + [ s (s)ds+ [ aioua)ds (40)

holds for all x € Q with x > x°, then

) <a) (142 ) O ew(nis)]as) @)

where, §1(s) = bi(s) + 2002 65(5) = ga(s) + UL ang

N(s) = [ 0(1)dt; (1) = ¢1(t) + 92(1).
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Proof . As the functions g;(x), i = 1,2, are both positive and non-decreasing, the inequalities presented in (40) can

be expressed as follows:

i (x) /’C u(s) /x ua(s)
<1 b; d j ds. 42
a;(x) — * 0 i(s) a;(s) St o 4i(s) a;(s) g (42)
Let T;(x) be defined by the right-hand side of inequality (42); then we obtain
u;(x) _ 0 i
< Ti(x), where Ti(x)—lwhenxj—xj, j=1,...,n. (43)
ai(x)
Additionally, based on the definition of Tj(x), we can observe that
uy (x) ua (x)
Dy...D,Ti(x) = bi(x +qi(x , (44)
1 DTi(x) = Bi(a) s ail)
using (43) in (44) gives for T} that
as(x
D1...D,Ti(x) < by (x)T1 (x) + g1 (x) a?Ex; Ty (x). (45)
As all the functions involved are positive, inequality (45) can be expressed as follows:
Dy..DyTi (x) < 1 (0)T (x). (46)
By following a similar procedure, we can derive an analogous inequality for 7>, ultimately leading to
D;..D,T;(x) < ¢;(x)T (x);i = 1,2, 47
where 91 (x) = b1 (x) + 1 (x) 25, 9(x) = ba (x) 105 + ga(x), T(x) = T3 (x) + ().
Adding the two inequalities in (47) yields
Dy..D,T(x) < ¢(x)T(x), (48)
where ¢ (x) = ¢;(x) + ¢2(x). Apply Lemma 2 on inequality (48) to obtain
X
T(x) < 2exp ( / (])(s)ds) . (49)
xﬂ

Employ the upper limit (49) for 7'(x) in inequality (47), and subsequently, integrate both sides of the resulting
inequality with respect to x over the interval from x° to x to yield

nw <12 [ (¢,~(s>exp ( /x:mr)dr))ds. (50)

By applying inequality (50) within the context of inequality (43), we derive inequality (41). This marks the
conclusion of the proof.

Remark. When n = 2, which implies that x € R2 and x° = 0, Theorem 2 provides the assertion that, fori = 1,2, if

X1 X2 X1 X2
ui(x17x2)§ai(xl7x2)+/0 /0 bi(sl,sz)ul(susz)dszdsl+/0 /0 qi(s1,52)uz(s1,52)dsadsy, (51)
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hold, then

wi(x1,%2) < ai(x1,2) (1 +2/Ox‘ /Oxz [(]),(sl,sz)exp(n(sl,sQ))]ds> , (52)

where ¢y (x1,x2) = b1 (x1,x2) + %m (x1,X2), 2(x1,x2) = b2(x1 Jz)% +q2(x1,x2),

n(si,52) = fo' fo* (bl(h,tz) () + 2li)alin) | ailn ’maza'h)) dirdty, and @ (x1,x2) = Y7 9;(x1,%2).

a(t1,t2) ay(t,t2)

Remark 3 addresses the case n = 2 for Theorem 2 and derives explicit exponential-type bounds for systems of
integral inequalities with separable kernels. It generalizes classical Gronwall-Bellman approaches [15] by
incorporating coefficient-dependent growth and offering improved structure for coupled systems. In contrast to
recent results by Frioui et al. [5], which focus on single-variable multiplicative inequalities, this formulation
provides a more comprehensive framework for multivariate systems.

Theorem 3. Let u;(x), p;(x), and q;(x) be real valued positive continuous functions on Q, and let a;(x) be positive
continuous non-decreasing functions on Q; i = 1,2. In addition let H(a) be positive, continuous and
non-decreasing function satisfies t_'H(a) < H(t~'ot); a > 0. If the system

wi(x) < ai(x) + /XO pils)H (1 (s))ds + /:qi(s)H(ug(s))ds, (53)

holds for all x € Q with x > x°, then for x° < x < x*, we have

ul) <ato) 142 [ 00H(G (6@ +2 [ glidsias], 64

Na¥

where G(r) = [’ %, r>r,>0,x" is chosen so that G(2)+2 [ ¢(s)ds € Dom(G), ¢ (x) = p1(x) +q1(x) Z?E;

92(x) = P2 (x) 28 + g5 (x), and §(x) = 1 (x) + 9 (%),

s

Proof . As both a;(x) for i = 1,2, are positive and non-decreasing functions, and the function H(a) is positive,
continuous, and non-decreasing (for & > 0) and satisfies the condition that 'H (a)<H (t’1 «), , we can rephrase
inequalities (53) as follows:

(%) < l—l—/x:pl(s)H (Zig;) ds—l—./qul(s)az(S;H (uz(s)> ds, (55)

ai(x) ai (s ax(s)
and
up (x) "X ai(s) ui () "X uy ()
g <1+ [ g ( <s>) ds+ [, 6H (az(S)) @ o

Let T (x) be defined as the expression on the right-hand side of (55), that is,

T =1+ [ pi(s)H <“‘(s)> ds+/):q1(s) axs) <”2(S)) ds, (57)

ai(s) ai(s) \aals)

which implies

<T here T1 (x) = 1 i=x7,i=1,2,...,n. 58
) S 1(x), where T1(x) sonx;=x7,1i 2,00 (58)
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Next, we can define T>(s) as the expression on the right-hand side of (56), and consequently, we obtain

2 (%) < Th(x), where T (x) = l,onx; =x{, i=1,2,...,n. (59)

a(x)
Now from (57) we have

Ml(x)) ax(x) (Mz(x)>
Di.D,Ti(x)=p1(x)H| —= | +q1(x H . 60

1 n 1( ) pl( ) <a1(x) ql( )(ll(x) (12()6) ( )

Utilizing the inequalities presented in (58) and (59) within the framework of (60) yields
a(x)
D;...D,Ti(x) < p1(x)H (T (x)) +q1(x)al(x)H (Tr(x)). (61)

As all the functions involved are positive and H is a non-decreasing function, we can express inequality (61) in the
following manner:
D;...D,Ti(x) <2¢1(x)H (T (x)), (62)

where ¢ (x) = p1 (x) +q1 (x) 2% and T (x) = Tj (x) + T3 (x). Similarly, by (59) we obtain

ap(x)

D, ~-~DnT2(x) < 2¢2(X)H (T(x))v (63)

where ¢ (x) = pa (x) L2 + g, (x), and T (x) = T (x) + T3 (x). Now inequalities (62) and (63) yield

as(x)

Dy...D,T(x) <20 (0)H (T(x)), (64)

where @(x) = ¢1(x) + ¢2(x), and T'(x) = T (x) + T»(x). By employing the same approach as the one utilized to
establish Lemma 2, we deduce from (64) that

DT (x *2 *n
DlG(T(x)) - ! ( ) <2,/x0 /xo (P(xl,l‘z,...,tn)dtn...dl‘z,
2 n

H(T(x)) ~
by performing integration with respect to the component x; over the interval from x{ to x;, we obtain
X
G(T()~G2) <2 [ 6(5)ds.
x()
which implies that
X
T(x)<G! (G(Z) +2 ¢(s)ds) ,
x()

where G(r) = [ Hd&), r>r, > 0. Taking

v =6 (G042 [ oias).

gives
T(x) < y(x). (65)

Upon substituting (65) into (62), we arrive at

Dy...D,Ti (x) < 261 (0)H (w(x)). (66)
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Integrating both sides of (66) from x° to x produces

1) < 142 [ 01(5)H (ws) s (67)

Similarly, we can obtain from (63) and (65) that

Tox) < 142 [ a(5)H (w(s)) s (68)

Employing (67) in (58), followed by the utilization of (68) in (59), results in the derivation of (54). This concludes
the proof.

4 Some applications

In this section, our focus shifts towards illustrating the practical implications of our research findings. The integral
inequalities presented in this paper span a wide range, encompassing both established mathematical inequalities
and innovative ones, thereby enriching the toolkit of mathematical analysis.

To substantiate our claims, we will provide a series of applications, guided by the insights presented in
Remarks 3 and 3. These applications are a testament to the versatility and utility of our findings, highlighting their
potential to contribute to solutions in mathematical and practical contexts.

1.Consider the system

X1 X2 X1 X2
up(x1,x) < / / u(s1,s2)dsads +/ / x1uz(sy,82)dszdsy, (69)
o Jo o Jo
and
X| X2 X [
uz(xl,)Q) <Xxp 7/ / XUy (S] ,Sz)dSstl 72/ / u2(S1,S2)dSzdSl (70)
o Jo o Jo
comparing to the system in Remark 3 we have
ay(x1,x2) =0, by(x1,x2,51,82) = 1, c1(x1,x2,51,82) = x1,
ar(x1,x2) =x2, ba(x1,X2,51,82) = —x1, c2(X1,X2,51,82) = —2.
Therefore, this system can be solved by applying inequality (39) that gives
X1 XD N 3y 1 %)
1731 (xl,xz) < / / |:2S182 + (1 —|—2S1)/ / (2t1t2 — 2 —/ / (27‘1 rp— 2r2)dr2dr1)dt2dt1] dsydsy,
o Jo o Jo o Jo
(71)

which implies that

[(S1\S}

2
XX
6

xp—12 S5xp+24 x3x3
ul(xl,xz) < |:3)C2 +X1x2 ( 2 > er%)CQ <2) _ %2 . (72)

12

Similarly we can obtain

2.3 3.4 3.3 4.3 4.4 5,4

X1X X1X X7X XX XX X1 X
< xr— x4 72 M2 M2 72 712 T2 73
uz(xl,xz)_xz X1X5 + 3 36 + 9 D ) +180 (73)
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2.Consider the system
X1 X2
up(x1,x2) <xpcosxy —l—/ / (1+sinsy) u; (s1,52)ds2ds)
0 0

X1 X2
—2/ / cossiup(sy,s2)dsadsy,
o Jo

and
x| X
uy(x1,x2) §x2+/ / secsyuy (s1,82)dsadsy
0 0

X1 X2
—/ / sinspuy (s1,82)dsadsy .
o Jo

Now an application of Remark 3 gives

) X7 COSX .
01 (x1,x2) = 1 +sinx; — 2227l sinxy — 1,
X2 COSX1
X7 COSX i .
$(x1,x2) = secx; 2 L_ sinxy = 1 —sinxy, hence ¢ (x1,x2) = 0.
X2

Therefore, the given system has the following solution

X1 X2
up(x1,x2) < xpcosxj (1 —|—2/ / (sinsy — l)dsts1> ,
0 0

which gives
uj (X1 ,XZ) < XpCOSX] (1 —2x1 (COSXQ +xp — 1)) .
Similarly we can easily obtain

up(xp,x2) <xp (142x1(cosxy +x3—1)).

5 Conclusion and Future work

The results obtained in this paper are not only consistent with classical findings such as the Gronwall-Bellman
and Pachpatte-type inequalities but also extend them significantly. In particular, we provided explicit upper
bounds for systems of integral inequalities involving two real-valued unknown functions in multiple independent
variables, a setting that is more general than most existing works which typically address scalar inequalities or
single-variable cases. Compared to earlier studies such as those in [16] and [17], our framework incorporates
higher-order derivatives, interaction terms, and multi-level integral structures derived from characteristic
solutions, resulting in sharper and more adaptable bounds. Furthermore, in contrast to recent contributions like
Samraiz et al. [4] and Frioui et al. [5], which focus on either graphical representations or parametrized
single-variable forms, our results address coupled systems with additive structures in multidimensional domains.
This generalization not only broadens the scope of applicability (particularly in the analysis of nonlinear
integro-differential equations) but also provides a unified and more refined analytical foundation for further
theoretical developments.
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Unlike earlier contributions which emphasize inequalities in quotient form or rely on weight structures and
conformable fractional calculus [18-20], the present work derives explicit bounds for systems of nonlinear
integral inequalities using additive structures and characteristic solutions in multiple dimensions. This provides a
complementary and practically applicable extension to the field.

The present study lays a solid foundation for further investigation into systems of integral inequalities involving
multiple variables and coupled unknown functions. Future research may focus on extending the current results to
more general classes of nonlinear kernels, time-delay systems, or inequalities defined on non-Euclidean domains
such as manifolds or time scales.
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