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Abstract: This paper aims to link topology and game theory by using definitions of m-pre-separation axioms on
m-pre-topological spaces. In this paper, we introduce and investigate infinitely long games using the concept of separation
axioms on 7-pre-topological spaces, specifically m-pre-Ty, m-pre-T;, and 7-pre-7>. Winning and losing strategies for both
players are studied with some examples. In addition, the effects of pre-open, surjective, injective, and pre-continuous functions
on both players’ strategies in different kinds of games are also studied.
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1 Introduction and Preliminaries

Pre-topology is a generalization of topology introduced by Brissaud [1,2], which depended on previous
work of the Cech closure operator [3] and Kuratowski closure axioms [4]. A pre-topology on a non-empty set X is
a pseudo closure operator 7, from P(X) to P(X), where P(X) is the power set of X, which satisfies the following
conditions: 7(¢) = ¢ and VM € P(X), M C ©(M). A pre-topology is a mathematical tool for modeling complex
systems. Pre-topology has played a great role in data analysis [6, 7], the generalization of graph theory [8,9] and
game theory [10].

A function £ : (X,7) — (Y, 0) is said to be a pre-continuous function if, for all H € O(c),£~!(H) € O(7),
where O(7) and O(0) are collections of all t-pre-open and ¢-pre-open respectively [11,12].

The concept of 7-pre-topological space (X, y,®) has been defined in [13] which is a generalization of pre-
topological space depending on two pre-topologies on an arbitrary universal set. New types of separation axioms
on 7-pre-topological spaces have been introduced in [13]. A 7-pre-topological space (X, W, @) is called a 7-pre-
Ty if it satisfies the following condition, Vk,p € X with k¥ # p,3H € O(y) UO(w) such that k € H,p ¢ H or
kK ¢ H,p € H (i.e, H contains only one of them), a m-pre-topological space (X, y, ) is said to be a m-pre-T; if it
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satisfies the following condition, Vx,p € X with k¥ = p, then 3 Q € O(y) and R € O(®) such that k € Q,p ¢ Q
and p € R,k ¢ R, or equivalently, Kk € Q—R and p € R— Q and a 7-pre-topological space (X, y,®) is called a
n-pre-T; space if it satisfies the following condition, Vk,p € X with k¥ # p, then 3S € O(y) and T € O(®) such
that k €S, p € Tand SNT = ¢, Where O(y) and O(®) are the collection of all pre-open sets with respect to y
and o respectively. A mapping ¢ : (X, v, I") — (Y, o, 8) is called a m-pre-continuous function if the two functions
o:(X,¥) = (Y,a)and ¢ : (X,I') — (Y, B) are pre-continuous functions [13].

In 1957, Berge [14] introduced the term topological game with perfect information. A different meaning of
topological games has been proposed by Telgarsky [15, 16]. The players in a topological game opt for some
elements attached to the topological structures such as covers, open subsets, closed subsets, points, etc., and the
condition on the game to be a winning strategy for a player must satisfy topological structures like compactness,
convergence, closure, etc. These games always consider two players; Player A and Player B. If Player A begins
the game (this means that he makes the first pace). A repeated game is one of the games that has more than one
period, this game’s number of repetitions may be finite or infinite. There are two kinds of games simultaneous and
alternating games. The game is simultaneous if both players choose their paces at the same time, but none of them
knows the choice of the other [17-19]. The game is alternating if one of the players (Player A) opts for one of the
paces, then, the other player (Player B) opts for one of the other paces, after that Player B knows the pace of the
first player and must note the player who begins the game.

A game G is said to be determined if either Player A or Player B has a winning strategy in G. A stationary
strategy is a strategy that depends on the opponent’s last pace only, and Markov strategy is a strategy that depends
only on the ordinal number of the pace and opponent’s last pace. Glavin and Scheeperst [20] studied infinite games.
There is a lot of research talking about topological games such as [21-25]. There is a lot of research that linked
topology and applications in various fields, such as medicine and economics [13,26-28].

In Section 2, we define the infinitely long games Gf}, o) (T0): Gz(% o)(T1) and Gf,, , (T2). We present two
examples, one of which represents a winning strategy for Player A and a losing strategy for Player B, and the
other example represents a winning strategy for Player B and a losing strategy for Player A. Also, we study
winning and losing strategies for both Players with respect to each game. We prove that, if Player B has a winning
strategy in Gz(% o) (T;), i = 1,2, then, Player B has a winning strategy in GE(W-, ) (T;—1). Also, we prove that, if Player
A has a winning strategy in Gi(u/’ ) (T;), i =0,1, then, Player A has a winning strategy in GE(W’ ) (Ti+1). We present
infinite examples on R to clarify the previous two results. In addition, we introduce a diagram to explain the links
between the three kinds of games. finally, we explain the relationship between game theory and pretopology in
real-life situations.

In Section 3, we apply some properties of functions like pre-open, surjective, injective and pre-continuous to
study the effect of these properties with games GE(W‘ w)(To), Gﬁl/‘ 6(,)(Tl) and Gz(w‘ w)(TQ) on both players’ strategies
with respect to games G{aﬁ)(To), Gz(a g)(T1) and G{am(Tg). We prove that, if ¢ : (X,I",A) — (Y, a,B) is a pre-
open function, surjective and Player B has a winning strategy in Gz(n ) (Ty), then, Player B has a winning strategy
in Gz/a B) (To). Also, we prove that, if ¢ : (X,I";,A) — (Y, a, ) is a pre-open function, bijective and Player B has
a winning strategy in Gz(r 2) (T;), then, Player B has a winning strategy in G?(a B) (T;),i = 1,2. In addition, we prove
that, if ¢ : (X,I',4) — (Y, @, B) is a pre-continuous, injective function and Player B has a winning strategy in
Gz(a,ﬁ)(Ti)’ then, Player B has a winning strategy in Gi(r,/l)(Ti)’ i =0,1,2. Finally, a conclusion in Section 4 is

given.
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2 Games on 7-pre-topological spaces

. . .. X x X
In this section, the definitions of Gf,, ) (Tv), Gly.o) (T1) and Gly o)

In addition, winning and losing strategies for both players are studied.

(T») are presented.

Definition 1. Let (X, y, @) be a m-pre-topological space, we define a game Gé% ) (To) the following Player A and
Player B are playing period for each natural number in the j—th period:
In the first pace, Player A opts for K # pj where ki, pj € X. In the second pace, Player B opts for a pre-open subset
H; € O(y) UO(w) such that Hj contains only one of the two points Kj, pj.

Player B has a winning strategy in G?(Vf,w) (To) if H = {H1,Hz,H3,...,Hj, ...} is a collection of pre-open subsets
of X such that Vi # pj, K5, pj € X,3H; € H contains only one of two points kj, pj. Otherwise, Player A wins. We
represent this algorithm for this game in Figure 1.

Example 1. Consider the game G?(W_’ w)(To), where X = {k,p,v,A}. From Table 1,
O(y) = {{p}. {2} {p, v} {x, v}, {Kk,v,A},{K,p,v} X,0} and O(w) = {{v} . {k,p}.{v,.A},{p,v,A}, X, 0}.

Table 1: y(A) and o(A)

A v(A) ®(A) A w(A) ®(A)
{x} | {x,p} {x} {p.vy |{p,v,A} | {p,v,A}
{p} {p} {rx,p} {p.A} | {p.A} X
{v} X X {v,A} X {v,A}
{A} {7} {v,A} {r,p,v} | {x,p,v} X
{x,p} X {x,p} {x,p,A} X {rx,p,A}
{x,v} | {x,p,Vv} X {p,v,A} X X
(Y | {4y | {x,p, 4} (K, v, A} | {x,v, A} | X

Player A and Player B are playing for six periods. Then, the first period is the following: Player A opts for
K # p where k,p € X. Player B opts for H; = {p} € O(y) such that p € H; and x ¢ H;.
Then, the next period (the second period) is the following: Player A opts for k # v where k,v € X.
Player B opts for H; = {v} € O(w) such that v € H, and x ¢ H,.
Then, the next period (the third period) is the following: Player A opts for ¥ # A where k,A € X.
Player B opts for H3 = {A} € O(¢) such that A € H3 and x ¢ H3.
Then, the next period (the fourth period) is the following: Player A opts for p # v where p,v € X.
Player B opts for Hys = {p} € O(¢) such that p € Hy and v ¢ H;.
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Then, the next period (the fifth period) is the following: Player A opts for p = A where p,A € X.
Player B opts for Hs = {1} € O(¢) such that A € Hs and p ¢ Hs.
Then, the next period (the sixth period) is the following: Player A opts for v # A where v,A € X.
Player B opts for Hg = {v} € O(w) such that v € Hg and A ¢ H,.
Then, H = {H;,Hz,H3,Has,Hs, He} is the winning strategy for Player B in GE(W-,CO) (Ty). Hence, Player B wins.

Example 2. Consider the game G%(V/-,w)(TO)’ where X = {x,p,v}. From Table 2, O(y) = {X,0} and
O(w) = {{p},X,0}.

Table 2: y(A) and o(A)
A {«} | ey | v} [ {xp} | {xv} | {p,v}
v(A) | {xv} [ {xp} | X X X X
oA) | X [{p.vi{p, v} X [{kv} X

In the first period: The first pace, Player A opts for k¥ # p where k,p € X. In the second pace, Player B opts
for Hy = {p} € O(w) which is a pre-open set containing p and not containing k.

In the second period: The first pace, Player A opts for k # v where k,v € X. In the second pace, Player B
cannot find H, which is a pre-open set containing only one of the two points k, v. Hence, Player A wins the game

X
Gly.0) (T0)-
Proposition 1. Player B has a winning strategy in the game GE(W- o) (To) if and only if (X, ¥, @) is & — pre — Tp.

Proof . ”=": If Player B has a winning strategy in GE(W w)(T()), then, for any two distinct points xj,xj € X will be
chosen by Player A, Player B can find a pre-open set .4 € O(y) U O(®) which contains only one of the two
points x;, xj. Hence, (X, y, ) is £ — pre — Ty space.

”<": Follows immediately from the definition of & — pre — T for a m-pre-topological space (X, y, @).

Corollary 1. Player B has a winning strategy in Gz(w w)(TO) if and only if for any two distinct points in X, a pre-
closed set contained in C(y)U C(w) exists, which contains only one of them. Where C(y) and C(®) are the

collections of all pre-closed sets with respect to W and ® respectively.

Proof . Follows immediately from Proposition (2.4) and the concept complement pre-open sets.

Corollary 2. Player A has a losing strategy in G} To) if and only if a w-pre-topological space (X, y,®) is
(v.0) v

T — pre —T.

E(‘I/-w)(TO)' If (X,y,®) is not & — pre — Tp, then, there are

two distinct points x;, x; € X such that Player B cannot find a pre-open set % € O(y) U O(w) containing only

Proof . ”’=": Let Player A have a losing strategy in G

one of them. Thus, Player A has a winning strategy. This gives a contradiction with the hypothesis. Hence,
X, y,0) is T — pre — Tp.
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7" Let (X,y,0) be T — pre — Ty. If Player A has a winning strategy in Gz(w‘ w)(To), then, in k — th period,
Player A opts for ki # px € X and Player B cannot find a pre-open set ¥ € O(y) U O(®) which contains only
one of them. This gives a contradiction with the hypothesis. Thus, Player A has a losing strategy in Gé’/ ) (To).

Proposition 2. Player A has a winning strategy in GE(V/- o) (To) if and only if (X, y, ®) is not © — pre — Ty.

Proof . ”=":If Player A a winning strategy, this means that there is r — ¢t/ period in Gz(w‘ ) (Ty), Player A opts for
two distinct points K, pr € X such that Player B cannot choose a pre-open set H, contained in O(y) U O(w)
containing only one of them. Hence, (X, ¥, ®) is not & — pre — Tp.

”<=": Suppose that (X, y,®) is not & — pre — Ty, then, there are two distinct points x;, xj € X such that there is no
existence of a pre-open set . € O(y) U O(w) which contains only one of x;, xj. Then, x; and x; will be the
choice of Player A. In this period, Player B cannot find a pre-open set . € O(y) U O(w) which contains only
one of xj, xj. So, Player A has a winning strategy in Gz(wj o) (To)-

Corollary 3. Player B has a losing strategy in GE(V/ ) (To) if and only if (X, ¥, @) is not T — pre — 1.

Proof . ”="": Suppose that Player B has a losing strategy in GE(‘V-‘D) (To). If (X, y, ) is T — pre — Ty, then, for any
two distinct points x;,x; € X, a pre-open set Z € O(y) UO(w) exists, which contains only one of x;, xj. Hence,
Player B will win Gz(w o) (To). This gives a contradiction with the hypothesis. So, (X, ¥, ®) is not & — pre — Tp.

7<": Let (X, y, @) is not & — pre — Tp. If Player B has a winning strategy in GE(V/. o) (Tp), then, for any two distinct
points xj,x; € X will be chosen by Player A, Player B can find a pre-open set .7 € O(y) UO(w) which contains
only one of them. This gives a contradiction with the hypothesis. So, Player B has a losing strategy in GE(W‘ ) (Ty).

Definition 2. Let (X, W, @) be a m-pre-topological space, we define a game Gz(% o) (Ty) the following; Player A and
Player B are playing period with each natural number in this game in the j — th period:

In the first pace, Player A opts for two distinct points Kj, pj € X. In the second pace, Player B opts for two subsets
Sj € O(y) and Rj € O(w) such that xj € Sj — Rj and pj € Rj = S;.

Player B has a winning strategy in G@,’w) (1) if C={(51,R1),(S2,R2), ..., (5, Rj), ...} is a collection of pre-open
sets in X such that Vi # pj; K5, pj € X,3(Sj,R;) € C such that x5 € S; — R and pj € Rj —Sj. Otherwise, Player A
wins. We represent this algorithm for this game in Figure 2.

Example 3. Consider the game Gz(w m)(Tl)’ where X = {x,p,v,A}. As follows, from Table 1,
O(v) = {{p}.{A}:{p,v}.{x, v} {x,v,A},{Kx,p,v},X,0} and O(@) = {{v},{K,p},{v,A},{p,v,2},X,0}.

Player A and Player B are playing for six periods in this game. Then, the first period is the following: Player A
opts for k¥ # p, where x,p € X.
Player B opts for S = {x,v} € O(y) and R; = {p,Vv,A} € O(W) such that k € S; —R; and p € R — 5.
Then, the next period (the second period) is the following: Player A opts for k # v, where k,v € X.
Player B opts for S» = {p,v} € O(y) and R, = {Kk,p} € O(W) such that v € S —R; and K € Ry — 5.
Then, the next period (the third period) is the following: Player A opts for k # A, where K, A € X.
Player B opts for S3 = {A} € O(y) and Rz = {x,p} € O(W) such that A € S3 — Rz and x € R3 — S3.
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Then, the next period (the fourth period) is the following: Player A opts for p # v, where p,v € X.
Player B opts for S4 = {p} € O(y) and R4 = {v} € O(W) such that p € S4 — R4 and v € Ry — Ss4.
Then, the next period (the fifth period) is the following: Player A opts for p # A, where p,A € X.
Player B opts for Ss = {p} € O(y) and Rs = {v,A} € O(W) such that p € Ss —Rs and A € Rs — S.
Then, the next period (the sixth period) is the following: Player A opts for v # A, where v, A € X.
Player B opts for S¢ = {A} € O(y) and Rg = {v} € O(W) such that A € S¢ — R and v € R — Se.
Then, C = {(S1,R1),...,(S¢,Re) } is the winning strategy for Player B in this game. Hence, Player B wins the
game.

Remark. A m-pre-topological space (X, ¥, ®) as in Example 2.3, is not w-pre-7; because it is not 7-pre-Ty.

Proposition 3. Let (X, ¥, ®) be a n-pre-topological space. Then, Player B has a winning strategy in the game
Gz(w w>(T1) if and only if (X, ¥, @) is w-pre-Tj.

Proof . ”="": Let Player B have a winning strategy in GE(W ) (T1). Then, for any two distinct points xj,x; € X will

be chosen by Player A, Player B can find S € O(y) and R € O(®) such that x; € S — R and x; € R— S. Hence,
(X, v, ®) is a m-pre-Tj space.

”<=": Follows from the definition of a 7-pre-7; space.

Corollary 4. Let (X,y,®) be a m-pre-topological space. Then, Player B has a winning strategy in the game
Gf(%m (Th) if and only if for any two distinct points xi,x; € X, F € C(y) and G € C(®) exists, such that x; € F — G
andxj € G—F.

Proof . Follows from Proposition 2.12 and the concept of the complement of pre-open sets.

Corollary 5. Let (X, ¥, ) be a m-pre-topological space. Then, Player A has a losing strategy in Gz(l// o) (Th) if and
only if (X, ¥, ®) is a w-pre-Ty space.

Proof . ”="": Let Player A have a losing strategy in GE‘W. ) (Ty). If (X, v, @) is not m-pre-Tj, then, two points exist
xi,xj € X such that there is no 7 € O(y) , U € O(®) such that x; € T —U and x; € U —T. So, Player A has a
winning strategy. This gives a contradiction with the hypothesis. Thus, (X, ¥, ®) is a m-pre-T; space.

”<": Suppose that (X, y, @) is a m-pre-T space. If Player A has a winning strategy, then in r — ¢/ period Player
A opts for two distinct points K, pr € X and Player B cannot find E € O(y) , F € O(®) such that k, € E — F and
pr € F — E. This gives a contradiction with the hypothesis. Hence, Player A has a losing strategy in Gz(w ) (Th).

Proposition 4. Ler (X, ¥, ®) be a m-pre-topological space. Then, Player A has a winning strategy in Gz(w ) () if
and only if (X, ¥, ®) is not a w-pre-Ti space.

Proof . ”’="": Let Player A have a winning strategy, then, there is i — ¢/ period in GE(V/- o) (Th), where Player A opts

for two distinct points &, p; € X such that Player B cannot find R; € O(y) and S; € VO(W) such that k; € Rj — S;
and p; € S; — R;. Thus, (X, ¥, @) is not a w-pre-T space.

”<": Let (X, y,®) not be a m-pre-T; space, then, there are two distinct points xj,xj € X such that there are no
L€ O(y) and M € O(w) such that x; € L — M and xj € M — L. Thus, if x; and x; are the choices of Player A in
the r — th period, for some r. In this case, Player A has a winning strategy in GE(W ) (Th).
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Corollary 6. Let (X, ¥, ) be a m-pre-topological space. Then, Player B has a losing strategy in Gz(u,, ) (Tv) if and

only if (X, ¥, ®) is not a w-pre-T space.

Proof . ”’=": Let Player B have a losing strategy. If (X, y, @) is a 7-pre-T} space, then, for any two distinct points
xi,x; € X, M € O(y) and N € O(w) exists, such that x; € M — N and xj € N — M. Thus, Player B will win the
game. This gives a contradiction with the hypothesis. Therefore, (X, ¥, ®) is not a m-pre-T; space.

”<=": Suppose that (X, ¥, @) is not a m-pre-T; space. If Player B has a winning strategy, then, for any two distinct
points x;,xj € X will be chosen by Player A, thus, Player B can find two pre-open sets 7 € O(y) and U € O(w)
such that x; € T — U and x; € U —T. This gives a contradiction with the hypothesis. Therefore, Player B has a
losing strategy in GE(W-, o) (T1)-

Definition 3. Let (X, y,®) be a w-pre-T, space. We define a n-pre-Ty game Gz(% w)(TZ) the following: Player A
and Player B are playing period with each natural number in this game in the r — th period:
In the first pace, Player A opts for K # pr where K¢, pr € X. In the second pace, Player B opts for two pre-open
subsets Sy € O(y) and T, € O(w) such that & € Sy, pr € Ty and Sy NT = ¢.

Then, Player B has a winning strategy in the game G?(w,m(m ifF={(81,11),(5,T2),...., (S¥, T), ...} is a
collection of pre-open sets such that V«; # py € X there exist two disjoint pre-open sets (Sy, Tr) € F, Sy € O(y) and
Ty € O(®) such that &y € Sy, pr € Ty. otherwise, Player A wins in the game G

(v.0) (Tr). We represent this algorithm
for this game in Figure 3.

Example 4. Consider the game GE(% ) (I), where X = {k,p,v,A} the following, from Table 3,
o(v) ={{x,p},{A},{x},X,¢} and O(®w) = {{v,A},{p,v},X,9}. Player A and Player B are playing for six
periods in this game. Then, the first period is the following: Player A opts for k¥ # p, where k,p € X.
Player B opts for S| = {k} € O(y) and R; = {p,v} € O(W) such that k € S|, p € Rj and S| "R = ¢.
Then, the next period (the second period) is the following: Player A opts for k¥ # v, where k,v € X.
Player B opts for S, = {x} € O(y) and R, = {v,A} € O(W) such that v € S, kK € R, and S "Ry = ¢.
Then, the next period (the third period) is the following: Player A opts for k # A, where kK, A € X.
Player B opts for S3 = {x} € O(y) and R3 = {v,A} € O(W) such that A € S3 and Kk € R3 and S3N T3 = ¢.
Then, the next period (the fourth period) is the following: Player A opts for p # v, where p, v € X.
Player B opts for S4 = {k,p} € O(y) and Ry = {v,A} € O(W) such that p € S4, Vv € R4 and S4N R4 = ¢.
Then, the next period (the fifth period) is the following: Player A opts for p # A, where p,A € X.
Player B opts for S5 = {k,p} € O(y) and Rs = {v,A} € O(W) such that p € S5, A € Rs and S5 N Rs.
Then, the next period (the sixth period) is the following: Player A opts for v # A, where v, A € X.
Player B opts for S¢ = {A} € O(y) and Rg = {v,A} € O(W) such that A € S, v € R and S¢ N Re.
Then, F = {(S1,R1),...,(S6,Rs)} is the winning strategy for Player B in this game. Hence, Player B wins the
game.

Remark. Note that a m-pre-topological space (X, ¥, ®) in Example 2.3 is not a 7-pre-7> space.

Proposition 5. Let (X, ¥, ®) be a m-pre-topological space. Then, Player B has a winning strategy in the game

Gz(w‘m(Tz) if and only if (X, ¥, @) is w-pre-T».
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Table 3: y(A) and o(A)

Proof . ”’=": Let Player B have a winning strategy in G

A v(A) o(A) A y(A) ®(A)
{x} | {x.p.v}| {x,p} {p,v} X X
{p} | {p.v} X {p.A} | {p,v,A} X
{vt | {xv} [{p,v,2} {v.a} | {v.A} | {p.v,2}
{7} X {r, A} {x.p,v} | {x,p,v} X
{x,p} X {x,p} {x,p,A} X X
{,v} | {x,v,A} | {x,p,v} {p,v,A} | {x,v,A} X
{K, 2} X {x, 2} {r,v,2} X X

(T2). Then, for any two distinct points xj,x; € X will

(y,0)
be chosen by Player A, Player B can find two distinct pre-open sets S € O(y) and R € O(w) such that x; € S and

xj € R. Hence, (X, y, ) is a w-pre-T5 space.

”<=": Follows from the definition of a m-pre-T, space.

Corollary 7. Let (X, ¥, ®) be a mt-pre-topological space. Then, Player A has a losing strategy in Gz(ll/ o) (T») if and
only if (X, ¥, ®) is a mw-pre-T, space.

Proof . ”="": Let Player A have a losing strategy in Gz(w o) (T»). If (X, v, w) is not w-pre-T», then, two points exist

xj,xj € X such that there are no distinct two pre-open sets 7 € O(y) , U € O(®) such that x; € T and x; € U. So,
Player A has a gaining strategy. This gives a contradiction with the hypothesis. Thus, (X, y,®) is a w-pre-T»
space.

”<": Suppose that (X, y, @) is a w-pre-T, space. If Player A has a winning strategy, then, in j — th period Player
A opts for two distinct points &j, pj € X and Player B cannot find two distinct pre-open sets E € O(y) , ¢ € O()
such that xj € E and p; € ¢. This gives a contradiction with the hypothesis. Hence, Player A has a losing strategy
in GE(‘VA,CU) (T»).

Proposition 6. Let (X, y, @) be a m-pre-topological space. Then, Player A has a winning strategy in Gz(v‘ o) () if
and only if (X, ¥, ®) is not a w-pre-T) space.
X

(v,0
for two distinct points kj,p; € X such that Player B cannot find two distinct pre-open sets R; € O(y) and

Si € O(W), that satisfy k; € R; and p; € Sj. Thus, (X, y, ®) is not a w-pre-T5 space.

Proof . ”=": Let Player A have a winning strategy, then, there is i — ¢/ period in G )(Tz), where Player A opts
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”<": Let (X, ¥, ®) be not a -pre-T> space, then, there are two distinct points x;,x;j € X such that there are no two
distinct pre-open sets L € O(y) and M € O(®) such that x; € L and x; € M. Thus, if x; and x; are the choices of
Player A in period i, for some i, then, Player A has a winning strategy in Gz(w ) (T).

Corollary 8. Let (X, ¥, ®) be a m-pre-topological space. Then, Player B has a losing strategy in G?(W ) (T») if and
only if (X, ¥, ®) is not a w-pre-T, space.

Proof . ”=": Let Player B have a losing strategy. If (X, ¥, ®) is a m-pre-T; space, then, for any two distinct points
xj,Xj € X, two distinct pre-open sets M € O(y) and N € O(w) exist, such that x; € M and xj € N. Thus, Player B
will win the game, which contradicts the hypothesis. Therefore, (X, ¥, @) is not a w-pre-T5 space.

”<": Suppose that (X, ¥, @) is not a m-pre-T space. If Player B has a winning strategy, then, for any two distinct
points xj,xj € X will be chosen by Player A, Player B can find two distinct pre-open sets T € O(y) and
U € O(w) such that x; € T and x;j € U. This gives a contradiction with the hypothesis. Therefore, Player B has a
losing strategy in GE(W’ o) (12)-

Remark. If Player B has a winning strategy in Gz(w‘ w)(Ti), i = 1,2, then, Player B has a winning strategy in
Gy (Ti-1):

Remark. If Player A has a winning strategy in Gi(lll- w)(Ti)’ i = 0,1, then, Player A has a winning strategy in

Gé%@) (Tis1)-

Example 5. Let I : P(R) — P(R); R is the real numbers with usual topology, i = 1, 2 be a pre-topologies on R
such that:

i-For every interval /; which is a subset of P(R) and with right-bounded, the effect of (I7) on I} makes I; closed
from the right. Every subset of R and any interval with right-unbounded are I'7-closed. Also, from the definition of
I7 we get every singleton is I'j-closed.
ii-For every interval I, which is a subset of P(R) and with left-bounded, the effect of (I3) on I, makes I, closed
from the left. Every subset of R and any interval with left-unbounded are I3-closed. Also, from the definition of
I; we get every singleton is I>-closed.

In the r —th period; r = 1,2,...: In the first pace, Player A: opts for x, # y, where xy,yr € R,x¢ < yy. In the
second pace, Player B opts for a I3-pre-open set Hy = |—co, x| J]yr,o0[ € O(I]) such that x; € Hy,yr # Hy.
Then, H = {H; = |-, x1]U]y1,%0[,H2 = |—o0, %3] U]y2,%°[,....Hr = ]—o0,%¢]U]yr,00[,...} is the winning
strategy for Player B in G]& n) (To). Hence, Player B gains.

In the r — th period; r = 1,2,...: In the first pace, Player A opts for x; # y; where %, yr € R, x¢ < yy. In the
second pace, Player B opts for S; = |x,,o0[ € O(I7) and Ry = | —o0, y;[ € O(I3) such that y, € Sy — Ry and x, € Ry —
Sr. Then, C = {(51’ Ri) = (]Xlﬁoo[v]_‘)o7yl [)7 (S2, RZ) = (]X27°°[>]_°°7y2[)’ R (Sh Re) = (}Xhoo[’]_oo’yl'[% } is
the winning strategy for Player B in G]FFI ) (T1). Hence, Player B wins.

In the r — th period; r = 1,2,...: In the first pace, Player A opts for x; # y; where %, yr € R, x¢ < yy. In the
second pace, Player B opts for T = |xy,0[ € O(I7) and Sy = | —oo, %] € O(I3) such that xy € Sy, yr € Ty and S,y N
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Ty =0.Then, F = {(Tlvsl) = (]le‘x’[a]_wvxl])v (T2,S2) = (]X27°°[7]_°°’X2])7 (Tr,Sr) = (]erm[a]_xvxr])v"'}

is the winning strategy for Player B in G]%{Fl ) (T»). Hence, Player B wins.

The following schema clarifies what we proved.

Player B has a
winning strategy .

Player B has a
winning strategy

Player B has a
winning strategy

in G%(%w) (Tz) in Gi(%w) (Tl) in G?y/,w) (To)
X, v, 0) is (X, y,0) is X, v, 0) is
m-pre-Tp 7-pre-Tq 7-pre-Tp

Player A has a
losing strategy in

Sy (T2)

Player A has a

losing strategy in
X
Gy (T1)

Player A has a
losing strategy in

Gy, (T0)

2.1 The relationship between game theory and pretopology in real-life situations:

We would like to show some real-life examples and explain the link between game theory and pretopology using
these examples. We start with the first example in the medical field and the other example in the economic field.

Example 6. The following Table 4, consists of information data for a group of 10 patients who are represented
by € = {C1,C,,C3,C4,C5,Cq,C7,C3,Co,Clo}+ and the decision to infect a patient with Covid-19 was based on
the most common symptoms and exchanges among many patients. Symptoms can be fever, a dry cough, body
aches, loss of appetite, shortness of breath, fatigue, mucus, stuffy nose and nausea respectively [30] represented
by &7 = {A1,A2,A3,A4,As,A¢,A7,Ag,Ag}. Also, we define the class for each patient as [C;] = {C; : C; share 7 or
more symptoms with C;} from Table 4 we get

[C1] = {C1,C4,Cr0},
[C2] ={C2,C5,Cs},
[C5
[
[

]

| =1{C,G5,Gs},
Cy4) ={C1,C4,Cs,Cro},
Cs] ={Cs},
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Table 4: Medical information data

Cs) = {C4,Cs,Co},

]
C7]
]

Co]

Cio] = {C1,C4,Cio}.

Patients Aj Ar | Aj Ay | Aj Ag | A7 | Ag | Ag | covid-19
] High | Yes | No | No | Yes | Yes | No | Yes | No Yes
) High | No | Yes | Yes | Yes | No | Yes | No | Yes No
G High | Yes | Yes | Yes | Yes | Yes | Yes | No | Yes Yes
Cy High | Yes | Yes | No | No | Yes | No | Yes | No Yes
Cs Normal | Yes | Yes | Yes | No | No | Yes | No | Yes No
Co High | No | Yes | No | No | Yes | No | Yes | Yes No
Gy Normal | Yes | No | Yes | No | No | No | No | No No
Cg High | Yes | Yes | No | Yes | No | Yes | No | Yes Yes
Gy High | No | Yes | Yes | No | Yes | Yes | Yes | Yes No
Cio High | Yes | No | No | Yes | Yes | No | Yes | No No

={C7},

= {C67C9}9

[
[
[Cs] = {C>,C3,C3},
[
[

We can define the pre-topology Ton Cas ©(B) = {C;: BN[C;| #0,VB € P(C)}. Where B = {C>,Cs5,Cs,C7,C9,Ci0}
is the set of patients without covid-19. We defined the winning and losing strategies as the patient has a winning
strategy if he belongs to pre-interior of the subset B. Otherwise, the patient has a losing strategy.
Since pre-interior(B)= (7(B)°)¢, where (B)¢ is the complement of B. Then pre-interior(B)= {Cs,C7,Co }, this result
means that Cs,C; and Cg only have a winning strategy.

Example 7. In this example, we have information data for a group of 5 companies, is represented by
M = {t\, M, M3, My, M5}. These companies build houses for sale, and each company has specifications for
these houses. specifications can be price, location, green surroundings, area, parking and finishing respectively
represented by S = {.7,.%,.%3,.%4,.%5,-%% }. Also, we define the class for each company as

Table 5: Economic information data

sales
Company A S S 4 S5 Y% and
marketing

M) High | Special | Available | Normal | Available | Ultra Lux High
M Normal | Normal | Available | Normal | Unavailable | Super Lux High
M3 Normal | Normal | Unavailable | Normal | Unavailable | Super Lux Low
My High | Normal | Unavailable | Large | Unavailable Lux Low
M's High | Special | Available Large Available | Ultra Lux High
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[M;| = { M : M share 4 or more specifications with .#;} from Table 5 we get

(| = { A, M}, (M) = { Mo, MY, [ M) = { Ao, M, MY, | M) = { M5, Ma}

and [#s5) = {4\, #5}. We can define the pre-topology I' on N as I'(N) = {.#; : NN [.#;] # 0,YN € P(M)}.
Where N = {4, .#>,.#5} is the set of companies that has high marketing and sales. We defined the winning
and losing strategies as, the company has a winning strategy if it belongs to pre-interior of the subset N.
Otherwise, the company has a losing strategy.

Since pre-interior(N)= (I'(N)°)¢, where (N)° is the complement of N. Then pre-interior(N)= {.#},.#5}, this
result means that .#| and .#5 only have a winning strategy.

3 Pre-open Functions with Games

In this section, we apply some properties of functions like pre-open, surjective, injective and pre-continuous to

study the effect of these properties with games GXW. w)(To), G?W‘ w)(Tl) and GX_(T») on both players’ strategies

: (v.0)
with respect to games G, ) (To), Gly ) (T1) and Gy, 5 (T2).

Proposition 7. Let ¢ : (X,I",A) — (Y, a,B) be a pre-open function. Then,

1.If @ is surjective and Player B has a winning strategy in GE(F)M(TO), then, Player B has a winning strategy in
Glap)(T0)-
2.If ¢ is bijective and Player B has a winning strategy in Gz(r, l)(Ti)’ then, Player B has a winning strategy in

Gy py (). i=1,2.

Proof . 1.In the r —th period, r = 1,2,..., let Player A in GTa,ﬁ)(TO) opt two distinct points kg, T, € Y. Since
@ is surjective, then, there exists ¢~ '(k), ! (%) € X such that ¢~ (k) # @' (7). Since Player B has
a winning strategy in Gz(F,)L)(TO)’ then, there exists a pre-open set M, € O(I') U O(A) which contains one
of the two elements ¢! (i), @' (1),r = 1,2,.... Since @ is pre-open, then, ¢(M;) € O(ca) U O(B). Thus,
Player B in GE((L ﬁ)(TO) opts for @(M;) which contains one of the two elements ki, Ty,r = 1,2, .... Therefore,
B={o(M)),...,0(M,),...},r=1,2,... is the winning strategy for Player B in G{aﬁ)(To), hence, Player B wins
G, ) (T0):

2.For i=1, In the r — th period, r = 1,2,..., let Player A in Gz(a,ﬁ)(Tl) opt two distinct points &, T € Y. Since
@ is surjective, then, there exists ¢ 1 (k;),9 (1) € X such that ¢! (k;) # ¢~ !(1). Since Player B has a
winning strategy in Gi(n M(Tl ), then, two pre-open sets My, Ny, where M, € O(I") and N, € O(A) exist, such
that ¢~ () € My — Ny and ¢! (1) € Ny — M. Since ¢ is a pre-open function, then, ¢(M,) and @(N;) are
pre-open sets, where @(M;) € O(a) and @(N;) € O(P). As ¢ is injective, thus, Player B in Gz(aA,B)(Tl) opts for
@ (M,) and @(N;) are two pre-open sets such that & € @(My —Ny) = @(My) — @(N;) and 1, € @(N, —M,) =
O(N,)—o(M,),r=1,2,.... Therefore, B={(@(M}),o(N1)),..., (@(M,),(N,)),...},r = 1,2, ... is the winning
strategy for Player B in G{a’ B) (T1), hence, Player B wins G{a’ B) (1h).
For i =2, In the r — th period, r = 1,2,..., let Player A in Gz(a,ﬁ)(TZ) opts for two distinct points K, % € Y.
Since ¢ is surjective, then, ¢! (i), @' () € X exists, such that ¢! (&) # ¢~ !(%). Since Player B has a
winning strategy in G<Xr,z>(T2>’ then, two pre-open sets exist My, Ny, where My € O(I") and Ny € O(A) such
that 9! (k) € My, 9~ (%) € Ny and M, NN, = ¢. Since @ is a pre-open function, then, ¢(M;) and @(N;) are
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CSrar>

< lmputX={71,72,7s....7a) and H= {Hy,HaHa, o He o}

Player A chooses 7; # Ty, in X and j, k = 113_'_7—______‘“3

Mo

output Fame E?.“.W]ETn:l finishes

Fig. 1: Simple flowchart for the steps of the algorithm for the game Gz(% o) (To)

pre-open sets, where @(M;) € O(a) and @(N;) € O(P). As ¢ is injective, thus, Player B in G{a 5 (T») opts for
@ (M,) and @(Ny) are two pre-open sets such that ky € Q(My), T € @(Ny) and @(MrNNy) = @(My) NQ(Ny) =

¢,r=1,2,.... Therefore, B= {(@(M1),(N1)), ..., (@(My),@(Nr)),...},r = 1,2,... is the winning strategy for
Player B in Gz(a ﬁ)(TZ)’ hence, Player B wins G{a ﬁ)(TZ)'
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ST X = (rama ) 0 Gy T HC = (SR, GaRa). e S R}

c@mmq £ 7y in X and j,k — 11@

Tj & S — Rm 200 T £ Riw — 5m

No
No Yos
output Player A output Player B
wins in i-th period wins in Fth period

Fig. 2: Simple flowchart for the steps of the algorithm for the game Gz(% o) (1)

The following schema clarifies what we proved:

Proposition 8. Ler ¢ : (X,I',1) — (Y, &, B) be a pre-continuous and injective function. If Player B has a winning
strategy in G{a 8) (T;), then, Player B has a winning strategy in GE(F ) (h),i=0,1,2.
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¢ is surjective -

Let
¢:(X,I4) = (Y, )
be a pre-open function

¢ is bijective

Player B has a
winning strategy

in G%(F,).) (T())

Player B has a
winning strategy
in GY

Player B has a
winning strategy

in Gz(l",l) (1)

Player B has a
winning strategy

in GE(FJ») (Tl)

Player B has a
winning strategy

in G(Yaﬁ) (Tz)

Player B has a
winning strategy

(,B) (To) in Gz(a,ﬁ) (fh)

Proof . Fori=0, In the r —th period, r = 1,2, ..., let Player A in Gﬁ_’l) (To) opts for two distinct points k., T € X.
Since ¢ is injective, then, @(k;), 9(7r) € Y exists, such that ¢(x;) # @(7;). Since Player B has a winning strategy
in Gz(aﬁ)(To), then, there exists a pre-open set My € O(a) U O(f) which contains one of the two elements
0(K), (), r =1,2,.... Since ¢ is pre-continuous, then, ¢~ (M,) € O(I') UO(A). Thus, Player B in G?(F-,M(TO)
opts for @~ !(M,) which contains one of the two elements &, T,r = 1,2,---. Therefore, B = {@~'(M;),
@ Y (My),...},r = 1,2, ... is the winning strategy for Player B in GE(F,l)(TO)’ hence Player B wins GE(FJ) (To).

For i =1, In the r — th period, r = 1,2, ..., let Player A in Gz(r l)(Tl) opts for two distinct points kg, T, € X.

Since @ is injective, then, @(k;), @(7y) € Y exists, such that (k;) # @(7;). Since Player B has a winning strategy
in G?((Lﬁ)(Tl ), then, there exist two pre-open sets My € O(¢t) and NyO(f) such that ¢(ky) € My — Ny and @(7;) €
Ny —My,r = 1,2,.... Since @ is pre-continuous, then, ¢! (M;) € O(I") and ¢! (N;) € O(A). Thus, Player B in
G?(F,)L)(Tl) opts for ¢! (M,) and ¢! (N;) such that kz € @' (My —Ny) = @' (My) — @1 (Ny) and 7, € @ (N, —
M) = @ ' (Ny) — @' (My),r = 1,2, ... Therefore, B = {(¢~'(M}), ' (N)),..., (@~ (M), 0~ (Ny)), ... },r =
1,2, ... is the winning strategy for Player B in G?(r,/l) (T1), hence, Player B wins GE(FJ») (Ty).

For i =2, In the r — th period, r = 1,2,..., let Player A in G?F,M(Tz) opts for two distinct points &, T € X.
Since ¢ is injective, then, @(k:), ¢(7) € Y exists, such that (k) # @(7;). Since Player B has a winning strategy
in G(Yaﬁ)<T2), then, there exist two pre-open sets My € O(@) and N, € O(f) such that (k) € My, ¢(7) € Ny and
MyNN; = ¢,r=1,2,.... Since ¢ is pre-Continuous, then, ¢! (M) € O(I") and ¢! (N;;) € O(1). Thus, Player B in

GE(F,A)(TQ) opts for (M) and @~ ! (N;) such that i € @' (M), 7 € 91 (V) and @~ (M) N @~ (Ny) = ¢, 1 =
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1,2,.... Therefore, B = {(¢~' (M), 0" (N})), ..., (@~ (M), @' (Ny)),...},r = 1,2, ... is the winning strategy for
Player B in Gz(r,x)(B)’ hence, wins G?F,/l)(TZ)'

The following schema clarifies what we proved:

Let
¢ is pre-contiouns o: (X, ILA) — (Y, 0, B) ¢ is injective
be a function

Player B has a
winning strategy
in Gz(a,ﬁ (),
i=0,1,2

Player B has a
winning strategy
in Gé"’)\’ (),
i=0,1,2

4 Conclusion

E(l,,_w) (T») and study the relationship

between these games and both players’ strategies. Also, we used the properties of functions to get the relation

. . . . x X
We introduce the notions of infinitely long games Gf, (To), Gly.o) (T) and G
between the three kinds of games with respect to different 7w-pre-topological spaces and players’ strategies. In

future studies, we introduce another link between game theory and topological structures, such as fuzzy and rough
topological spaces with different examples like computer science and biology.

Availability of data and material

Data sharing is not applicable to this article as no datasets were generated or analyzed during the current study.

© 2024 NIDOC
National Information and Documentation Center



@ 99

J. Eg. Math. Soc. 32 (1), 83-100 (2024)

Conflict of interest

The author declares that the have no competing interests.

Funding

There is no funding source for the research.

Authors’ contributions

The authors contribute equally to the work.

Acknowledgment

The author would like to thank anonymous reviewers.

References

[1] M. Brissaud, Les espaces pretopologiques, Compete-rendu de I’Academie des Sciences, 280(A), 705-708 (1975).

[2] M. Brissaud, Espaces Pretopologiques generalises et applications: Connexites, Compacite, Espaces preferencies generaus,
In URA, 394, Layon, (1986).

[3]1E. Cech, Topological Spaces, John Wiley and Sons, New York, NY, USA, (1966).

[4] K. Kuratowski, Topologie, Nakl. Palskiego Towarzystwo Matematycznego, Warszawa, (1952).

[5] Z. Belmandt, Manuel de Pretopologie et ses applications, Hermes, (1993).

[6] J. P.Auray, G. Duru and M. Mouggeot, A pretopological analysis of input output model, Economics letter, 2(4), 343-347
(1979).

[7] C. Largeron and S.Bornnevay, A pretopological approach for structural analysis, Information Sciences, 144, 169-185 (2002).

[8] M. Dalud-Vincent, M. Brissaud and M. Lamure, Closed Sets and Closures in Pre-Topology, International Jornal of Pure
and Applied Mathematics, 50(3), 391-402 (2009).

[9] M. Dalud-Vincent, M. Brissaud and M. Lamure, Connectivities and Partitions in a Pre-topological Space, International
Mathematical Forum, 6(45), 2201-2215(2011).

[10] J. P. Auray, Contribution a I’etude des structures pauvres,These d’Etat Universite Lyon, 1, Octobre, (1982).

[11] A. Csaszar, Generalized Topology, Generalized Continuity, Acta Math Hungar, 96(4), 351-357 (2002).

[12] A. Csaszar, Generalized Open Sets in Generalized Topologies, Acta Math. Hungar, 106(1-2), 53-66 (2005).

[13] H. S. Osman, S. A. El-Sheikh, A. E. Radwan and A. A. El-Atik, A model of m-pretopological Structures and related to
human heart, Jornal of Intelligent & Fuzzy Systems, 44, 9431-9439 (2023).

[14] C. Berg, Topological Games with perfect Information, Contribution to the Theory of games, 11, 165-178 (1957).

[15] R. Telgarsky, Spaces defined by topological games, Fund. Math., 88, 193-223 (1975).

[16] R. Telgarsky, Spaces defined by topological games II, Fund. Math., 116, 189-207 (1983).

[17]R. J. Aumann, Survey of repeated games, Essay in Game Theory and Mathematical Economics in Honor of Oskar
Morgenstern, 1981, 11-42 (1981).

[18]J. S. Banks and R. K. Sundaram, Repeated games, finite automata and Complexity, Games and Economic Behavior, 2,
97-117 (1990).

[19] M. A. Nowak, K. Sigmund and E.El-Seidy, Automata repeated Games and noise, J. Math. Biol., 33, 703-722 (1995).

[20] F. Galvin and M. Scheepers, A ramseyan theorem and an infinite game, J. Comb. Theory, Ser. A, 59(1), 125-129 (1992).

[21] A. R. Abdel-Malek and E. El-Seidy, Some soft ideal spaces via infinite games, Engineering Applications of Artificial
Intelligence, 133(B), 108129 (2024).

© 2024 NIDOC
National Information and Documentation Center



100 El Seidy et al.: Alternating Repeated Games via 7-Pre-Separation Axioms and Functions

[22] A. A. El-Atik, New types of winning strategies via compact spaces, Journal of the Egyption Mathematical Society, 25,
167-170 (2017).

[23] F. Galvin and R. Telgarsky, Stationary strategies in Topological games, Topol. Appl., 22(1), 51-69 (1986).

[24] A. E. Radwan, E. El-Seidy and R. B. Esmaeel, Infinite games via covering properties in ideal topological spaces,
International Journal of Pure and Applied Mathematics, 106(1), 259-271 (2016).

[25] R. Telgarsky, On Sieve-Complete and Ccompact-like Spaces, Topology and its Applications, 16, 61-68 (1983).

[26] M. K. El-Bably, M. I. Ali and E. A. Abo-Tabl, New topological approaches to generalized soft rough approximations with
medical applications, J. Math., 2021, ID 2559495 (2021).

[27] M. K. El-Bably and E. A. Abo-Tabl, A topological reduction for predicting of lung cancer disease based on generalized
rough sets, Jornal of Intelligent & Fuzzy Systems, 41, 3045-3060 (2021).

[28] M. K. El-Bably, R. Abu-Gdairi and M. A. El-Gayar, Medical diagnosis for the problem of Chikungunya diseasebusing soft
rough sets, AIMS Mathematics, 8(4), 9082-9105(2023).

[29] M. A. El-Gayar, R. Abu-Gdairi, M. K. El-Bably and D. I. Taher, Economic decision-making using rough topological
structures, Journal of Mathematics, 2023, ID 4723233 (2023).

[30] Symptoms of Coronavirus [cited 2020]. https://www.webmd.com/lung/covid-19-symptoms.

© 2024 NIDOC
National Information and Documentation Center



	Introduction and Preliminaries
	Games on -pre-topological spaces
	 Pre-open Functions with Games
	Conclusion

