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1. Introduction

In this paper, we consider the following constrained optimiza-
tion problem

minimize  f(x)

subject to a;(x) = 0 i€kE, (1.1)
a;(x) < 0 iel, ’
a<x<§p,
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where f: N = R, az N > RN, EJI={1,..,m}and E(] =
@, a € (N J{—o0}}", B € (N J{oo}}", m < n, and & < B. The
functions f and a;, i = {1, ..., m} are presumed to be at least
twice continuously differentiable. We denote the feasible set
F = {x:«a < x < B} and the strict interior feasible set int(F) =
{x:a <x<§B}L

In this paper, we use an active-set strategy in [1] to con-
vert the above problem to an equality constrained optimization
problem with bounded variables. The head feature of the sug-
gested active set is that it is identified and updated naturally by
the step. See [2-4].

A penalty method is used in this paper to transform the
equality constrained optimization problem which was obtained
from the above step to unconstrained optimization problem
with bound on variables. Some penalty functions have been sug-
gested and many contributions addressing the convergence of
these methods have been made, see [5,6].

S1110-256X(16)30025-6 Copyright 2016, Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

http://dx.doi.org/10.1016/j.joems.2016.04.003


http://dx.doi.org/10.1016/j.joems.2016.04.003
http://www.etms-eg.org
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2016.04.003&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:bothinaelsobky@yahoo.com
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.joems.2016.04.003

An interior-point penalty active-set trust-region algorithm

673

A Coleman-Li strategy in [7] is used to form a sequen-
tial quadratic programming subproblem of unconstrained op-
timization problem. For more details, see [7-9].

In this paper, we use a trust-region strategy to evaluate a step.
A trust-region strategy is globalization method which means
modifying the local method in such a way that it is ensured
to converge even if the starting point is far away from the so-
lution. Most trust-region algorithms for solving a constrained
optimization problem try to merge the trust-region idea with the
sequential quadratic programming method. See [2-4,10]. Under
credible assumptions, a convergence theory for our algorithm is
introduced.

The rest of this section introduces some notations that are
used throughout the rest of the paper. The paper is arranged
as follows. In Section 2, a detailed characterization of the main
steps to form a sequential quadratic programming subproblem
is introduced. In Section 3, a detailed characterization of an
interior-point trust-region algorithm is given. Sections 4-9 are
devoted to the global convergence theory of the proposed algo-
rithm under important assumptions. Section 10 contains a Mat-
lab implementation of the interior-point trust-region algorithm
and our numerical results. Finally, Section 11 contains conclud-
ing remarks.

In this paper, we use the symbol f; = f(x), V fi = V.f(x1),
Vi =V2f(x0), Ak =AC), VA= VA, Zp=Z(x),
Wi = W (x;) and so on to denote the function value at a
particular point. We denote to the Hessian of the objective
function f; or an approximation to it by H . Finally, all norms
are l,-norms.

2. A sequential quadratic subproblem

Motivated by the active-set strategy in [1], we define a 0-1 diag-
onal matrix W(x) € "> whose diagonal entries are

1, ifiekE,
wi(x) =141, ifielanda;(x)>0, 2.1
0, ifielanda;(x)<0.

Using the above matrix, problem (1.1) is converted to the
following

minimize  f(x),
subject to  A(x)TW (x)A(x) =0,
a<x=<§8,

where A(x) = (a;(x), ..., a,(x))T is a continuously differen-
tiable function.

Using a penalty method, the above problem is transformed
to the following unconstrained optimization problem with
bounds on the variable

minimize  f(x) + %IIW(X)A(X)||2,

(2.2)
subject to o <x < B,
where r > 0 is a penalty parameter. Let
r
$Cx;r) = () + ZIW DA, (2.3)

The Lagrangian function associated with bounded problem
(2.2) is given by

L h i) =) =2 (v —a) =" (B =), 24

where A and p are Lagrange multiplier vectors associated with
the inequality constraints x — o > 0 and 8 — x > 0 respectively.

The first-order necessary conditions for a point x, to be a
solution of problem (1.1) are the existence of multipliers A, €
N, and w, € N, such that (x,, A, 1) satisfies

V¢(X*; r*) — A+ Msx = 07 (25)
a<x, <8, (2.6)
and for all j corresponding to x? with finite bound, we have

A (Y — ) =0, 2.7)
l‘«ij) (,3(/) _ Xféj)) =0, (2.8)

where Vo (xy;r.) = Vf(x*) + 1. VAW (x)A(x,).
Let Z(x) be the diagonal scaling matrix whose diagonal ele-
ments are given by

VD —aD), if (Vé(x; 1) > 0and ¢ > —o0,

zZP(x) ={/(BD = xD), if (Vé(x: 1) < 0and B9 < +oc,
1, otherwise.

(2.9)

For more details see [7,8].

Using the diagonal scaling matrix Z(x), the first order neces-
sary conditions for the point x, to solve problem (1.1) are that
X, € F and solves the following nonlinear system

ZX(x)Vp(x;r) = 0. (2.10)

Any point x, € F that satisfies the condition (2.10) is called a
Karush—Kuhn-Tucker point or KKT point. For more details
see [5].

A system (2.10) is continuous but not differentiable at some
point x € F. The non-differentiability happens when z/) =0
and these points are averted by restricting x € intF. Also the
non-differentiability happens when a variable x*) has a finite
lower bound and an infinite upper bound and (V¢ (x; 1)) = 0.
But these points are not significant, so we define a vector (x)

3((:(;/))2)
) ;)?;(/)
¥ to be zero whenever (Ve (x; )Y = 0. Hence, we can write

whose components are ¥ (x) = , j=1,...,nsuch that

1, if(Ve(x; )Y >0and ¢ > —oo,
YyP(x)=1{-1, if (Vo(x;r)¥ <0and B9 < 400, (2.11)
0, otherwise.
Assuming x € int(F) and applied Newton’s method on the sys-
tem (2.10), then we have
[Z2(x)V?p (x; 1) + diag(V (x; r))diag(y (x))]Ax
= -Z (0)Ve(x; 1), (2.12)

where

Vip(x;r) = H +rVAX)W (x)VAx)T, (2.13)

and H is the Hessian of the objective function f{x) or an approx-
imation to it. Multiplying both sides of Eq. (2.12) by Z~!(x) and
scale the step using Ax = Z(x)s, then we have

[Z()V2 (x5 1 Z(x) + diag(Ve (x; r)diag(y (x))]s

=—Z(x)Vo(x;r), (2.14)
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Notice that (2.14) represents the first order necessary con-
dition of the following sequential quadratic programming
problem

minimize $(x;r) + (ZVp(x;r)Ts + %STBS, (2.15)
where
B = Z(x)V?¢(x; N Z(x) + diag(Ve (x; r)diag(y (x)). (2.16)

That is, the point x, that satisfies the first order necessary condi-
tion of problem (2.15) will satisfy the first order necessary con-
dition of problem (1.1).

In the following section, we present main steps of our
interior-point trust-region algorithm for solving problem (1.1).

3. An interior-point trust-region algorithm

This section is devoted to the description of a new interior-point
method.

3.1. Evaluating a step s

In this section, a step s; is computed by solving the following
trust-region subproblem

1
minimize  qi(Zs) = ¢(xXx; 1) + (Zie Ve (us 13)) s + ESTBkS
subject to II's 1< é,

3.1)

where 8 > 0 is the radius of the trust region.

It is not necessary to obtain a very precise approximation to
the solution of the subproblem (3.1). Instead any approximation
to the solution of the subproblem (3.1) can be used as long as
the predicted decrease obtained by s is greater than or equal
to a fraction of the predicted decrease obtained by the Cauchy
step 5;”. That is

7k (0) — @i (Zisi) = @lqr(0) — qi(Zis] (3.2)
for some ¢ € (0, 1], where s,” is given by

s = —t"(ZiV (X 1)),

and the parameter #;” is defined by

(AT
(Zi Vg T Bie(Zi Vb (g ri))

<& and (ZVe(xp; )T
Bi(Zi Vo (xy: 1)) > 0,

otherwise.

(Zk Vo (xgzri)) 12
(Zi Vo s i) T Bi(Zi Vo (xgs )

cp
tl_

Sk
12V Gzl

(3.3)

Therefore, a generalized dogleg algorithm introduced by Stei-
haug [11] can be used to evaluate the step. Once the step sy is
evaluated, the damping parameter 7 is computed to ensure that

X1 € int(F). Our way of evaluating the damping parameter 7
is presented in Step 4 of algorithm (3.3) below.

Another damping parameter 6; may be needed to satisfy
X € int(F), where 6, is defined as follows. If (x; + tZsi) €
int(F), we set 6, = 1. Otherwise, we set xgy1 = X; + Ok T ZiSk
such that 6; € [1 — o || Zisk|l, 1] and o > 0 is a pre-specified fixed
constant. It is easy to see that 1 — 6, = O(|| Zxsl|).

3.2. Accepting sy and updating 5.

After s; is obtained, the penalty function ¢(x; 1) is used as a
merit function to test if the step s; is accepted or not. This is
done by comparing Pred). against Ared,. The actual reduction
Ared,, is defined as

Aredy = ¢ (x5 1) — ¢ Ok + ZpTysis 1x)

where T, = 0, 1;. Ared) can be written as

Aredy = f (xic) = f (Xk + ZiTisi)
)
+ 3 U Wedi 1P = | Wiea it 1P, (34

The predicted reduction Predy is defined to be
1
Predk = —(Zkak)Tkak — EfIES/Z-GkSk

r( ~
+§mmmW—nmmmwawm%mwﬂ
(3.5)

where
Gy = Z Hy Zy + diag(VN ¢ (xy: ri))diag(ng).

Our way of testing s, and updating the trust-region radius §; is
presented in the following algorithm.

Algorithm 3.1 (Test s, and update the trust-region radius algo-
rithm). Choose 0 <y <m <1, §paxe > S, and 0 < ) < 1 <
o).
While %% < 1, or Pred < 0.
Set 8 = oy || s I
Evaluate a new sy.

Ared, ~
Ifn < Pmd’k‘ < m, then set xp 1 = Xp + T Zysy.
6k+l = max (8, dmin)-
End if.
Ared, ~
If 5 d’k‘ > 1, then set xp 1 = X + T Zysy.
8k+l = min{amaxy max{émm, a28k}}-

End if.

To update the penalty parameter r;, we use a scheme sug-
gested by Yuan [12]. Our way of updating r is presented in the
following algorithm.

Algorithm 3.2 (Update r; algorithm).
Set ryp = 1. Compute Predj, given by Eq. (3.5).
If
Pred >|| ZiV A Wi Ay | min{|| ZiV AW Ak I, Sk} (3.6)

Set Tyl = Tk
Else, set 1y = 2ry.
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End if

Either || Z,Vfi | + | ZiV A Wi Ay ||< € or ||s¢]| < €, for
some €; > 0 and €, > 0, the algorithm is stopped

3.3. The master algorithm

Master steps of our algorithm is presented in the following al-
gorithm.

Algorithm 3.3 (The Main Algorithm). Step 0.

Given xy € int(F). Compute matrices Wy, Z, and . Set
rg = 1.

Choose €, €,, a1, a2, 1, N2 and o such that € > 0, €; > 0,
O<a;<l<ar,0<n <n <1,and o > 0. Choose §,,,,
Smax, and &g such that 8,,;, < 89 < 8,max-

Setk =0.

Step 1. If | ZiV fi || + || Zk VAW Ax || < €, then stop.
Step 3. A step s is evaluated by solving the subproblem (3.1).
If ||sk || < €2, stop, end.

Step 4.

(a) Compute

(i) _
o ,Xk

5 i P (@) (D)
WD =] 700 ifa® > —ocoand Z”s” <0
k k "k .
1, otherwise,
b) Compute
p
By (D . ) o~
0 — W if B9 < oo and Z;"s;” > 0
= g2
1, otherwise.
¢) Compute
p
7 = min{l, min{u”, v"}} (3.7)
k = i k0 Vi . .

(d) Set Xir1 = Xk + ‘L'kaSk.
If x4, 1 € int(F), then go to step 5.
Else, set x;.1 = X + 6k Zysi, end.

Step 5. Compute W, given by (2.1).

Step 6. Test the step and update the trust-region radius using
algorithm (3.1).

Step 7. Update the penalty parameter r, using algorithm
(3.2).

Step 8. Compute Z;,; given by (2.9) and ¥y, given by
(2.11).

Step 9. Set k = k + 1 and go to Step 1.

In Sections 5-9, we present our global convergence theory to
the set of the first order points under some assumptions which
are stated in the following section.

4. General assumptions

Let {x;} be the sequence of points generated by the algorithm
(3.3) and let 2 be a convex subset of i” that contains all iterates
xy € int(F) and x; + T Zsi € int(F), for all trial steps sy.

On the set €2, we state the following general assumptions un-
der which our global convergence theory is proved.

A general assumptions:

[GA/] The functions f'and a;, i = {1, ..., m} are presumed to be
at least twice continuously differentiable Vx € Q.

[GA,] All of f(x), VAx), V*A(x), alx), Vaix),i = {1, ..., m} are
uniformly bounded in .

[GA;] The sequence of Hessian matrices { Hy} is bounded.

In the above general assumptions, we do not presume Va;(x),
i ={1,...,m} has inverse for all x € Q. So, we may have other
kinds of stationary points. They are presented in the following
section.

5. Stationary points

In this section, we define four kinds of stationary points, a Fritz
John point, an infeasible Fritz John point, an infeasible Mayer—
Bliss point, and a KKT point.

Definition 5.1 (Fritz John point). A point x, € Qis called a Fritz
John point, if there exist y,. € i and a Lagrange multiplier vec-
tor v, € M™ not all zero such that:

W(x)A(x,) = 0, (52)
Vs (V)i = 0, i=12,..,m, (53)

The above conditions are called Fritz John conditions. For
more details see [13].

If y, # 0, then Egs. (5.1)—(5.3) correspond with KK T condi-
tions (2.10) and the point (x,, 1, ;—’;) is called KKT point.

Definition 5.2 (Infeasible Fritz John point). A point x, € Q is
called an infeasible Fritz John point, if there exist y, € i and a
Lagrange multiplier vector v, € iR not all zero such that:

VZ(xX)V f(x) + Z(x)VA(x v, = 0, (5.4)
Z(x)VAXIW (x)A(x) =0 but |[W(x)Ax) >0, (5.5)

Yoo ()i =0, i=1,2,..,m. (5.6)

The above conditions are called infeasible Fritz John condi-
tions. For more details see [13].

If y, # 0 then Eqgs. (5.4)—(5.6) are called an infeasible KKT
conditions and the point (x,, 1, :—’;) is called an infeasible KKT
point.

Definition 5.3 (Infeasible Mayer—Bliss point). A point x, € Q is
called an infeasible Mayer—Bliss point if

Z(x)VAQ)W (x.)A(x,) =0,
W (x)A(x)] > 0.

The above conditions are called infeasible Mayer—Bliss con-
ditions. For more details see [14].

The conditions stated in Definitions (5.1)—(5.3) are called
stationary conditions of problem (1.1) and the point that sat-
isfies any of these stationary conditions is called a stationary
point.

The following three lemmas provide conditions equivalent to
the conditions given in Definitions (5.1)—(5.3)
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Lemma 5.1. Suppose GA\—GAs. A subsequence {xy,} of the it-
eration sequence asymptotically satisfies infeasible Mayer—Bliss
conditions if it satisfies:

(1) limy o | Wi, A, | > O.

(2) lim/c,»%oo {minse:’)\‘”*’” {” VV/q (Ak[ + (ZkVAk;)Tfk,»S) ”2}} =
1imk,-—>oo I Wk,-Ak, ”2

Proof. Let the subsequence {k;} be renamed to {k} to sim-
plify the notations avoiding double indices. The minimizer s,
of min, || Wi (Ax + (Zi VAT Ts)|? satisfies

BZNAWN AL 205 + T ZiV AL Wi A = 0, (5.7

From condition 2, we have

Jim {280 ZkV AWV AL ZicSic + 208 ZiN AkWie Ay} = 0.
(— 00

(5.8)
We consider two cases:
(1) If lim;_, o §x = 0, then from (5.7) we have
k]lm {kakVAk WkAk} =0. (59)

(ii) If limy_ « Sk # 0, then by multiplying Eq. (5.7) from the
left by 257 and subtract it from (5.8), we have

Jim {228, ZN AWV AL 2,5} = 0.
— 00

But this implies that limy_, o {74 Z; VA Wi Ar} = 0. Hence
in either case, we have

khm {ZkVAkaAk} = 0,

where limy_, . 7x = 1. Thus conditions of Definition
(5.3) hold in the limit. O

Lemma 5.2. Suppose GA-GA3. A subsequence {xy,} of the iter-
ation sequence asymptotically satisfies the infeasible Fritz John
conditions if it satisfies:

(1) limy, oo Wi, A, || > .

(2) limk,._,oc Zk, VAk, I/I/;(’.Aki =0.

Proof. Let the subsequence {k;} be renamed to {k} to simplify
the notations avoiding double indices. From condition 2, we can
write

khm Z/CVAkaAk =0.

Take (vi); = (Wi Ay)i, i =1, ...,m. Since limy _, o|| Wi Akl > 0,
then limy _, oo (vi); >0, fori =1, ..., mand limy _, (vy); > 0, for
some i. Therefore limy_, o, Z;VAiv, = 0. Thus in the limit with
v, = 0, the conditions of Definition (5.2) hold . O

Iflimy, o0 V fi, + Zi,, VAr,vi; = 0, then the infeasible (KKT)
conditions are satisfied in the limit. Otherwise, the infeasible
Fritz John conditions are satisfied.

Lemma 5.3. Suppose GA-GAj3. A subsequence {x,} of the itera-
tion sequence asymptotically satisfies the Fritz John's conditions
if it satisfies:

(1) For all k;, | Wi, Ak, | > 0 and limy,_, o Wy, Ay, = 0.

. . W (A, +(Z VA ) T 5 9) 12
(2) llmki_,oo {mlnsemn—m { ki 7ki k7 Ll }} =1.

Wi, A I1*

Proof. Let the subsequence {k;} be renamed to {k} to simplify
the notations avoiding double indices. The limit in Condition 2
is equivalent to

Jim {min (105 + wvf Ziza )| =1 (5.10)

where U_k is a unit vector in the direction of Wy Ay, d = m
Let di be a minimizer to the following problem

min {[|Ug + Wi (ZV A" G I}, (5.11)

then, from the optimality conditions we have

(Z VAW Z NV AT By + (ZiV A) Wi Ur e = 0, (5.12)

We consider two cases:
(i) If limy_ o dx = 0 in the above equation, then we have,
limy_, oo (Zx VA ) Wi U Ty = 0. )
(1) Iflimy_ o d; # 0, then from (5.10) and the fact that dj is a
solution to the minimization problem in (5.11), we have

i (] (2 AWV 40" 7 d,
+ 22U W(ZiV Ai) " Tdiy = 0.

Multiplying (5.12) from the left by 24,7 and subtract it
from the above limit, we have

lim 224 (ZyV A Wi ZiV A) " dy = 0.

This implies limy_, o, {Zx VAW, U T} = 0. Hence in both
cases, we have
khm {ZkVAkaUk} = 0, (513)

where limy_, o, Tx = 1. The rest of the proof follows using
arguments similar to those in the above lemma. O

From lemma (5.3) we can see that, for any subsequence of the
iteration sequence that satisfies Fritz John’s conditions, the cor-
responding subsequence of smallest singular values of W, VAT
is not bounded away from zero. This means that asymptoti-
cally the gradients of the active constraints are linear depen-
dent. In the following section, we introduce some lemmas which
is needed in the proof of our main results.

6. Important lemmas

The following lemma shows that, at any iteration k, the pre-
dicted reduction Pred; is at least equal to the decrease in the
quadratic model of the penalty function obtained by the Cauchy
step.

Lemma 6.1. Suppose GA,—GAs. Then for all k > k. there exists
a positive constant K, independent of the iterates such that,

Zi NV DTk
Pred, > Ki%, || ZV(xi: ) || min {ak, W}
k

(6.1)
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Proof. Since the trial step s; satisfies the fraction-of-Cauchy de-
crease condition (3. 2) Then we consider two cases:
O Ifs) =~ (ZikV (i 1)) and | Zi V(s )P

1 Zk V¢(A/ i) |

> 8i[(Zk Ve (xi; 1)) Bi(Zi V(x5 1)), then

4(Zis,") = —(ZiV o (xp; 1)) 57 — %Tp Bys!

N ZeVe s ) |
1 82

20 ZiVe (s ) I1?

qr(0) —
Il ZV (xis 1) 117
(ZkV o (xi; 1)) Be(ZiV e (xi; 110)))

1
> 55/\» | ZkV s i) |l - (6.2)

124V s ) 1 .
@) If 5 = ~ g 5 Gevacgmy Ck VO (i 1), and

1ZiV(xis r)I1P < 8k(Zie V(X 1)) Bi(Zie V(xi; 1)), then

C, C, 1 C, T C,
qk(o) — 4k (stkp = _(Zkvd)(xk; rk))Tskp - Eskp Bkskp
1 Il ZiVe G o) II*

2(ZiV§ (i 7)) Be(ZiV (i 74))
- | Zk Ve (xi; ric) ||2.
N 2 B |l
From inequalities (3.2), (6.2), and (6.3) we have,
qr(0) — qi(Zisy) = Ky || Zik Ve (xi; i) || min
y {8/“ | ZikVo (xi; rie) |l }

(6.3)

Il B |

From the above inequality and the following fact

qx(0) — g (ZiTiesr) = Telqr(0) — qi (Ziesi)]

where 0 < 7, < 1, then we have

1 (0) — qi(ZxTusi) = Ki T || ZikVep (X 1) || min
{ | ZkVo(xi; rio) |l }
X0, ————— ¢
| By |

But the predicted reduction which given by (3.5) can be written
as follows

Predy, = q(0) — q(ZiTisy).

Hence

Z vV Tk
Pred;, > Ki% || ZyVe(x: i) || min {5k, W}.
k

]

Lemma 6.2. Suppose GA, and GA5. Then W(x)A(x) is Lipschitz
continuous in 2.

Proof. The proof is similar to the proof of lemma 4.1 of [1]. O

From the above lemma, we conclude that A(x)” W(x)A(x) is
differentiable and V A(x) W(x)A(x) is Lipschitz continuous in 2.

Lemma 6.3. At any iteration k, let D(x;) € X" *" be a diagonal
matrix whose diagonal entries are

I if (Ar)i < 0and (Agq1); = 0,
(dp)i=1—-1 if (4x); = 0and (4x11); <O, (6.4)
0 otherwise,

wherei=1,2,...,m. Then

Wiy1 = Wi + Dy. (6.5)

Proof. The proof is similar to the proof of lemma 6.2 of [3]. O

Lemma 6.4. Suppose GA—GAs. At any iteration k, there exists
a positive constant K, independent of k, such that

DAkl < Ksllsell, (6.6)

where Dy, € W *" is the diagonal matrix whose diagonal entries
are defined in (6.4).
Proof. The proof is similar to the proof of lemma 6.3 of [3]. [

Lemma 6.5. Suppose GA—GAj, then there exists a constant K;
> 0 that does not depend on k, such that

| Ared, — Predy, |< KxsTre|lsill*. (6.7)
Proof. From Egs. (3.4) and (6.5) we have

Aredi = f(xx)

— ACxk + ZiTesi) T (Wi + D) A(Xy + ZicTesio)]-

. r
— [ Xk + ZiTiesi) + Zk[A,f Wi A

From the above equation, Eq. (3.5), and using Cauchy-Schwarz
inequality, we have

22
|Ared, — Predy| < 3 | 5§ Zi (V2 f(x5)

— V2 (X + 61 ZkTe51)) Ziesie |
72
+5 ) sl diag(Ve (i i) )diag(yr) s |
+ 1Tk | Zie(VAr — VA + EZiTresi) ) Wi Arsic |
=2
a3
+ 2
- VA(Xk + E5OWVA + EZkTes1) " 1 Ziesie |

kk

| sf Z VAW VAT

I Dk Akll” + rite | ZiV A + 6 Z5Tesi) DicAgesie |

kT, -
+ (a3 | 5§ Zi[V ACer + E50) DV Ay + & Z1es) 1 Zisi |

2
for some &; and &, € (0, 1). From lemma (6.4) and general as-
sumptions, the proof is completed. [

7. Convergence when r; goes to infinity

In this section, the convergence of the sequence of iteration is
studied when the parameter r; goes to infinity. From algorithm
(3.2), we observe that the sequence {r;} goes to infinity only
when there exists an infinite subsequence of indices {k;} index-
ing iterates of acceptable steps that satisfy, for all k € {k;}

Predi < || ZiV Ak Wi Ai | min{|| Z, VA Wi A, 8¢} (7.1)
The following lemma studies the case when limsupy . || Wi Ak |l

> 0.

Lemma 7.1. Suppose GA,-GAs. If rj, — 00, as k — oo and there
exists a subsequence {k;} of indices indexing iterates that satisfy
WAkl = €1 > 0 for all k € {k;}, then a subsequence of the
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sequence of iteration indexed {k;} satisfies the infeasible Mayer—
Bliss conditions in the limit.

Proof. Let the subsequence {k;} be renamed to {k} to simplify
the notations avoiding double indices. By using a contradic-
tion we prove this lemma. So we presume that there exists no
subsequence of the iteration sequence that satisfies the infea-
sible Mayer—Bliss conditions in the limit. Using Lemma (5.1),
we have for all k, | |Widxl* = Wi (Ax + (ZiV A Ts) 1”12
g; for some &, > 0 and from Definition (5.3), we have,
| Z VA Wi Al > €, for some g, > 0.

Since r; — o0, then there exists an infinite number of accept-
able iterates at which inequality (7.1) holds. We consider two
cases:

@) I | W ARl — 1 Wi(Ar + (ZkV A) T Tesi) |12 = &1, we have

1WAk 1P — Wi (Ax + (ZiV A T Tesi) 17} = reer — o0
(7.2)

Since 7, — 1 as k — oo, then under assumptions GA,-GA4; and
using (3.5) and (7.2), we have Pred;, — oo. Hence, as k — oo,
the left hand side of inequality (7.1) tends to infinity while the
right hand side goes to zero. This gives a contradiction in this
case.

(i) I [[Widill® — Wi (Ax + (ZV A Tesi) | < —e1. Be-
cause rp, — oo and 7, — 1 as k — oo, we have

1WAkl = Wi (Ax + (ZiVAD) " Tesi) 17} < —rer — —o0.
(7.3)

Similar to the above case, Pred, — —oo. This gives a contra-
diction with Pred; > 0. These two contradictions prove the
lemma. [J

The following lemma studies the case when r, — oo as k —
0o, and lim in fj_. oo || Wi Ax || = 0.

Lemma 7.2. Suppose GA\-GAs. If rj, — 00, as k — oo, and there
exists a subsequence {k;} of the sequence of iterates that satisfies
| Wiedill > 0 for all k € {k;} and limg 0 | Wi Ax; | = 0, then a
subsequence of the iteration sequence indexed {k;} satisfies Fritz
John’s conditions in the limit.

Proof. Let the subsequence {k;} be renamed to {k} to simplify
the notations avoiding double indices. By using a contradiction
we prove this lemma. So we presume that there exists no sub-
sequence that satisfies the feasible Fritz John’s conditions in the
limit. By using lemma (5.3), there exists a constant €3 such that
for all k sufficiently large,

[IWeAill? — 1WAk + (ZiV A T Tesi |1 |
| Wi A2

(7.4)

We consider three cases:

1) Iflim in fi— oo W = 0, the above inequality gives a con-
tradiction.

(ii) If lim supkﬁmm = oco. From the way of computing
Sk, we have

Zi(V fi + N AW Ar) = —(Bi + pi)s,

where p; > 0 is the Lagrange multiplier of the trust region con-

straint. Using the above equation, then inequality (6.1) can be

written in the form

Prediy > KiTy || Zi(V fi + 1V A Wi 4y) || min

Il [in + Z VAW VAT Z, + %I]Sk I
Il in + ZiN AWV AL Zy |l

(1.5)

X aks

Because r, — 00, as k — oo, there exists an infinite number of
acceptable steps such that inequality (7.1) holds. But inequality
(7.1) can be written as

Predy, < || ZkV AP | Wi Ai |1 (7.6)

From inequalities (7.5) and (7.6), we have
KT || Zi(V fie + 1V A Wi Ai) || min
I [in + Z VAWV AT Z) + %I]Sk Il
X 10k
I 5-Gi+ ZiV AWV AL Z ||

}<b%|| Wi Al

where by = sup.callZiVAr]|. Hence, if we divided the above in-
equality by || Wy A||, we obtain

KT || Zi(V fi + 1V AW Ap) || min
Sk I+ -G+ ZV AN AL Zi + 2 s ||
X{ Wl 1 Get ZeV AT AT Ze | I Wiede] }
< B Wi Ayl (1.7)

The right hand side of the above inequality goes to zero as
k — oo. This implies that along the subsequence {k;} where

H Ski _
limy, o WA = o0, we have

| Zi(V fi, + 1,V A Wi A |l
I [ G o+ ZuV A Wi VAL Zy o+ ST, |
x . ,
I ;Gki + ZiV A Wi VAL Zi | W, A

is bounded. Therefore, asymptotically, either ”WY o lies in

the null space of Z,VAWj, VATZk—i— 'I or || Zk(ka
13, VA, Wi, Ax) 11— 0. The ﬁrst pos51b111ty occurs only when

Ph;

"kf — 0ask; - oo and lies in the null space of the ma-

HW A il
trix Zip VA, Wi, VATZk Wthh contradlcts assumption (7.4) and
implies that a subsequence of the iteration sequence satisfies the
Fritz John conditions in the limit. The second possibility implies
that as k; — oo, || Zi(V fi, + 1, VA, Wi, Ar,) |— 0. Hence as k;
— 00, I, | ZiV Ax, Wi, Ak, |l must be bounded. This implies that
a subsequence of the sequence of iterates satisfies the Fritz John
conditions in the limit.

(iii) If limsupy_ o HWkAkH < oo and liminfy ki~ IIW/ AA i
Therefore ||s; || — 0. Hence, as in the second case, the right hand
side of (7.7) goes to zero as k — oo. This implies that

1 (ZiN AWN AL Zy + £ Dsi ||

Ze(V fi 4 VAW A
129 fit eV WA 7 Gz e

But this implies that asymptotically, either || Zx(V fi +
2V AWV AL Zi T Dy

VAW AL ||— 0 or H7kVAkWAVA,T7kIIHWkAkH — 0. As the sec-

ond case, the two possibilities imply that a subsequence of the

iteration sequence satisfies the Fritz John conditions in the limit.

This completes the proof. [
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8. Convergence when r;, is bounded

In this section, we presume that the parameter 4 is bounded.
This means that, we presume the existence of an integer k such
that forall k > k, r, =7 < oo.

Lemma 8.1. Suppose GA\-GAs. At any iteration indexed k at
which | Z Vo (xi; )|l + | Zk VAW A || > €1, there exists a
positive constant Ky that depends on €, but does not depend on
k, such that

Pred, > K475y, (81)

Proof. From equalities(2.13), (2.16), and general assumptions
GA; — GA3, then for all k, there exists b, > 0 such that || By||
€l

< by. Let [|Zx Ve (xy; i) || > 5 and using inequality (6.1), we
have

Predk

\Y

. Z vV DTk
K || ZeVe (s ) || min {sk, M}

Il B |

~ . €]
> — KT €, min {1, 7}6,(
2 21725);111)(
> K47y by,
where K; = 1K€, min{l, ). O
Lemma 8.2. Suppose GA\-GA;. If | ZyVo(xi; o)l +
| Z VAW Ar)|| > €1, then an acceptable step is found after
Ared),
finitely many trials i.e., the condition P:z df’ > ny will be satisfied
kj

for some finite j.

Proof. Since || Z;Vo(xi; i)l + 1 Zk VAW Ar)| > €1,  then
from lemmas (6.5) and (8.1), we have

Ared), ! = | Ared). — Predj | _ K3l_‘fk8,% - K378
Predk - Predk - K4fk5k - K4 ’

Now as the step Sk, gets rejected, Sk, becomes small and eventu-
ally after finite number of trials, (i.e., for j finite), the acceptance
rule will be met. This completes the proof. [

Lemma 8.3. Suppose GA1-GAs. If |Zi Vo (xi; Pl + |1 ZiV Ay
Wi A > €1, at a given iteration k, the jth trial step satisfies

(I =Ky
7K

llspill <

(8.2)

then it must be accepted.

Proof. By using a contradiction we prove this lemma. Presume
that the step s, is rejected and inequality (8.2) holds. Then,
from inequalities (6.7) and (8.1) we have

| Ared,; — Pred,; |
Predk/

K3ffkf||5k/||2 < (I =)
Kitllsel — 2

(I—=m) <

This gives a contradiction and proves the lemma. [

9. Global convergence outcomes

In this section, we prove our master global convergence result
for our trust-region algorithm.

Theorem 9.1. Suppose GA1—GAs. Then the sequence of iterates
generated by the algorithm satisfies

Uminf[| ZiV fill + 12V AW Aicll] = 0. (CRY)

Proof. First, we prove that

liminf | Z, Ve (xi; PNl + 1 ZiV A Wi Agll = 0. 9.2

We prove (9.2) by contradiction. Suppose that, for all £,
1 Zk Ve (x: TNl + 1|1 ZV A Wi Ak || > €1. Let k > k and consider
a trial step indexed j of the iteration indexed k such that &/ > k.
Using lemma (8.1), we have for any acceptable step indexed &/,

Oy — Oy = Aredy; > miPredy; > 11 KyTyi6y. 9.3)

As k goes to infinity, then 7,; — 1 and the above inequality im-
plies that

klim 8, = 0. (9.4)

This implies that the radius of the trust region is not bounded
below.

If we consider an iteration indexed &/ > k and if the previ-
ous step was accepted; i.e. if j = 1, then 8,1 > §,,;,. Hence §,; is
bounded in this case.

Now presume that j > 1. i.e., there exists at least one rejected
trial step. For the rejected trial step, we have from lemma (8.3)

(I —n)Ky
seill > ——=—,

27K,

foralli=1,2,...j — 1. Since s;; is a rejected trial step, then from
the way of updating the radius of trust region (see algorithm
(3.1)) and using the above inequality, we have

50 = arlls || > o LK

194 1D~ 1 sz3 .
Hence §,; is bounded. But this contradicts (9.4). Therefore, the
supposition is wrong. Hence,

liminf | Zx Ve (xi; i) | + 12V AxWie Al = 0.

But this also implies (9.1). This completes the proof of the
theorem. [

From the above theorem, we conclude that, given any €; > 0,
the algorithm terminates because || Z;V fi || + | Zx VA Wi Akl <
€].

10. Numerical outcomes

In this section, we present the numerical results of the interior-
point trust-region Algorithm (3.3) which have been performed
on a laptop with Intel Core (TM)i7-2670QM CPU 2.2 GHz
and 8 GB RAM. Algorithm (3.3) was implemented as a
MATLAB code and run under MATLAB version 7.10.0.499
(R2010a). A starting point x, € int(F) is given, we select §y =
max(|[sg’ |l Smi), where 8, = 1073, and we select 8, = 10°5).
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Table 10.1 Numerical outcomes of LANCELOT and proposed algorithm.

Problem The number of The number of The number of LANCELOT Propose algorithm
Name variables equalities inequalities iter(nfunc) iter(nfunc)
Problem 6 2 1 0 49(56) 15(25)
Problem 7 2 1 0 18(19) 9(12)
Problem 9 2 1 0 4(5) 16(17)
Problem 10 2 0 1 17(18) 26(29)
Problem 12 2 0 1 22(23) 8(9)
Problem 14 2 1 1 12(13) 11(12)
Problem 16 2 0 5 15(16) 3(4)
Problem 21 2 0 5 1(2) 3(4)
Problem 22 2 0 2 9(10) 22(24)
Problem 24 2 0 5 7(8) 33(41)
Problem 30 3 0 7 7(8) 3(4)
Problem 34 3 0 8 19(19) 26(27)
Problem 41 4 1 0 6(7) 20(21)
Problem 60 3 1 0 15(15) 11(13)
Problem 77 5 2 0 22(24) 21(22)
Problem 78 5 3 0 11(11) 10(15)
Problem 79 5 3 0 9(10) 5(12)
The values of the constants that are needed in Step 0 of al- References

gorithm (3.3) were select to be n; = 0.25, n, = 0.75, «; = 0.5,
=2 € = 10_7, and ¢; = 10-°.

We report the numerical outcomes of the proposed algo-
rithm in Table 10.1. The problems which are tested in this Table
are the Hock and Schittkowski ’s subset of the constrained and
unconstrained testing environment [15].

In Table 10.1, we compare the numerical outcomes of algo-
rithm (3.3) versus the corresponding outcomes of LANCELOT
(Release A)[16].

The value of x, and f{x,) are the same value indicated in
Hock and Schittkowski [15]. In many of the test problems re-
ported in Table 10.1, the number of iterations and the number
of function evaluations of the interior-point trust-region algo-
rithm are better than those obtained by LANCELOT. This in-
dicates the viability of our approach.

11. Concluding remarks

We described a new interior-point penalty active-set trust-
region algorithm for solving general nonlinear programming
problem with bound on variables. The penalty method and the
active set strategy are used in the proposed algorithm to trans-
form the optimization problem with equality and inequality
constraints with bound on variables to unconstrained optimiza-
tion problem with bound on variables. The algorithm uses a
Coleman-Li strategies and the requirement of strict feasibility
to examine the optimality conditions for the bound constrained
optimization problem.

There are many question should be answered for future
work. We can improve the proposed algorithm to make it capa-
ble of treating nondifferentiation bound constrained optimiza-
tion problem with equality and inequality constraints.
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