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1. Introduction

The concept of L-fuzzifying topology appeared in Hohle [1] un-
der the name - L-fuzzy topology~ (cf. Definition 4.6, Proposition
4.11 in Hohle [1] where L is a completely distributive com-
plete lattice. In the case of L = [0, 1] this terminology traces

* Corresponding author. Tel.: 00201022024989.

E-mail address: khalfmohammed2003@yahoo.com (M.M. Khalaf).

I Current Address: Mathematics Department, Faculty of Science in
Zulfi, Majmaah University, Zulfi 11932, P.O. Box 1712, Saudi Arabia.
Peer review under responsibility of Egyptian Mathematical Society.

Production and hosting by Elsevier

back to (Ying [2-4]) who studied the fuzzifying topology and
elementarily developed fuzzy topology from a new direction
with semantic method of continuous valued logic. Fuzzifying
topology (resp. L-Fuzzifying topology) in the sense of Ying
(resp. U. Hohle) was introduced as a fuzzy subset (resp. an
L-Fuzzy subset) of the power set of an ordinary set.

Hohle [5] introduced and studied a characterization of strat-
ified and transitive L- topology by stratified and transitive L-
interior operator K, where L is a complete M V-algebra.

A characterization of L-fuzzifying topology by L-fuzzifying
neighborhood system, where L is a completely distributive,
was given also in Hohle [5]. Finally, Hohle [5] introduced a
characterization of stratified and transitive L- topology by L-
contiguity and L -fuzzifying topology, where L is a completely
distributive complete MV-algebra. Many separation axioms in
fuzzy to pological spaces in the sense of Chang [6] or in the sense
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of Lowen [7] are introduced and studied by many authors. Ying
[2], introduced and characterized the concept of T>(Hausdorff)-
separation axiom as a fuzzy subset on the family of all [0, 1]—
fuzzifying topological spaces. Shen [§], introduced and studied
To, Ty, Ts(regular), Ty(normal)-separation axioms. Kheder,
et al. [9], introduced R,, R;-separation axioms in fuzzifying
topology and studied their relations with 7 and T,-separation
axioms. In 2003 Zhang et al. [10], studied the concept of fuzzy
(i; j) -closed, (i; j)-open sets in fuzzifying bitopological spaces.
In this paper, we introduce and study the concepts of semi — Ry-
and semi — R;-separation axioms in fuzzifying bitopology and
study their relations with semi — Ty-and semi — T5>-separation
axioms . Furthermore, we discuss semi — Ty, semi — Ts(semi-
regularity) and semi — T, (semi-normality)-separation axioms
in fuzzifying bitopological spaces and give some of their char-
acterizations as well as the relations of these axioms and other
semi separation axioms in fuzzifying bitopology introduced.
In Section 1, we recall some notions and results in separation
axioms in L- fuzzifying bitopology, Also, in Section 2, semi sep-
aration axioms in L- fuzzifying bitopology are introduced and
studied. Finally In Section 3, relations among semi separation
axioms are discussed.

Definition 1.1 (Hohle [5]). The double negation law in a com-
plete residuated lattice L is given as follows:

Ya,be L, (a— 1)— L=a.

Definition 1.2 (Hohle [5], Rosenthal [11]). A structure (L, Vv, A,
%, —, L, T)is called a strictly two-sided commutative quantale
iff

(D) (L, v, A, L, T) is a complete lattice whose greatest and
least element are T, L respectively,
(2) (L, %, T) is a commutative monoid,
(3) (a) xis distributive over arbitrary joins, i.e., a* \/,, b; =
Vo (@xby)Ya e L VibljeJiCL, .
(b) — 1is a binary operation on L defined by : ¢« — b =
Visa<p Ya,b e L.

Definition 1.3 (Ying [4]). A structure (L, Vv, A, %, —, L, T) is
called a complete residuated lattice iff

(1) (L, v, A, L, T) is a complete lattice whose greatest and
least element are T, L respectively,
(2) (L, %, T) is a commutative monoid, i.e.,
(a) = is a commutative and associative binary operation
on L, and
b)VaeLaxT=Tx* a=a,
(3) (a) = is isotone,
(b) — is a binary operation on L which is antitone in the
first and isotone in the second variable,
(¢) — iscouple with x as: axb <ciffa<b— ¢ VYa,b,c
elL.

Definition 1.4 [4]. Let (X,t) be an L-fuzzifying topological
space, let x € X.

(1) The fuzzifying neighborhood system of x, denoted by N,
e I’™ | is defined as follows:

N )= \/ «(B.

XEBCA

2- The family of all fuzzifying closed sets is denoted by F €
I (P(X)) and defined as follows:

AeF=X~Aer
3- The closure c/(A4) of ACX is defined as follows:
cd(A)(x) =1— N,(X ~ 4).

Definition 1.9 [12]. Let (X,7;) and (X,72) be two anlL-
fuzzifying topological space. Then a system (X, 7, t5) consist-
ing of a universe of discourse X with two L-fuzzifying topolo-
gies 71 and 7, on X is called an L-fuzzifying bitopological
space.

Definition 1.10 [12]. Let (X, 71, t2) be an L-fuzzifying bitopo-
logical space.

(1) A set Ais said to be a pairwise open if and only if 4 €
11 N1y.1e, OF(4) =min(t;(A4), 1,(A)).

(1) A set Bis said to be a pairwise closed if and only if X —
Be(Qf. ie, BeFF=X-Bec(O".

Lema 1.1 [12]. Let (X, 7y, t2) be an L-fuzzifying bitopological
space. Then

F(B) = min(F (B), F(B)).

Lema 1.1 [12]. Let (X, 7y, t5) be an L-fuzzifying bitopological
space. Then

I-Of Crw, i=1,2
2-FPCF i=1,2.

2. Semi separation axioms in L-fuzzifying bitopological space

Definition 2.1. Let (X, ty, 7;) be an L -fuzzifying bitopological
space.

(1) The family of all L-fuzzifying (i, j)-semiopen sets, denoted
by 57 € S(P(X)), is defined as follows:
st (A) = )\ elj(int;(4)(x).

xeAd

(2) The family of all fuzzifying (i, j)-semiclosed sets, denoted
by sF; j € J(P(X)), is defined as follows:

Sﬂi.j)(A) = Sf(iyj)(A) — 1.

Example 2.1. If L =[0,1] and Let X = {a, b}, t,, 72 be two
fuzzifying topologies defined as follows:

1 if Ae{p, X} 1 if Ae{p, X}
nd) =14 if A={a , n={; if A={p

0 if A={h 0 if A={a
and

1 if Ae{p, X} 1 if Ae{¢, X}
R)y={1 if 4=} . A ={; if Ad=f{a

0 if A={a 0 if A={h
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Note that
P 1 if A ey, X}
o) = {0 if ow.
1 if Ae{p, X}
Stipd)y =14 if A={a)
0 if A= {b}

Definition 2.2. Let (X, 7|, 7;) be an L -fuzzifying bitopological
space and x € 4

(1) The (i,j)-semi neighborhood system of xis denoted by
SN e 3(P(X)) and defined as follows:

SNED(A) = \/ s10.)(B).

XeBCA

(2) The (i, j)-semi derived set sd; j(A) of A is defined as fol-
lows:

sdi (D) =\ (SNI(B) - 1).

BN(A—{x)) = ¢
(3) The (i,j)-semi closure of ACX,is denoted by
scli; j(A)(x) and defined as follows:
sclip (A)(x) = /\ (sFi (B) — 1).
X¢BDA
(4) The (i,j)-semi interior of ACX,is denoted by

scl;, j(A)(x) and defined as follows:

sintij(A)(x) =\ (SN (4)).

x¢B2A

For simplicity we put the following notations:

SK) = (\/ SNS’”(A)) v (\/ SNy (A)),

yéA XA

SH) = (\/ SN (B)) A (\/ SNS‘”(@),

y¢B x¢C
SME) = \/ (SNOP(B) A SN (C)),
CNB=¢
SV = \/  (SNUD(4) A St (B)),
ANB=¢,DCB
SW;f};) = \/ min(Sz, ;, (C), St (D)),

ACSC, BSD, CND=¢
where x,y € X,4,B,C,D € P(X) and (X,ty, t,) is an L-
fuzzifying bitopological space.

Definition 2.3. Let Q2 be the class of all L -fuzzifying bitopolog-
ical spaces. The unary L-predicates STy, S TIQ’/" and ST €
L% are defined as follows: k

ST (X, 71, 70)

= \Ew - \/

x¢u ANB=¢, uCB

min (SNf’j) (4), (/\ Stj) (B)>)

yeu

STy (X, w1, )

=N\(Ew - \/

x¢u ANB=¢. uCB

ST (X, now) = ST (X, 11, ) AST (X, 11, ).

min <SN£”> A, </\ St j) (B)> ),

yeu

Example 2.2. If L =[0,1] and Let X = {a, b}, 71, T2 be two
fuzzifying topologies defined as follows:

1 if Adef{p, X} 1 if Ade{p.X)
zl(A):I; it A={a ,Tz(A):[; it A={a)
;oA A={h) Lot A=)
Note that
1 if Ae{¢, X}
QP<A>={; if  A={a) ,
Lot A={p
1 if Aef{¢, X}
St12)(A4) = {; if  A4={a)
1if A={n

STE (X, m) = ST (v m) A ST (X m) = o

Definition 2.4. Let Q be the class of all L-fuzzifying bitopo-
logical spaces. The unary L-predicates ST L% n=
0,1,2,3,4 and SR%’ € L2, n=0,1 are defined as fol-

lows:

ST, (X, 1, 1) = \ SKUY,
XAV

ST (X, 7, 1) = [\ SH,
x#y

ST (X 71, 0) = \ SMY),
X#y

ST X 1 0) = N\ (F,, () > 5V),
x¢D

ST X mm) = N\ (min(F, (4, Fy, (B)— SWLY ),
ANB=¢

SRy (X, m.m) = /\ (SK) — SHLY).
X£Y

SRI(X, 11, 1) = /\ (SKE) — SME)).
XAV

Example 2.3. If L =[0,1] and Let X = {a, b}, t,, 72 be two
fuzzifying topologies defined as follows:

1 if Aei{p, X) 1 if Ae{¢, X}
mA):i; if  A={a | pu={1 if 4=ia)
oif A=1{n Lot A={p)
Note that
1 if Ae{¢, X)
Ofy={s if A={a ,
Lot A={b)
1 if Ae{p, X)
StiaA) =1t if  A={a
1oif A={h)
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7
ST3(1 ,2)(X, T, T2) = /\ (Fr(l 2 (D) — SV)C(vlbz)) = E
x¢D

ST (X, 71, 12) = \ ((F, ()

X¢u
- \/ min (SN(”) (A) ( /\ St 2)(B)>> _ 7
X ’ : 10
ANB=¢, uCB YEU
STE? (X, 11, 10) = J\(F, ()
X¢u
- \/ min (SN(“) (A) ( /\ St 2)(B)>> _ !
X ’ : 10
ANB=¢, uCB YEU

Remark 2.1. Let (X, 1, 72) be an L-fuzzifying bitopological
space. From remark 3.1 in [15], we have ST, 2 (X, 1), 1,) #
ST VX, 71, m), i=0,1,2,3,4

Lemma 2.1. Let (X, 1) € Q. Then for any x,y € X,
(1) SM{) < SH,
(2) SH} < SK\Y,
(3) SMY < SK.

Proof.

1= SMy =\ gy min(SN;™ (B), SN/ (C)) <
Va5, vee Min(SNY (B), SN (C)) = SH{,

2- K = max(\V/,, SN (4)), (\V gy SN (4)) =
Vs SN (4)

> \/ min(SN7(4), SN (B)) = SH)
y¢A, x¢B

3- Itis obtained from (1) and (2). O

Theorem 2.1. For any (X, t1,1) € €,
SRS (X, 11, ).

SR (X, 11, 1) <

Proof. SR (X, 1, 1) = A\
is isotone in the second, then

U (SKE) > SMUD). Since —

SR (X, 11, 10) < \(SKE) — SH)) = SRV (X, 71, 7).
Xy

O

Theorem 2.2. For any (X, ty, 1) € Q, the following statements
are satisfied:

(1) ST(X, 11, 1) < SRy (X, 11, 72).

@) ST (X, 11, 1) < ST, (X, 1. ),

3) ST (X, 11, ) < SR} (X, 11, 02) AST{ (X, 11, 1),

@) If ST"”(X, 11, 1) = T, then ST/ (X, 7, 1) = SR{"”
X, 711, 0) AST (X, 71, 7).

Proof.

(1) Since SHYY” < SK")’ — SH{} so that ST,"" (X, 1,
0) < SR{ (X, 11, ).

(2) From Lemma 2.1 (2) one can deduce that STI("“" (X, T,
n) < ST, (X, 71, 1),

(3) The proof follows from (1) and (2) .

(4) Since T > a=aVaeeL(Indeed T - a=\/, 1, A=
Vi k=) then ST (X, 1. m) = A\, SHY =
Ay SKG = SHE)) AT = SR (X 1. 1) A
ST (X, 71, 12)
because Vx,y € Xs.t. x # y, ifSTéLj) (X, 11, 10) =T, then
SKy' =T. O

Theorem 2.3. For any (X, ty, ;) € Q, the following statements
are satisfied:

(1) ST (X, 7, w) < SR (X, 71, ),
@) ST (X, 1, %) < ST (X, v, 1),
3) ST (X, 11, w) < SR (X, 11, ©) A ST (X, 11, )
2 1 0
4) If ST\ (X, 11, 10). then STy (X, 71, 12) = SR (X,
0 2 1
71, T2).

Proof. The proof is similar to the proof of Theorem 2.2. [

Theorem 2.4. For any (X, 11, 1) € Q,
ST (X, 71, ).

ST (X, 1, 1) <

Proof. The conclusion is obtained from Theorem 2.2(2) and
Theorem 2.3(2). O

Theorem 2.5. If L satisfies the completely distributive law, then
forany (X, 71, 15) € Q,

STI(/'.f)(X’ 7, 0) = /\ SFi j({x}).

xeX

Proof. Let xi, x; € X's.t. x| # X3.
Then

/\ SFip(xh) =\ Stip(X —{x)

xeX xeX
Al A SN =i
xeX \yeX—{x}
/\ SNIP(X = (xa)) < SN (X — (xa))
yeX—{xy}

=V SN2

xXo¢A4

IA

Similary, we have

/\ SFij({x}) = \/ SNED (B)

xeX X1 ¢B
Then
A SEpdxh =\ \/ (SNED () A SNED (B))
xeX X1#X) X1 €B,xy¢A
= ST (X, 7).

For the other hand,

ST (X, ) =\ \/ SNED(4) | A

X1, €X X1 #X) Xo¢A

\/ SNE(B)

X1 ¢B
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/\ ((SNEP(X =) ASNED (X —{x1))
X1#X2

A\ SNEP(X = ()

X1#X2

o ANVANELARC St

XX x1eX—{xy}

= /\ /\ T (X — {x2})

IA

xyeX xeX

= N\ tipX = {xh) = A /\ SFip(xh
xeX xeX xeX

= A\ /\ marX —{x2)
xyeX xeX

= N\ Stip(X —(xh) = )\ \ SFip(x)).
xeX xeX xeX

O

Definition 2.3. Let 2 be the class of all L -fuzzifying bitopolog-
ical spaces. We define

ST (X, 1, 10) = \((F, ()
X¢u

- \/ min (SN;,'?/')(A), A\ (Scljy (A () > J_)),

AeP(X) YEU

ST 1) = A\, W)
xéu

— \/ min (SN;’?/)(A), /\(Sr(i_j)(A)(y)—>J_)>,

AeP(X) yeu

ST (X mm) = ST (X v w) A ST (X, 1, )
ST (X, 1. 1) = \ (1)

X€Eu

— \/ min(SNI(B), Al[Scl j(B), ull)),
BeP(X)

ST (X v w) = N\ (5w

XEU

— \/ min(SN'(B), AllScly ) (B), ull ),
BeP(X)

ST (X 1, 1) =2 ST (X, 1, w) A ST (X, 1, ).
Theorem 2.6. Let (X, 11, 15) € Q, then,

- ST (X, 1. m) = "STY (X, 11.10), n=1,2
2- ST,g’/}f)(X, 7, T) = "ST,gj}f')(X, 7,1), n=1,2
3- ST (X 1. 10) = "ST (X, 1. 1), n=1,2

Proof.

(1) 1LS‘TR(I'_.J)(X, 71, 1) = N ((F () =V yepy) min
(SN (), N,e (Sl jy (A () = 1)) = A, (SE, (u)
=\ yepory Mn(SNS(A), (Ao, SN (X = 4))))
and ST (X, 11, 12) = N gu (Fry 1) = \ sy
min(SN(A4), (N\,eu STi.j(B))). So, the result holds if
we prove that

yeu

\/ min(SN(4), ( J\SND (X — A))

AeP(X) Yeu
ANB=¢, uCB

Intheleftsideof (x)if ANu#¢, Iycust.yg X —A4

min(SN{7(4), < N St (B)) (%)

Yeu

so that /\yeu SN}(,f’j)(X — A) = L. Second,
\/ min(SNO7(4), ( N\ SNH (X — A))
AeP(X) yeu
= \/ min(SN'(A4),

ANu=¢, AcP(X)

yeu \yeBCX—-A4

Now we prove that A,V cpex 4 ST0)(B) =
V srsepucs STip(B). Let y € u. Assume S={H e
PX)JHNA=¢andu C H }and g ={M e P(X)|y €
MCX — A).

Then S gg, so that \/Bem, S'L'(,"j) (B) > \/BES S'L'(,"j) (B) SO
that /\yeD \/yeBgX—A St.5(B) = \/AﬁB=¢‘ pep ST (B).
Let g ={t(M)|Megp). Then A,, Vg =
/\yeD \/3% Sti)(B) = \//'EH N /\},ED 1 (). Then

yeD
T

for cach /&[] 3K=Uf WIS 1) en" ye
yeD

Dyst. DCKCX—A

and A, f0) S TSSO eg
St j)(K) so that

/\yeD SO) =St )(K) < \/AmB=¢. pepSTaj(B) so that
/\yeD \/yeBgX—A St (B) = \/f€ m &;"(Lj) /\yeD SO =

yeD

V 4np=s. pcs STa. ) (B). So shoud prove that
\/AeP(X) min (SN&])(A)’ /\yeu(SCI(ivj) (A ) (y) — J_) =
\/AQB=¢, uCB min(SN,\(."f) (A)’ (/\yeu ST(LD (B))

(2) It is similar to (1)

(3) Itis clear.

(i,,f)7 ye D}) —

O

Theorem 2.7. If L satisfies the completely distributive law, for
any (X, 71, 72) € Q. B
Then *ST" (X, 71, 12) = ST (X, 71, 10)

Proof.

ST (X, 11, 1) = "STR (X, 11, 10) = \((F, (w) —

X¢u

\/ min(SNUP(4), \(Selij(A) (@) — 1))
AeP(X) yeu
= N\ Fx-B- \/

x¢X—B AeP(X)

min (SN{.'*”(A), ( N\ (Sclip () () — L)))

yeX—-B

= /\(ST([J)(B) — \/

XeB AeP(X)

min(SN"7 (4), ( /\ (Selip (D) — l))

yeX-B
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= A\(@@w — \/ min(SN'(B),

xXeu BeP(X)

Al[Selij (A), BID) => ST (X, 11, 1)

Note that /\yEX (SC[(,‘J) (A)(y) —> B(y)) =
(Nyes(Scliijy (A B) = T) A (N\yex—p(Sclip (D) — L)) =
TANjex—pSclip( D) — L) = A\ cx_p(Sclij(A) ) —
1) O

Theorem 2.8. Let (X, 11, 12) € Q. If Lsatisfies the double nega-
tion law, then,

ST (X, 11, m) =\ (el () (x) > L)
X#y
V(Cl(i,j)({x})(y) — 1)).

Proof.
ST (X n.m) = \ [ |\ SNG(4)
X£Y y¢A
v(\/ SN (A))) = \(SNE (X = {y)
x¢A X#y

VSNSP (X = (x))
= A\l (YD) = L)V (el (xH ) — 1))

XEY
a
Theorem 2.9. Let (X, 1y, 15) € Q,and let A be a finite subset of
X.If L satisfies the completely distributive, then,

ST (X v m) < A\ SNI(X = U bD.

yeXx
Proof. Now,
N\ SN(X —uiph = J\ SN (X —4)

yexX—4 yeX—4

= A\ SN;I'--D((X - U{x}) = N\ SN& (ﬂ(x — {x}))
yeX -4 xeAd yeX—-4 ) xeA

= A < J\ SN (x — {x})) = N\ SN (X — (x)
yeX—A4 \xeAd X#y

and

N\SNI (X =) uph = \ SN (X = (4~ (D)

yeA yeA

= /\ SN” (X - ( {x}))
yed xeA—{y}

- /\SN;’J')( N - {x}))
yed xeA—{y}

=A ( /\ SN = (b | = \ SN (X = ().
yed \xed—{y} X#£Y

Then A,y SN((X — ) Up}) = Ay SN (X —
D = Aver Ny SN (X = {x)) = Aoy STip (X —
(X)) = Avex SFi,((x) = ST (X, 71, 12). O

Definition 2.4. Let (X,7,, 72) € Qand let A € X.The L-

fuzzifying derived set of A4 is denoted by d,(A4) € L~ and defined
as follows:

dijy(A)(x) = SN& (X — A)U{x}) > L VxeX.

Theorem 2.10. Let (X,t) € Q and let A be a finite subset of
X. If Lsatisfies the completely distributive and the double nega-
tion law, then

ST (X, 11, ) < [l jy (4), 411

Proof. It follows from Theorem 2.7 and since

[[di.jy (), 1] = /\ (dipy (D) = T,(0) A (1 () —

yeX
d(i, 7 )
= N\ @i (D) = 1,(0) = \ SN (X = A) U (3).
yeX yeX

Theorem 2.11. Let (X, 1) € Q, and let

(1) 'ST (X, 11, ) = Nyeg(F (A AT(B) —
\/Aguggg(min(ST(i.j) (), SK; jy(v)))

(2) 2STY (X, 71, 1) = Ny (B (A) AT;(B)) —
V acu (Min (St j (), Scl ) (1))

(3) 3STY (X, 11, 12) = N yes(F (A) ATi(B) —
V acp(Min(Szg jy (), Scli ) (v)))

@) STV (X, 11, &) = A\ gy (Min(F, (A), F (B)) —
\/UmV:¢, acy, pey (MIN(STG ;) (), ST 5 (V))).
Then ST\ (X, 7, m) = "ST{ (X, 1, 1), n=1,2,3

Proof. (1) From Lema 1.1

ST (X, 71, 15) = /\ (min(F, (4), F;(B))

ANB=¢
-V

(min(Stq, ;) w), St j(1)))).
unv=¢, A<y, BCu

- A

(X—ANB)=¢

- V

(wNX —v)=¢puCX —v, ACX—v, BCu

= /\ (min(%,  (4).F,,  (B))

BCA

-V

uCv, vCA, BCu

= A\ min(%,, (4), F,, , (B)

BCA

- \/ (min (St ;) (), SF; j,(v))) =! ST]\(zi'j)(X, T, T2)

BCucvC A

(min(F,(m X —A4), F,,(B)

(min(Sr(,-,j) (u), ST(,’,]') (X — V))))

(min(St(, ;) (w), SF; ;,(v)))

(2) and (3) are similar [

Theorem 2.12. Let (X, 1), 2) € Q, Then ST (X, 1), 15) =
ST (X, 71, ).

Proof. From Lema 1.1 (2) . Itis obtained. O
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The following example shows that generally the reverse of
the Theorem 2.12 need not be true.

Example 2.4. [12] If L =[0,1] and Let X = {a, b}, 7, T2be
two fuzzifying topologies defined as follows:

1 if Aef¢, X}
nA) =131 if A={a ,
0 if A={h
1 if Aef¢, X}
o) =11 if  A={b
0 if A={a
and
1 if Ae{p X)
RA) =135 if A={b} ,
0 if A={a}
1 if Ade{p X)
BA) =43 if A={a
0 if  A={h
Note that
orw=1o i
1 if Ae{p. X}
St (A) = i if A = {a}
0 if A={h

Hence ST," (X, 711, m) =1¢ 3 = STy (X, 11, 00)

3. Relations among semi-separation axioms in fuzzifying
bitopological spaces

Theorem 3.1. If L satisfies the completely distributive law, then
for any (X,1)eQ, STY"(X, 7, 1)* ST (X, 11, 1) <
ST (X, 71, 1),

Proof. Now,

N\ S (X = ()
x#y

Y \(SNEP(4) A SN (B))

ANB=¢, yeB \ yeB

< A\ | A\ Stinx =i

x#y \yeXx

N \/ (/\(SN\(‘U)(A) ASN)Ei‘j)(B)) )

ANB=¢, yeB \ yeB

= A\ST"" (X, 711, 12))
X#y

-V SN (4) A SN (B))

ANB=¢, yeB \yeB

= ST"(X, 71, 2)

= Al V [ AN @) AN 8)

x#y \ ANB=¢, yeB

< ST (X 1.m) - ( \/ (SNUP(4) A SN (B))

x#y \ ANB=¢

= ST (X, 1, v) — ST, (X, 11, ).

Since ST (X, 11, 12) = Nup(STijy (X — D) —
V i pes (SN (A) A t5,(B)))

= Ngp ST (X = D) — \/AmB=¢,DgB(SNy’j) (A) A
(N\,es (SN (B)))

< Aty ST X = D = Voo, es(Ayes (SN (A) A
SN (B))))

= Nots STap X = 0D = Vogrpzp, yen(A\yep SN (4) A
SN_f,"’j) (B)))), then from above, STa(i’j) X, 1, 1) <
ST (X, 11, 1) — ST (X, 11, 1), $0 that
ST (X, 11, 1) % ST (X, 11, 1) < ST (X, 11, 13). O

Theorem 3.2. For any (X, t) € Q,

1- ST (X, 11, @) < SRS (X, 11, ) A ST (X, 71, 70)

2-1f ST"(X,7,1) =T, then ST (X, 11, 1) <
SRS (X, 11, 1) A ST (X, 11, )

3- SR (X, 1, ) A ST (X, 11, 1) < ST (X, 71, 1)

4-1f ST (X,1,m) =T, then ST (X,1,0)=
SRS (X, 11, 1) A ST (X, 11, 1)

Proof. It obvious O
Theorem 3.3. For any (X,7) € Q,

1- ST (X, 1, @) < SR (X, 11, ) A ST (X, 71, 70)

2-1f ST’ (X, 7, 1) =T, then ST (X, 1, 1) =
SRU(X, 11, 1) A ST (X, 11, )

3- SRY(X, 11, 1) A ST (X, 11, @) < ST (X, 11, 1)

4-1f ST, (X,1,m) =T, then ST (X, 1,10)=
SRU(X, 11, 1) A ST (X, 11, )

Proof. It obvious [

Theorem 3.4. If L satisfies the completely distributive law,
then for any (X, t) € Q, ST,"” (X, 11, 1) * ST (X, 11, 1) <
ST (X, o, ).

Proof.

ST (X tm) =\
END=¢

min(SF, , (E), SF,, , (D))

(i, ])

-V

ECA, DB, ANB=¢

min(Sr<,~_j) (A) A ST([J) (B))

IA

A [ min(SE,, , (x)), SE,, (D))

x¢D
-V

xed, DCB, ANB=¢
A (min(SE,, , (1), S, , (D))

x¢D

Y (\/ St j(A) A St (B))

DCB, ANB=¢ \ xeA

min(Sr(,-,j) (A) AN S'K(l"j) (B))
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<A (min(SFr(l_J) ({x}). SF,, (D)) Kixa= (N, fONxa < N\, (f()*xa) < N\, (B —
xéD M;). Then /\jeJ((O‘ *Bj) > M;) < \/fe _HJA,- Ky =
Je.
Visasp oy b =a = N, By > M)).). O
- \/ ( \/ St (K) A St (B)> P e By M) e !
DCB, ANB=¢ \ xeKCA We have the following results which their proof are obvious.
) Theorem 3.5. If L satisfies the completely distributive law, then
= /\ | min(SF,,, ((x})., SF,, , (D)) forany (X, 7, m) € Q, ST, (X, 71, 1) = SR (X, 11, 1a).
x¢D

Theorem 3.6. If L satisfies the completely distributive law, then

L X, 1, Q, ST (X, 11, 1) = SR (X, 11, 1o).
S\ (SNYA) A St (B) Jorany (X, 11, 12) € X ) ;X T )

DCB, ANB=¢ Theorem 3.7. For any (X, 1, 11) € Q,
1- SRI(X, 71, 12) AST™ (X, 711, 12) < ST (X, 71, 10)
< SFE,. . ({x}) ASF, . (D PO Voo -
B /Q) <<</§, K )) 2- SR (X, 11, 1) AST (X, 11, m0) < STY (X, 11 1)
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