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1. Introduction and Preliminaries

The notion of fuzzy sets, originally presented by Zadeh [1], was used to define fuzzy topological
spaces [2-4]. Later, Rosenfeld [5] presented the fuzzification of groups, and Foster [6] followed
by introducing fuzzy topological groups. Also, the fuzzification of partial groups was

introduced by [7], using T-partial monoids on I = [0,1].

Abd-Allah et al [8] presented the notion of topological partial groups, which we give the
abbreviation 'TPG’. In the current paper, we examine the fuzzification of TPGs, using the
definition of fuzzy partial groups with the T-operation as the T—norm minimum. Also, we
introduce the fundamental theorems of isomorphisms of fuzzy TPGs. Finally, the product of

fuzzy TPGs was introduced.

We provide basic definitions and necessary results that are utilized throughout the paper. We

consider I = [0,1] and P; are the projection mappings Vj € ] in this paper.
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Definition 1. [1] Let X be a set, and a : X — I be a mapping. We call a a fuzzy set, that

associates a membership degree a(x) to every element x € X.

Definition 2. [4] Let X be a set, and & be a collection of fuzzy subsets of X. We call (X, ) a

fuzzy topological space if:

1.1, € § Vc €I, where I, is a constant fuzzy set,
2.Ifu,ve s, thenunv €d,

3.1fu; €6 Vj€J, then | J p; €6
jed

We refer to the elements of § as fuzzy open sets, and the fuzzy topological space will be called
FTS for short.

Definition 3. [3] Let {(Xj, 6j),j € ]} be a collection of FTS’s, X = [];¢; Xj, and let § be the
smallest topology on X that makes P; fuzzy continuous Vj € J. Then, we call (X, &) the product
FTS.

Definition 4. [6] Let (X,8) be an FTS, and let a be a fuzzy subset of X. Then, §, =
{una:u € 6}is called the induced fuzzy topology on a, and we call («, &,) a fuzzy subspace
of (X, 6).

Proposition 1. [6] Let {(X;,6;),i = 1,2,...,n}, be a finite collection of FTS’s, and let (X, 6)
be their product FTS. Let a; be a fuzzy subset of X;, and &, be the induced fuzzy topology on
a;, Vi =1, 2,...,n. Then, the product of the fuzzy subspaces {(al-, é‘ai), i=1,2.., n}, is a fuzzy
subspace of (X, 6).

Proposition 2. [3] Let {(X;,8;),j € ]} be a collection of FTS’s, and let (X, §) be their product
FTS, and let the mapping ¢ : (Y,w) — (X, §). Then, The mapping ¢ is fuzzy continuous if
and only if the mapping P;¢ is fuzzy continuous Vj € J.

Definition 5. [6] Let (X,8) be an FTS, ¢ : X — Y. The fuzzy image topology ¢[5] =
{u €Y : ¢ u] € 6} is the largest fuzzy topology on Y which makes ¢ fuzzy continuous.

Definition 6. [6] Let (Y,w) be an FTS, ¢ : X — Y. The fuzzy inverse image topology
¢ Hw] = {¢p7ul: u € w} is the smallest fuzzy topology on Y which makes ¢ fuzzy

continuous.

Definition 7. [5] Let X be a group, and y be a fuzzy subset of X. We call y a fuzzy group if:

1. y(xy) = min {y(x),y(y)}Vx,y € X;
2. y(x ) = y(x) vx € X.
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Definition 8. [5] Let a be a fuzzy subset of a set X. Then, a has the sub property if for every

A € X,3a, € A such that a(ay) = sup a(a).
a€EA

Definition 9. [5] Let y be a fuzzy group of a group X. y is called ¢-invariant if Vxq,x, €
X such that ¢p(x;) = ¢p(x3), then y(x1) = y(xy).

Proposition 3. [5] Let y be a fuzzy group in a group X, and let the mapping¢ : X — Y bea
group homomorphism. Then, ¢[y] is a fuzzy group in Y provided that y is ¢p-invariant.

Definition 10. [6] Let y be a fuzzy group of a group X. Let (X, §) be an FTS, (y, 6y) be the
fuzzy subspace. Then, we call y a fuzzy topological group if the following mappings are fuzzy
continuous:

1. Product mapping 8, : y Xy — y; (x,y) — xy.

2. Inverse mapping g, : y — ¥; X +— x~ L.
Definition 11. [6] Let y be a fuzzy group of a group X, and let a € X. Then, the two mappings

R,:y > y;x—xaand L, : y — y; x — ax, are the right transformation and the left

transformation, respectively.

Definition 12. [8,9] Let X be a semigroup. Then, X is a partial group if:

1. for all x € X there exists a partial identity e,,
2. for all x € X there exists a partial inverse x 1.
3. The mapping ey : X — X; x — e, is a semigroup homomorphism.

1

4. The mapping oy : X — X; x +— x~* is a semigroup antihomomorphism.

LetE(X) ={e,,x € X}, X, ={x € X:e, = e,}.
Definition 13. [8,9] Let X be a partial group, and (X, &) be a topological space. Then, we call
X a TPG if the following mappings are continuous:

1. Product mapping By : X X X — X; (x,y) — xy.
2. Partial inverse mapping oy : X — X;x — x7 1.

3. Partial identity mapping ey : X — X; x +— e,.
2 Fuzzy Topological Partial Groups

In the current section, we present the concept of the fuzzy TPG and examine the fundamental

properties of this concept.

Definition 14. Let X be a partial group, and ¢ be a fuzzy subset of X. We call ¢ a fuzzy partial
group in X if Vx,y € X,
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1. £(xy) = min{é(x),E()};
2.8(x™) =¢M);

3. ¢ (e,) isaconstant on I.

We note that condition (iii) implies that ¢ (e,,) = k, where k = sup &(x).
a€EA

Throughout this paper, X,Y are partial groups and &,{ are fuzzy partial groups of X,Y,

respectively.

Proposition 4. 1.Bx[¢ X &] € &;

2. 0x[€] € ¢;
3. ex[é] ¢

Proof. Letx € X. Then:

1. Bx[€ x &](x) = sup (& x&)(z1,2,)

(z1.22) € ﬁ)?l(x)

= sup min {£(z,),¢(z;)}
(z1.22) € Bx' (x)

< sup )S((lez) = &(x)

(z1.22) € Bx (x

Hence, By [& X &] € ¢,
2. Since &é(x) = é(x71), then oy [€] € ¢.

sup &(t) ifext(x) # @
3. ex[E](x) = teex' ™
0 if ex(x) =@
sup é(t) ifx € E(X)
—Jtex,
0 if x ¢ E(X)
If x € E(X), then we have sup é(t) = &(x). Hence, ex[¢é] € é.
tE Xy

Definition 15. Let (X, ) be an FTS, and (f, 65) be the fuzzy subspace. Then, we call ¢ a
fuzzy topological partial group if the following mappings are fuzzy continuous:
1. Product mapping f; : & X & — & (x,y) — xy.

2. Partial inverse mapping gz : § — & x +— x 1.

3. Partial identity mapping ez : & — &;x + e,.

© 2024 NIDOC
National Information and Documentation Center



H. M. Yehia, A.I. Aggour, A. Fathy: Fuzzy Topological Partial Groups 15

From now on, we will give the fuzzy topological partial group the abbreviation FTPG. From
the above definition, we can say that a fuzzy topological group is an FTPG, but the converse

isn’t necessarily true. We show that through the next two examples.

Example 1. Let (X,8) be an FTS, such that X = {e,p,q} is a group that is isomorphic
with Z3, and 6 = {I. : ¢ € [0,1]}. Let ¥y = {eg.7, Po.s, Qo.s}- It can be verified easily that y is
a fuzzy group of X. Then, y with the fuzzy topology &, = {I) : k € [0,0.5],{ec, Pos, 05} :
c € ]0.5,0.7]} is clearly a fuzzy topological group.

Example 2. Let X, = {e,p} and X,,, = {q, r} be both isomorphic to Z,. Then, e p qr
X = {e,p, q,r} is a partial group with the shown multiplication table. e p e p
Let & = {el,pi, ql,rg}. Then, we can easily show that ¢ is a fuzzy partial p p e pe

4 4 q|)¢ep qr
group of X. Let (X, 8) be an FTS, where § = {I. : ¢ € [0,1]}. Then, rip e rq

13

o) ={I 1k € O,l ,{e, ,q., T }:ce , ,{e, , g, T }:CE 1,1}. Hence, & with the
& k [4] cpc‘h% ]44] cp%CIc% ]4 ] ¢

fuzzy topology 8¢ is an FTPG, but not a fuzzy topological group.

From now on, ¢ is an FTPG of X.

Proposition 5. The diagonal mapping A: § — & X &; x — (x, x) is fuzzy continuous.

Proof. Clearly, A[¢] € & x €. Since P;A = I, where I is the identity mapping, then A is fuzzy

continuous from Proposition 2.

Proposition 6. Let (X, §) be an FTS, and (f, 65) be the fuzzy subspace. Then, ¢ is an FTPG if

and only if the mapping ¢ : &€ X & — &; (x,y) > xy~1is fuzzy continuous.

Proof. The fuzzy continuity of ¢ is obvious, since ¢ = f¢ (I X 0'5). Conversely, since ez = ¢4,
then e; is fuzzy continuous. Also, the fuzzy continuity of oy is true since o = q,')(eg X1 )A.

Finally, since fz = qb([ X ag), then B; is fuzzy continuous.

We observe that if a € X, then R[], L,[¢é] may not be fuzzy subsets of &, and consequently,

R, and L, may not be fuzzy continuous on £. We show that in the next example.
Example 3. With reference to Example 2, R,,[{] = {eE, P1, o ro} ¢ €.
4

To resolve the above deficiency, we define the following set:
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16 H. M. Yehia, A.I. Aggour, A. Fathy: Fuzzy Topological Partial Groups

¢, ={x € X:&(x) = &(e) wheree € E(X)}.

Proposition 7. R, [¢] € &, L,[¢] € é,Va € &,, where R,, L, are the right transformation and

the left transformation mappings on X, respectively.

Proof. Letx € X and a € &,. Then,

sup é(z2) if R;1(x)# @
REID = sup &(z) = {Ral)=x
z€RZ (%) 0 if R71(x) =@
Since za = x, then ¢é(x) = min{é(2),é(a)} =¢&(z), and so, R, [&](x) < &(x). Hence,

R,[&] € &. Similarly, L,[¢] € €.

Proposition 8. The mappings R, : £ — &,L, : £ — & are fuzzy continuous Va € &,.

Proof. The constant mapping i, : § — &; x +— a is fuzzy continuous since i,[¢] € &, and Vu €
8e,ig [ul(x) = u(a) = k, k € I. Since R, = B(I X iy)A, then R, is clearly fuzzy continuous.

The proof that L, is also fuzzy continuous can be carried out in a similar way.
Example 4. With reference to Example 2, R,[¢] = {el, P3,qo, ro} c & Also, R,;[¢]=
4

{el, ps3, q1, rl} = ¢. The fuzzy continuity of both R, R, can be easily verified.
4

4

3 Homomorphism of Fuzzy Topological Partial Groups

Through the current section, we examine the image and preimage of a fuzzy partial group and

an FTPG under a homomorphism. From now on, ¢ : X — Y is a partial group homomorphism.
Proposition 9. If { is a fuzzy partial group in Y, then ¢ ~1[{] is also a fuzzy partial group in X.

Proof. Take x,y € X. Now,

L ¢7*[¢1(xy) = min{¢ (¢ (), {(¢(31))} = min{p[{1Cx), oM ST}

2.7MSI ™) = ()™ = ¢(p(x) = ¢~ [¢1 ().

3.7 S(ex) = S(¢len) = C(epn) = k.
Proposition 10. If ¢ is a fuzzy partial group in X, where & has the sup property, then ¢ [€]is also
a fuzzy partial group in Y.

Proof. Take x,y € X, € ¢ 1(p(x)),9 € p 1 (¢(y)), where u(®) = su;(a )E(W)
wed (P (x)
and u(9y) = sup  é(w). Then,
wep (o))
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1. p[€1(p()p () = , %z(ow ))f(t)
tedp Hp(x)p(y

> min{¢ (%), {(P)}.
> min{op (§) (¢(x)), p(O) (d(M)}-

2. 9[El(p()™M = sup O =@ =¢E@) = ¢ (p())
te ()™

0l (eg) = | sup €O =Eled) =k

Proposition 11. If ¢ is a fuzzy partial group in X, then ¢[¢] is also a fuzzy partial group in Y

provided that € is ¢p-invariant.

Proof. Take x,y € X. Now, since ¢ is ¢-invariant, then it can be easily proved
that ¢[£](¢p(x)) = £(x). Now,

$IE1(()P()) = £(xy) = min{e[€](p()), pLE1(6())}:

PIENPC) ™) =E(xD) = £(x) = BlE1(p ().

P[€l(epen) = E(ex) = k.

Proposition 12. Let (X, §), (Y, w) be two FTS’s, such that § = ¢ ~1[w], and let { be an FTPG
in Y. Then, ¢ ~1[(] is also an FTPG in X.

1.
2.
3.

Proof. Lety : ¢~ 1[C] x ¢7[C] — ¢~ ] ; (x4, x5) — x1x,7 1. The fuzzy continuity of ¢ is
obvious since ¢~ *[w] is the fuzzy inverse topology, so the mapping ¢ : ¢p~1[{] — { is fuzzy
continuous, and consequently, ¢ X ¢ : ¢~ [{] X ¢71[{] — { X { is also fuzzy continuous.
Now, takeu € 845-117, then 3Iv € we where ™' [v] =u, and so, P~ [u](xy,x;) =
v(p(x)p(x,)™1) for all (x;,x,) EX XX. Since ¢ is an FTPG, then n:{Xx{—
G Ly) — oy, is fuzzy  continuous.  Now,  v(¢p(x)p(x,)™1) = (¢ X
¢)_1[77_1 [V]](Xllxz) € §p-1[¢) X §p-1[¢]- Hence, Y uln (@ x 7D = (¢ X
) Hn vl n (@7 ¢l x p~1[¢]) € 8-11¢] X 84-1[¢}- Therefore, ¥ is fuzzy continuous.

Proposition 13. Let (X, §), (Y, w) be two FTS’s, such that u = ¢[8], and ¢ is fuzzy open. Let
¢ be an FTPG in X. Then, ¢p[¢] is an FTPG in Y provided that ¢ is ¢p-invariant.

Proof. ¢[£] is a fuzzy partial group by Proposition 4.3. Let u’ € 8¢, then 3u € § where ' =
pné and by ¢-invariance of , it can be shown that ¢[u'] = ¢p[u] N P[] € wys, and
therefore, ¢ : & — @[&] is fuzzy open, and so isp X ¢ : E X & — P[&] X p[&]. Also, it is
given that ¢ : & — ¢[&] is fuzzy continuous. Since & is an FTPG, then n:éx & —

§; (1, x2) 7= X121 is fuzzy continuous. Let ¥ : ¢[§] X ¢[§] — @[] (1, y2) = y1y2 77,

and letv' € wgpey. Then, (¢ x )P~ [V ](xy,x,) =n~'¢p'[v]€ S x6:. By ¢ -
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18 H. M. Yehia, A.I. Aggour, A. Fathy: Fuzzy Topological Partial Groups
invariance of §, we have (¢ X @) [~ [v'] n (p[§] x P[ED] = (¢ X )1~ V'] n (§ x

§) €8 x 6. Now, (pxP)pxP) Y [VIn(PlE]x plED] =y~ v']n (P[] x
L&D € 6p1z) X Sppep as @ X @ is a fuzzy open mapping. Therefore,  is finally fuzzy

continuous.

4 Quotient Fuzzy Topological Partial Group

Throughout this section, N is normal subpartial group of X,p : X — X/N;x +— xN, is the

quotient mapping.
Proposition 14. If £ is constant on N, then £ is p-invariant.

Proof. Since € is constant on N, then é(z) = ¢ V z € N, and since N is normal subpartial group
of X, thene, € N Vx € X, and hence £ (e,) = c. Assume x,y € X satisfying p(x) = p(y). Sa,]
xN = yN, which implies that x € yN, hence x = yz for some element z € N. Now, &(x) =
min{¢(z),&(y)} = min{c, é(y)} = é(y). In a similar manner, é(y) = &(x) also, and so,
$(x) =<).

From Proposition 11, It can be said that p[¢] = /N is a fuzzy partial group in X/N, and we
will call it the fuzzy quotient partial group.

Proposition 15. Let (X, §) be an FTS, and p[§] be the fuzzy topology on X/N. If £ is constant
on N, then {/N is an FTPG in X/N.

Proof. From Propositions 14 and 13, £/N is clearly an FTPG.
We will call p[8] the quotient fuzzy topology, and /N will be called the quotient FTPG.

Proposition 16. Let (X, 6), (Y, w) be two FTS’s, and ¢ be a mapping that is fuzzy continuous
and fuzzy open. Let ¢ be constant on ker¢, and let X/ker¢ be given the quotient fuzzy
topology. We therefore have that:

1. &/ ker ¢ and ¢[€] are FTPGs in X/ ker ¢p and Y respectively.
2. If f : X/ ker ¢ — Y is the canonical isomorphism, then f : £/ ker ¢ — ¢[£] is a fuzzy
homeomorphism.
Proof. 1.From Proposition 15, £/ ker ¢ is clearly an FTPG in X/ ker ¢. Letv € ¢[8], then
since @[] is the fuzzy image topology, we know that ¢p~1[v] € &. It is easy to prove that

for any fuzzy setv, ¢[¢d[[v]] = v. And since ¢ is fuzzy open, then v € w. Now, letv €
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w, by the fuzzy continuity of ¢, we have ¢ "1 [v] € §, and sov € ¢[5]. Hence, u = ¢p[6].
By Proposition 4.5, ¢[€] is then an FTPG inY.

2. Letp : X — X/Xker ¢ be the quotient mapping, and v’ € wg¢}. Then, ¢~ [v'] € §¢ given
the fuzzy continuity of ¢, and since the quotient mapping p is fuzzy open, then p¢p~1 [v'] is
also fuzzy open in & / ker ¢. Hence, f is fuzzy continuous since p¢p~1 = f~1. Now, let u’ be
a fuzzy open set iné/ker¢, sop~'[u'] € 5, and given that ¢ is fuzzy open,
therefore ¢pp~*[1'] € wy¢). Finally, since pp~" = f, then, f is fuzzy open and therefore a

fuzzy homeomorphism.

5 Product Fuzzy Topological Partial Group
Consider that X is the product partial group of the partial groups {X;,i = 1,2,...,n},and & =
[M=,& , where & is a fuzzy partial group in X; Vi = 1,2,...,n, andé(x) =

min{fl (xl)) 52 (xZ)i ey fn (xn)} ) where x = (xll X2y weny xn)-
Proposition 17. ¢ is a fuzzy partial group in X.

Proof. Letx = (xq,X2, e, Xp), ¥ = (¥1, V2, -, Yn) € X. Then,
§Cey™) =& 0ayr Y7 s XY D)
= min{&; Ceryr D), §1(e2y2 1), 0§10y 3
> min{min{$; (x1), & (y1)}, min{&, (x7), §2 (v2)}, .., min{&, (x), §n () 1}
= min{min{¢; (x1), & (x2), ..., & (xn)}, min{$3 (1), & (2), ., & ()3}
= min{¢ (x),$(»)}.
And also, ¢(ey) = §(ex, ex, s ex,)

> min{f1 (exl), & (exz), N (exn)}
= min{k,, k,, ..., k,}

= k,where k = k; for some i.

Let (X;, 6;) be an FTS, and ; be an FTPG in X;, where i = 1,2, ..., n. And let the fuzzy topology
on X = [l X;, & =]l & be respectively the product fuzzy topology § and the induced
fuzzy topology 6;.

Proposition 18. The product fuzzy partial group ¢ is an FTPG in X.

Proof. The proof of the fuzzy continuity of ¢ : (x,y) — xy~!is enough to prove the required.

Lety : (x,y) — ((x1,¥1), -, (X, ¥)), then from Proposition 2.2, ¥ is fuzzy continuous.
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20 H. M. Yehia, A.I. Aggour, A. Fathy: Fuzzy Topological Partial Groups

Letn : ((xy, y1), (82, ¥2), s (e ) — Coyyrh x,¥5 % o, Xu ¥ t), then since 1 is the
product of ¢; : (x;,y;) — x;y; %, then it is also fuzzy continuous. So, the mapping ¢ is clearly

fuzzy continuous as ¢ = ny.
We refer to & = [[I%; & as a product FTPG.

Proposition 19. Let N; be normal subpartial group of X;, and &; an FTPG in X; such that §;is a
constant fuzzy set on N;. Let the fuzzy topologies on X /N, where N = [[}-, N;, and X;/N;,i =
1,2, ..., n, be the respective quotient fuzzy topologies, and the fuzzy topologies on X = [[i-; X;
and []i~; X;/N; be the respective product fuzzy topologies. Let & = [[}-; & be the product
FTPG inX. If ¢: X/N — [[i=,; X;/N; is the canonical isomorphism, then ¢:¢&/N —

™1 &/N; is a fuzzy homeomorphism.

Proof. Let the quotient mappings on X, X; be p, p; respectively. Let [T, p; : X — [Ii=, Xi/N;.
Thus, tp = [~ p;- We have

i=1

€/N)(xN) = (§)(x) = (1_[ El-) (X1 ) X)

= min{&; (x4), ..., & (%)}
= min{(&; /N;) (x;Ny), ..., (£ /Ny) (x, Ny ) }

- (H(gi /Nl-)) ([xN]) VxN € X/N

By Propositions 15 and 18, £ /N and [T~ (&;/N;) are FTPGs. Assume that v is a fuzzy open
set in [T, (&;/N;). Since [1-, p; is fuzzy continuous, then ([T, p;)~*[v] is fuzzy open in ¢,
and since p is fuzzy open, then p([TL,p;)"t[v] is fuzzy open iné/N. Since: ![v] =
p(IT~, p;)~[v], then ¢ is fuzzy continuous. Conversely, take a fuzzy open set i in € /N, so
p~1[u] is a fuzzy open set in &, since the quotient mapping is fuzzy continuous, and hence,
(IT~, po) (@~ [u]is fuzzy open in [T, (&;/N;), since [T, p; is the product of fuzzy open
mappings, and is therefore fuzzy open. Since t[u] = (T2, ;) (p~*[1]), therefore ¢ is fuzzy

open. Finally, ¢ is then a fuzzy homeomorphism.
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