Chhatria et al. J Egypt Math Soc (2021) 29:22 .
https:/doi.org/10.1186/542787-021-00131-w Journal of the Egyptian

Mathematical Society

ORIGINAL RESEARCH Open Access

T : : ®
Oscillation of nonlinear neutral dynamic Sy

equations on time scales

G. N. Chhatria', Said R. Grace? and John R. Graef®*

*Correspondence:
John-Graef@utc.edu Abstract
? Department The authors present necessary and sufficient conditions for the oscillation of a class of
of Mathematics, University dord Ji tral d . fi ith B iti tral 3
of Tennessee at Chattanooga, second order non-linear neutral dynamic equations with non-positive neutral coe
Chattanooga, TN 37403, USA ficients by using Krasnosel'skii's fixed point theorem on time scales. The nonlinear func-
Fulllist of author information tion may be strongly sublinear or strongly superlinear.
is available at the end of the
article Keywords: Oscillation, Nonoscillation, Neutral dynamic equation, Time scales, Fixed
point theorem
Mathematics Subject Classification: 34C10, 34K11, 34N05, 39A10

Introduction

Neutral differential/difference equations find numerous applications in biology, engi-
neering, economics, physics, neural networks, social sciences, etc (see, for example, [4,
12, 16]). In the last few decades, many authors have focused their interest on the study
of the oscillation of solutions of neutral differential/difference equations with deviating
arguments, and in this regard, we refer the reader to the monographs of Agarwal et al.
[1, 2] and the papers [3, 7-11, 13-15, 22, 29].

Introduced by Stefan Hilger [17], the notion of time scales is not only to unify the the-
ories of differential equations and difference equations, but also to extend some cases
in between these classical ones. For details on the theory of dynamic equations on time
scales and its applications as well as for basic concepts and notations, we refer the reader
to the works of Bohner and Peterson [5, 6]. By employing a Riccati transformation tech-
nique and applying some inequalities, a large number of papers have been devoted to the
oscillatory behavior of solutions to second order dynamic equations with nonnegative
neutral coefficients; for example, see 3, 8, 9, 23-27] and the references cited therein.
At the same time, there are comparatively few papers concerned with the oscillation of
equations with nonpositive neutral coefficients; for example, see [7, 14, 18, 20, 28].

Bohner and Li [7] considered the second order dynamic equation
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where z(€) = x(£) —a(@)x(r(£)), p > 1 is a constant, and 0 < a(f) <ap < 1. They
improved the papers [14, 18] by developing a new method for the analysis of the oscilla-
tion of (1) via a comparison principle.

Recently, Zhang et al. [28] discussed the neutral dynamic equation

(r(ﬁ)(zA(ﬁ))"‘)A +q(O)f x(8(£))) =0, (2)

where z(0) =x({) —p()x(tr(£)), o« >1 is a quotient of odd positive integers,
0 < p(®) < po < 1, and there is a positive constant k such that % > k for all x # 0.
They present some new oscillation criteria to ensure that a solution of (2) either oscil-
lates or converges to zero.

Motivated by the results in [28] and the discussion above, in this work we wish to find
conditions that are sufficient as well as necessary for the oscillation of second order non-
linear dynamic equations on time scales of the form

[a(0) (v (0)“1* + AP (1 (£)) =0, € € [€o,00)T, 3)

where the time scale T satisfies supT =o00, £ € [{g,00)T with £9 € T, and
v(®) = u(®) + g()u(m(l)). A solution of (3) is a real function u € Crld[ﬁo, oo) such that
a(®)(v2 ()" e Crld[ﬁo, oo)t and which satisfies (3) on [T, 0c0)T, where T}, > £ is cho-
sen so that t(£) > £g for £ > T, and C,4(T, R) is the space of real valued right-dense
continuous functions (see [5]). Throughout this paper, we restrict our attention to those
solutions of (3) that exist on some half line [£,, co)T and satisfy sup{|u(£)| : £ > T} > 0
for any T > T,. Such a solution is said to be oscillatory if it is not eventually positive or
eventually negative, and to be nonoscillatory otherwise.
Throughout, we assume that:

(H1)  «, Bare quotient of odd positive integers, @ > 1,and —1 < q; < q(£) < 0;

(H2) m, t € Cy([ly, 00)T, T) with m(l) <4, T(f) < ¢, and
limy_s 0o m(£) = limy_, oo T(£) = 0G;

(H3) A,a € Cy([€y, o0)T, Ry) with A(€) # 0and

/°° As
— =0
6 a/e(s)

Defining

Y
A0) = / As

b a(s)’

we have limy_, o A(£) = o0.

Methods

The approach used involves the construction of an appropriate Banach space and
defining two mappings. The sum of these two mapping then yields an operator that
is equivalent to an integral representation of the solution to the nonlinear dynamic
equation (3) under investigation. By applying Krasnosel’skii’s fixed point theorem
on time scales, it is then possible to obtain a fixed point of the operator that in turn
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corresponds to a solution of Eq. (3). Once this is accomplished, various qualitative

properties of solution can be obtained.

Results
In what follows, all functional inequalities are assumed to hold eventually, that is,
they are satisfied for all £ large enough. Without loss of generality, in our proofs we
only deal with positive solutions of (3).

The following two lemmas provide some inequalities that will be useful in our

proofs.

Lemma 1l Let0 < w < 1 be the ratio of odd positive integers and A, B > 0 with A > B.
Then: A — B® < (A — B)“.

Proof Forx > 1llet f(x) = (x — 1)® —x® + 1. Then,

xl—(u _ (x _ 1)1—w

@) =wl@—1e1 - xwﬂ - { >0

xlf‘“(x _ l)lfa) -

for x > 1. Therefore, f(x) > f(1) = 0 for x > 1. Letting x = A/B proves the lemma.

Lemma 2 [15] Suppose that w > 0 and |x|” is of one sign on [to, o0). Then

A 1—w\A A
X X X
x| < (lx*7*) < x|
(lx[o)® l-w Joe|®

on [tg, 00).

Lemma 3 below can be proved by following the lines of the proof of [20, Lemma 2.1].

Lemma 3 Let u be an eventually positive solution of (3). Then v satisfies one of the fol-

lowing cases:

@ v>0,v®>0,and(av®)*)* <0
(b) v <0,v2 >0, and(@@®)*)* <0

for £ € T sufficiently large.
Lemma 4 Let u be an eventually positive solution of (3) such that v satisfies case (b) of

Lemma 3. Then
lim u(¢) = 0.
{—00
Proof Let u be an eventually positive solution of (3) with u(m(€)) > 0 and u(t(€)) > 0

and such that Lemma 3(b) holds for ¢ > ¢; for some ¢; > £o. Then v(£) <0 and
vA(0) > 0for £ > £;, so v(£) is bounded.

We will consider two possibilities. First assume that u(¢) is bounded. Then,

limsupu(®) =L with 0<L < oo.

{— 00
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To show that L = 0, assume that L > 0. Then there is a sequence {{;} — 0o such that
{u(€x)} > Las € — oo.Lete = —L(1 + q1)/2g1 > 0; then for large k, u(m(£y)) < L + ¢,
)

0> klim v(ly) = klim [ulr) +qlyuimy)) > L+q(L+¢€)>L(1+4q1)/2 >0,
— 00 —00
which is a contradiction.

Finally, to complete the proof, we need to show that u#({) is not unbounded. If u(¢) is
unbounded, then there is a sequence {¢;} — oo such that {u({;)} — oo as j — oo and
u(€;) = max{u(f) : o < £ < {;}. Now {m({;)} — ooand m(¢;) < ¢;, so

u(m(€))) < max{u(0) : bo < € < 4} = u(t)).
Hence, for large j,
v(€)) = u(t)) + q(€)u(m()) > ut;) + qum))) > (1 + q)u(t;) > 0,

which contradicts the fact that v(£) < 0. This completes the proof of the lemma. [
Our first result on the asymptotic behavior of solutions of Eq. (3) is as follows.

Theorem 5 Let (H1)—(H3) hold and assume that o > 1 and there is a constant
y € Ry such that B <y < a. Then any solution of (3) either oscillates or satisfies
limy— oo u(€) = 0 if and only if

oo

(Ha) / A() AP (z(s)) As = oo
Lo

Proof Necessity: To prove the necessity of the condition, assume that (H4) does not

hold. Then there exists £; > £ such that
o0
/ A@)AP(1(s)))As < 0. (4)
51

Let

X = {M ‘uE€ Cr‘d([g()r OO)TrR)

u(l)
sup —— < 00 p.
terto,00)y AE)
. . 4
Clearly, x is a Banach space with the norm [[u|| = sup,c(s, 00)r %. For any ¢; > 0,
¢2 > 0,and £* € [£g,00)T with g1 < (1 + g1)¢2, let 2, o, C x be given by
Qepe, = {u € x : 1lAW) — AL")] < u(l) < cal A(€) — A(E")], € € [£, 00)T}.

By (4), we can find £* > ¢, ¢1, 62, and g3 such that (¢1)* < ¢3 < ((1 + q1)52)* and

[e%e} 1 o
/Z* A AP (2(5)As < (( +611)/§32) S3. )

S2

Define two maps 'y and I'> on Q, ¢, by
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[T, et
(Fue) = { —q(Ou(m(®), € € [£500)r

and

(Cau) (£9), € [Lo, £,

(T (®r = { Ji [ e + [ a@ub conae]] “as, elen oo,

First, we show that for any uy, uy € Q¢ c,, we have I'1u; + T'aun € Q, o,. To do this, let
u1, up € Q¢ c,- Note that u(£) < g2 A(¢), so ub (z(0)) < gf/lﬂ (t(£)). This, together with
(5) implies that for £ > £%

tT 00 1/a
T1u1)(€) + (Tauz)(€) = — g(O)ur (m(L)) +/z {7 [gs +/ A(G)Mg(f(g))AGH As

« La(s)

er 0 1/a
< *q(ﬁ)m(M(ﬁ))Jr/l {7 [§3+/ §fA(0)Aﬂ(T(9))A9H As

« | a(s)
A 1 1/a
< —q15[A(m(0)) — A(LH)] + /e {@(5‘3 + (14 q1)62)" — ga)} As
< —q16[AW) — AU+ A + q1)s2[A() — A(LH)]
< o[ A(0) — A(")]

and

4 1 00 1/a
(T1u1)(0) + (Faug) () = — q(O)ui(m(f)) + /@ {7 {53 + / A(9)M/23(T(9))A9” As

« | a(s)

Y] 1 1/
S {/ gﬁ} As

= a2 LA®) — AH]
> ci[A®€) — AL,

Therefore, I'1u; 4+ Taup € Q¢ ¢y

Next, we show that I'1 is a contraction mapping on Q, .,. Now for u1, uy € Q,,¢, and
£ > ¢*, we have

[(T120)(6) — (T12)(O)| = |q(O)||[ur(m(£)) — uz(m(6))| = — q1|u1(m(€)) — uz2(m(£))],
that is,

T4y — Tl < —q1llur — uzll.

Since 0 < —q; < 1,T'1is a contraction.

To show that I'; is completely continuous, we will first show that I'y is continuous. So fix
£ > 0*and letu; € Qg o, be such that u; (£) — u(£) as k — oo. By taking a subsequence
if necessary and again calling it u; (£), we can assume that u; (£) — u(£) is of fixed sign,
say ur(£) > u(f) for k =1,2,.... Since Qg o, is closed, u({) € Q, o,. By Lemma 1 with
w = 1/a < 1, we obtain
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4 1 oo 1/
(o) 6) = (P @) = | [ [[53+ / A(em;f(r(e)men As
e+ La(s) s

4 1 00 1/a
—/ { [§3+/ A(@)uﬁ(r(e))MH As
o+ La(s) s

¢ 1 00 1/a
- / { / A(@)\uf(z(e))—uﬂ(r(enﬂAe] As.
a(s) Js

Z*

Since |uf(r(9)) —uP(r(8))] = 0 as k — oo, an application of Lebesgue’s domi-
nated convergence theorem shows that limy_, o |(Taug)(€) — (Fau)(€)| — 0, so Mu is

continuous.

To show that I'y is relatively compact, it suffices to show that the family of functions
{Tou : u € Q¢ o} is uniformly bounded and equicontinuous on [£*, co)T. Clearly, 'y u is
uniformly bounded. To see that I'; is equicontinuous, let € > 0 be given and choose
§>0 such that 03 >1/£2 > ¢* and €y —£1] < & implies
As) = Aa)] < e

1
[(ATqDs2" <3 } Then,

[(Tau)(€3) — (Tau)(€2)]

G q 00 1/a 123 1 00 1/
= / —/ A(H)uﬁ(r(e))AQ} As—/ {—/ A(G)uﬂ(t(é))AH} As
e La(s) Js = La(s) Js

0T 1 00 1/
:/ 7/ A(O)uﬂ(t(e))AG} As
22 _ll(S) S

I3 T 1 00 1/
5/ —/ A(G)ng’S(r(G))AG} As
. La(s) Js

%)

o0 1/a
< [A(tz) — A(£)] U A(G)ng’S(r(G))AG} As < €.

Thus, {T2u : u € Q¢ ,c,} is uniformly bounded and equicontinuous on [£*, 00)T, and so
IMyu is relatively compact. By Krasnosel’skii’s fixed point theorem [29, Lemma 5], I'; + 'y
has a unique fixed point u € Q, ,, i.e,, ' + 'z = u. That is,

g4 00 1/a
u(l) = —q(Ou(m(®)) + / [i [§3+ / A(emﬁ(r(e)me” As, £ € [€%,00)r.
¥4 s

« |a(s)

is a nonoscillatory solution of (3).

Sufficiency: Now assume that v is a nonoscillatory solution of (3). Then Lemma 3 holds
for £ € [£1, 00)T for some €1 > £, and there are two possible cases.

Case a Since a(v*)® is nonincreasing and positive for £ € [£1,00)T, we can find C > 0
and €7 > £g such that

a()(v2()* < C for € € [£y,00)T.

Integrating from ¢; to £ gives
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14
v(€) < v(ly) + CY® /Z %ﬂs(s) = v(ly) + CY(AW) — A(Ly)).

Since limy_, o0 AL) = o0,

v(£) < CY*A(0) (6)
for ¢ sufficiently large, say £ > £3. Now 8 < y and (6) imply

VP (z(0)) = VP (@)W (x(£)) = [C* AT ()17 v (x (£)).
Therefore, (3) becomes

[a(®) (™ (0)*1* + ADICY* AT (@)P 7V (1 (£)) < 0.

Integrating the last inequality from £ > £3 to co gives

Jim a@®)@ () — a@®*©0)" + /z T AGICTAGOI TV () As <0,
which implies

a(O* ()" = /[ T ASICY ATV (2(5) s,
As aresult,

o0 1/a
vA(L) > [1 / A(s)[clf‘*A(m))]ﬂ—Vvy(r(s))As} . 7)
a(l) J,

Integrating this from ¢3 to ¢, we have
24 1 00 1/a
v(£) z/ {/ A(H)[CI/O‘A(T(O))]’S_Vvy(t(Q))AO] As.
{3 (l(S) s
Consequently,
oo 1/a
v(ﬂ)z[A(@—A(zl)][/ A(@)[cl/“A(rw))]ﬁ—yvy(rw)me] . (8)

4

1

Clearly, / mAs = A) — A(l3) = n(£)A(L), where 7 (£) = %. In view of
{3

(H3), we have limy_, oo 7(£) =1, so there exists £4 > £3 and 7* € (0,1) such that
w(£) > 7™ that is,

A) — AW3) > 7* AL) for £ € [£y, 0)T. (9)
Setting
V() = / AG)(CH* AT )PV v (2(5)) As, (10)
)4

in (8), we have
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v(€) > [AE) — ALY ().
and in view of (9),
v(0) = ¥ AW (¢)

for £ € [£4,00)T. From the preceding inequality, it is easy to verify that

VY (£) % \7 Ja
I AY (6) = <Cl/“> v

which implies that

v (T (£)) a* \7 Ja
Ve AV (2 () = <Cl/“> Ve

for £ € [€5,00)T C [£4,00)T. From (10), we have

[e%e) A
WA ) = ( / A)CY* Az ()P~ v (r(s))As)
J4

= —AOCY* AT @)V (z(©))

vz (@) \”
CI/aAa(z)))
< =@ CP AW AP (T ()W (1 (0)).

= %(@)(C”"‘A(r(@)"(

From Lemma 2 with w = y /@ and x = W (£) and the fact that y < «, it follows that

—[WIE)]A > — (1 — y Ja) TV (WA (L)
> ()Y CP (L — y Ja) WY () A(0) AP (T (£)) 87/ (2 (£))

= (@) CE 1 —y/a)A(0)AP (z(£))
(11)

for £ € [¢5,00)T. Integrating (11) from ¢5 to ¢,

14
—wlrle gy @l gy > (%) BT A — ) / A)AP (z(s))As
L5

)
¢ cv—Pla
B s wlV/e
A5A<S)A A 5 o)
contradicting (Ha).

Case b Now suppose v < 0 for £ € [£g, 00)1. Then u(£) — 0as{ — oo by Lemma 4. This
completes the proof of the theorem. [

The following corollary is immediate.
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Corollary 6 Under the assumption of Theorem 5, every unbounded solution of (3) oscil-
lates if and only if (H4) holds.

Theorem 7 Let (H1)-(Hs3) hold, o (t(£)) = (0 (L)), a®(£) > 0, and there is a constant

y € Ry such that a <y < B. Then any solution u(£) of (3) is either oscillatory or satisfies
limy—, 00 u(£) = 0 if and only if

o [ (20
(Hs) lim AOAs = 00.
£—o0 Ly Js ﬂ(S)

Proof Necessity: Assume that (H5) does not hold so that there exists £; > £g such that

e 1 o0 1/«
/ {/ A(@)AQ} As < oo. (12)
01 ﬂ(S) s

Letting

Lello,00)T

X = {M s u € Crg([£o, 00)T, R)

sup u(f) < oo },

we see that x is a Banach space with the norm [[u|| = sup;c(y) o0), #(¢)- Choose g1 > 0
and g3 > 0so that g1 — g162 < g2 and consider Q¢, ., C xto be

Qoo ={ue x:¢1 <ul) < g, £ellyo0)T)

By (12), we can find £* > ¢;and ¢3 > Osuch that¢; < ¢3 < (1 +g1)52and

°r ] [® 1e 1+q1)s2— 63
/Z* L(s)/ A(G)Ae} As < R (13)

Define two maps I'; and I'; on Q2 by

_ [ e, ¢ € [£o, ),
(Fu®) = { 63— q(Oum(©), €€ [¢*,0001

and

(Tau) (€), € € [Lo, €)1,

(= { Ji [k S a@wdonan] s e eler,oon.

To show thatI'y + 1Ty : Q@ — , let uy, up € Q. Then from (13),

14 1/a

1 oo
(1"1M1)(€)+(1"2Mz)(€)=§3—61(€)bt1(m(€))+//Z [%/ A(H)MQ(T(G))AG} As

*

4

*

8o l 1 e’s) 1/a
< —qior ot / [/ A(e)Ae} As
0* ﬂ(S) s

<&

1 00 1/a
< 634152 +/ {—/ A(9)u§(r(9))A9] As
¢ La(s) Js
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and
T1u1)(8) + (Tauz)(€) > g3 —q(Dur(m(£)) > ¢3 > 61

for £ > £*. Hence, ' u1 + aun € Q¢

To see that I'1 is a contraction, let u1, uy € Q¢ c, and £ > £* Then,

[(Tru1)(6) — (M) (O] < [q(O)]ur(m(€)) — ua(m(0))| < —q1lur(m(£)) — uz(m(£))],
so

IT1u1 — Tz || < —q1llur — ua,

i.e,, I'1 is a contraction mapping.
To show that I'; is completely continuous, we begin by letting u; € Q, ., be such that
ur(€) — u(f)as k — oo. Since Qg o, is closed, u(£) € Q2 ,. Now

14 1/a

1 oo
[(Pauie) (€) — (Tau) (0)] 5/Z L(S)/ AO)|uf (1(0) — uP (z®)|AG]  As.

*

Since |u£ (t(9)) — uP(z(8))] = 0 as k — oo, an application of Lebesgue’s dominated
convergence theorem implies limg_, o [(T'2ux) (€) — (I'2u)(£)| — 0. Hence, I'2u is con-
tinuous. To show that I'au is relatively compact, it suffices to show that the family of
functions {T"yu : u € Q,,¢,} is uniformly bounded and equicontinuous on [£*, 0o)1. The

uniform boundedness is clear.

To show I';u is equicontinuous, let € > 0 be given and choose § > 0 such that
€3 > £y > £*and|ly — £1] < § implies

{3 1 (e’ 1/a €
123 ﬂ(S) s S9

Then,

[(T2u)(€3) — (Tau) (€2)]

{3 1 o0 1/a 1 1 00 1/a
/ {—/ A(G)uﬂ(r(e))AG} As—/ {—/ A(@)uﬁ(r(e))AO} As
0* “(S) s 0* ﬂ(S) s

{3 1 o0 1/
/ {— / A(G)uﬁ(r(é))AQ} As
£y a(s) s

{3 1 e8] 1/a
< gf/"‘/ —/ A@)AO|  As <e.
12 61(5) s

Therefore, T'ou is relatively compact, and by Krasnosel’skii’s fixed point theorem [,

Lemma 5], 29I'1 4+ I'y has a unique fixed point u € Q, c,. It follows that
14 1/a

1 o0
u() = 63 — q(Oulm(®) + /e L(s) / A@WPE©)A0|  As, £ € [€%, 000

%



Chhatria et al. J Egypt Math Soc (2021) 29:22

is a nonoscillatory solution of (3).

Sufficiency: Let u be a nonoscillatory solution of (3) with Lemma 3 holding for

£ € [£1,00)T. We again consider two cases.

Case a Let v > 0; then u(£) > v(£) for £ € [£1,00)1. From the fact that v2(¢) > 0 for
£ € [€1,00)T, it follows that v(t(£)) > v(t(£1)) = C for £ € [£y,00)T for some £y > £.
Sincey < B,

@) = v @O () = CPTIV (2 (). (14)
Using (14) in (3), we obtain

[a(&)(v® (0)*]* + CP7Y A (z(£)) <0,
and an integration from £ to oo gives

tlim alt)(V> ()Y — a() (V2 (0)* + CPY / AV (t(s))As < 0,

—> 00 l
that is,

chr /{ ” AV (T(8)As < a(@) (V™ (£)* < a(r(0) (V™ (z(0)*.

Using the fact that a® (£) > 0, we see that

B—y oo

VAT ))* > ¢ AV (T(s)As,

a(t) Je
which implies

1/

(B—y)fe [ oo
VA(‘E(E))EC ! / A(s)VV(r(s))As}

at’* () [J;

CcB=y)fa | roo , e
= @ | /G o2 (T(S))As]

CB-=rar
>
- al/"‘(f)

00 1/
/ A(s)As} 0° (z (),
Lo (£)

that is

N i e CBaT o0 o
VA (T (@) (77 (2 (£)) Zd”“(@[ /U (Z)A(S)As} .

Since @ < y, by Lemma 2

e en]®

B—y)/a 00 1/a
e [ / A(s)As} <v2@@)° (@) <
o 1-y/a

al/e (o) 0) -

Integrating the preceding inequality from £; to £ gives
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B/ /6 [1 /OO A(@)A@} l/aAs <t /z [V ()] ® As
0, Lats) Js T l-yla

1
= a1 [V (2 (k) — v (x (0))]

VIV (2 (8y)),

IA

y/ja—1

contradicting (Hs).
Case b Ifv < 0, then #(¢) — 0 by Lemma 4. This proves the theorem. []
The following corollary is analogous to Corollary 6.

Corollary 8 Under the assumption of Theorem 5, every unbounded solution of (3) oscil-
lates if and only if (Hs) holds.

Discussion

First, we constructed an appropriate Banach space as the setting on which to defining
two mappings I'1 and I'y. The sum of these two mappings is an operator that is equivalent
to an integral representation of the solution to the nonlinear dynamic equation (3) under
investigation. By applying Krasnosel’skii’s fixed point theorem on time scales, it was then
possible to obtain a fixed point of the operator that in turn corresponds to a solution of
Eq. (3). Once this was accomplished, various results on the qualitative properties of solu-
tion were obtained. For example, we found sufficient conditions for positive solutions to
converge to zero (Lemma 4). In addition, we were able to prove necessary and sufficient
conditions for a solution to either oscillate or converge to zero (Theorems 5 and 7) , and
necessary and sufficient conditions for unbounded solutions to oscillate (Corollaries 6
and 8).

Conclusion

In this work, we discuss two classes of oscillation criteria for (3). Note that Theorem 5
and Theorem 7 guarantee that a solution of (3) either oscillates or converges to zero. In
Corollaries 6 and 8, we restrict the solutions to make (3) oscillatory. Here, we formulate
some interesting problem for future research:

1. Isit possible to find necessary and sufficient conditions for the oscillation of
[a(0)((@(0) + q(Ou(m£)*)*1* + A’ (1) =0

under the assumption § <y <aora <y < f?
2. Following the work in [19, 21], is it possible to find necessary and sufficient condi-
tions for the oscillation of the forced equation

[a(0) () + q(Ou(m()*)*1* + A)uP (z(£)) =f(©),

with either 8 <y <aora <y < f?
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