Journal of the Egyptian Mathematical Society (2016) 24, 603—608

, Egyptian Mathematical Society
| Journal of the Egyptian Mathematical Society

Wwww.etms-eg.org
www.elsevier.com/locate/joems

Original Article

Generalized rough sets based on neighborhood
systems and topological spaces

R. Mareay”

@ CrossMark

Department of Mathematics, Faculty of Science, Kafrelsheikh University, Kafr El-Sheikh 33516, Egypt

Received 14 November 2015; revised 21 February 2016; accepted 27 February 2016

Available online 13 April 2016

Keywords

Abstract Rough sets theory is an important method for dealing with uncertainty, fuzziness and
Rough sets; undefined objects. In this paper, we introduce a new approach for generalized rough sets based on
Neighborhood systems; the neighborhood systems induced by an arbitrary binary relation. Four pairs of the dual approxima-
Core; tion operators are generated from the core of neighborhood systems. Relationship among different
Topology approximation operators are presented. We generate different topological spaces by using the core of

these neighborhood systems. Relationship among different generated topologies are discussed.
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1. Introduction

There are many mathematical tools to deal with inexact or un-
certain knowledge in information systems such probability the-
ory, fuzzy sets [1] and rough sets [2]. Rough sets was proposed
by Pawlak [3] as an useful tool to deal with uncertainty and
incomplete information. Since then rough sets and its applica-
tions have attracted the interest of researchers in many fields
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[4-17]. The indiscernibility relation is the starting point of
Pawlak rough set which was first described by equivalence rela-
tion. However, the requirement of equivalence relation such as
the indiscernibility impose restrictions and limitations in many
applications. In the light of this, equivalence relation has been
extended to some other relations such as similarity relation [18],
tolerance relation [19], fuzzy relations [20], arbitrary relation
[17,21-23] and coverings of the universal sets [24-31].
Topology is regarded as an important and significant branch
of mathematics. In recent years many researchers have used
topological approaches in the study of rough sets and its appli-
cations. The combination of topological spaces and rough sets
and the properties of topological rough spaces are discussed by
Wu et al. [32]. Lin [12,13,33] used neighborhood systems and
topological concept in the study of approximations. Also, neigh-
borhood systems can be induced by the binary relations. The
equivalence class of each element in the equivalence relation
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can be viewed as a neighborhood of this element [34,35]. Yao
[23,36] introduced the successor elements of any element in an
arbitrary binary relation as its right neighborhood. A concept
of neighborhood assignment of general topology is considered
by Hung [8]. Zuoming et al. [30] used the same concept, is called
”core of neighborhoods”, and defined two classes of new rough
sets based on neighborhood systems in terms of cores.

In this paper, we introduce a new approach for generalization
rough sets based on an arbitrary binary relation via the concept
of the core of neighborhoods. Four classes of new rough sets
are defined. The properties of new rough sets are established
and compared with the properties of other approaches. We dis-
cuss the relationship among the four approximation. We claim
that our approach is an extension of the classical rough sets. We
generate four different topologies in terms of cores. Relation-
ship among four different topologies are discussed. Our paper is
considered an important evidence for the relationship between
topology and rough set theory.

2. Preliminaries

Definition 2.1. [2] Let U be a non empty set, is called the uni-
verse of discourse, and R be an equivalence relation on U. Then,
the pair K = (U, R) is called an approximation space. For any
subset XCU, R (X) ,N(X) are called the lower and upper ap-
proximations, respectively, and are defined as follows:

RX)={xeU:[xr S XLNX)={xeU:[x]gNX #0)

where [x]z is the equivalence class of x with respect to R.

Proposition 2.1. [2] Let K = (U, %) be an approximation space.
Then, the following properties hold, for X, YCU:

(IL) X(U) = U;

(1H) R(U) = U;

(2L) R(D) = 0;

(2H) R(@) = ;

(3L) % (X)CX:.

(3H) X € R(X).

(4L) (X NY) = R(X) NR(Y);
(4H) R(X UY) =RX)UNR(Y);
(5) R(=X) = —R(X), where (—X) is the complement of X;
(6L) R(A(X)) = R(X);

(6H) ROR(X)) = RN(X);

(7L) XS Y= N ()€ % (Y);

(7H) XSY= R(X) S NR(Y);
(8L) R(=R(X)) = —N(X);

(8H) R(=R(X)) = —R(X);
(9L) R (X)U N (Y)S R (XU Y);
(9H) RX NY)SRX)NR(Y);

Definition 2.2. [36] Let R be a binary relation on the universe U
and x, y € U.If (x, y) € R, then we say that y is related to x by R
and the class RN(x) ={y € U : xRy}(LN(x) = {y € U : yRx})
is called the right neighbored (the left neighbored) of x induced
by R, respectively.

Definition 2.3. [8,30] Let R be a binary relation on the universe
Uand x, y € U. Then, the set {y € U : N(y) = N(x)} is called
the core of neighborhood of x induced by R and is denoted by
CN(x).

Definition 2.4. [37] Let U be a non empty set, T be a family of
subsets of U and the following properties hold:

1) U, Per;
(ii) 7 is closed under an arbitrary union;
(iii) 7 is closed under finite intersection.

Then, 7 is called a topology on U and the pair (U, 7) is called
a topological space. The elements of U are called points of the
space. The subsets of U belonging to t are called open sets and
the complement of the open subsets are called closed sets.

3. Generalized rough sets based on neighborhood systems

In this section, we introduce a study of rough sets based on the
core of neighborhood systems induced by an arbitrary binary
relation. We define four different pairs of dual approximation
operators. Also, we compare between our approach and some
others approaches.

Definition 3.1. Let U be a non empty set, R be an arbitrary bi-
nary relation on U. Then, we can define four types of the core
of neighborhood systems induced by R as follows:

(1) The core of right neighborhood(CN,(x)): CN,(x) = {y €
U :RN(x) = RN(»)}.

(ii) The core of left neighborhood(CN/(x)): CN;(x) ={y €
U:LN(x)=LN®)}.

(iii) The core of union neighborhood(CN,(x)): CN,(x) =
CN,(x) UCN;(x).

(iv) The core of intersection
CN;(x) = CN,(x) N CN;(x).

neighborhood(CN(x)):

Definition 3.2. Let U be a non empty set, R be an arbitrary bi-
nary relation on U and CN/(x) be the core of neighborhood sys-
tems where j € {r, /, u, i} and x € U. Then (U, R, CN;) is called
an approximation space based on neighborhood induced by the
binary relation R (briefly called CN;-approximation space).

Remark 3.1. Let (U, R, CN;) be a CN;-approximation space. If
R is an equivalence relation, then the right and left neighbor-
hoods are identical for each element of U. Therefore, CN,(x) =
[x]g for allj € {r, [, u, i}, where [x]g is the equivalence class of x
€ Uinduced by R. Consequently, our approach is considered a
generalization to Pawlak’s approximation space.

Lemma 3.1. Let (U, R, CN)) be a CN;-approximation space.
Then:

(1) x € CNj(x) for allx € Uandj e {r, 1, u, i}.
(i) if y € CNj(x). Then CN;(x) = CN,;(y), for all x, y € U
andj e {r, [, u, i}.

Proof. The proof is obvious from Definition 3.1. [

Definition 3.3. Let (U, R, CN;) be a CN;-approximation space
and XCU. For each j € {r, [, u, i} and x € U, we define the
CNj-lower approximation and the CN;-upper approximation of
X respectively, as follows:

(i) 8,(X) = UICN; () 1 CN,(x) € X).

(i) R;(X) = U{CN;(x) : CN;j(x) N X # @3}
Definition 3.4. Let (U, R, CN;) be a CN;-approximation space,
XCU. Then, the subset X is called CNj-exact set if 8,(X) =

§,-(X) = X forallj e {r, [, u, i}. Otherwise, the subset X is called
CNj-rough.
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Definition 3.5. Let (U, R, CN;) be a CN;-approximation space
and XCU. For all j € {r, I, u, i}, the CN;-boundary region, the
CN;-positive region and the CN;-negative region can be defined
as follows, respectively:

(i) BND;(X) =R;(X) — R (X).
(i) POS;(X) =R, (X).
(iii) NEG;(X) = U —R;(X)

Definition 3.6. (the accuracy measure)

Let (U, R, CN;) be a CN;-approximation space, XCU. Then,
CN;-accuracy of the approximations of the subset X is defined
as follows:

R (X
NS Co)
‘ [ R;(X) |
where | X;(X) |# @, | X] is the cardinality of X and for allj € {r,
Lo, i}

Remark 3.2. From the definition of the accuracy measure, we
deduce that:

() 0<6;(X) <1,VXCU.
(i) If 6;(X) =1, then the subset X is CNj-exact and
BND;(X) = 0. Otherwise, X is CN;-rough set.

Proposition 3.1. Let (U, R, CN;) be a CN;-approximation space
and X, YCU. Then, CN;-lower and upper approximations have
the following properties:

(IL)R,(U) = U;

(1H) ¥;(U) = U;

(2L) R;0) = 0;

(2H) R;() = ;

(3L) R (X)X,

(3H) X CR;(X).

(4L) R (X NY) =8, (X) N, (V);

(4H)R;(X UY) =R, (X) UR;(Y);

(5) R (—X) = —R;(X), where (—X) is the complement of

(61) 8,(8,(X)) = 8, (X);

(6H) N;(R;(X)) = R;(X);

(7L) XS Y= R (X)C R {(Y);

(7H) XS Y= R;(X) C R, (Y);
(8L) 8, (=8,(X)) = =8, (X);
(8H) R;j(—R;(X)) = —R;(X);
(L) R (XU R {(YV)S R (XU Y);
(9H)R;(X NY) S R;(X)N§,(Y);

Proof. The proofs of (1L), (1H), (2L), (2H), (3L), (3H), (6L),
(6H), (9L) and (9H) are obvious. For each x € U, we will prove:

(4L) Let y € R;(XNY). Then y € J{CN;(x) : CN;(x) €
(X NY)}. Therefore, there exists at least CNjy such
that y € CNpyCS(XNY)=y € CNyCX and y €
CNjyC Y. Hence, ye|J{CN;(x):CN;(x) C X} and
yeUCN;(x) : CN;(x) C Y} = y e (R, (X)NR,(Y)).
Thus, R;(XNY)S®R;(X)N R;(Y)). Conversely, we
can prove (R (X)N Ri(Y)) < R(XNY). Then,
VX NY)=R,(X)NR,(Y). Similarly, the proof of
(4H) ; B

(5) Since —8;(X)=—J{CN;(x):CN;(x)NX # )}
= —UICN;(x) : CN;(x) N X # 0} = U(CN;(x) :

Table 1 Comparison among different approaches’s properties
of rough sets.

Pawlak’s model ~ Yao's approach [36] Yuet al. [30] Our approach
1L X X %
1H X X
2L X X
2H X X
3L X X
3H X X
4L X X
4H X X X
5 X X
6L X X
6H X
7L X X X
TH X X X
8L X
8H X
9L X X X
9H X X X

CN;(0)NX = ) = UICN;(x) : CN;(x) € (-X)} =
R (=X).

(7L) Let ye R, (X)=ye |U(CN;(x): CN;(x) € (X)}.
But XCY =yelJ{CN;(x):CN;(x) S (Y)}=ye
R®,(Y). Then, R;(X)C R,(Y). Similarly, the proof of
(7TH).

(8L) Since NV (=8;(X)) € =8, (X). Conversely, let y e
(—R,(X) =ye (UICN;,(x) : CN;(x) S (X)) = y
e (UICN;(x) : CN;(x) N X =3 =y e (UICN;(x) :
CN;(0) N®,(X) =0 =y e (UICN;(x) : CN;(x) €
—8,(X)}). This implies that, yeR;(=X(X)).
Hence —R (X) SR (=R (X)). Similarly, the proof
of (8H) .

O

Remark 3.3. We notice from Proposition 3.1 that our approach
satisfies the same properties as Pawlak’s rough sets model. Since
R is an arbitrary relation in our approach. Therefore, we think
that our approach is an ideal generalization of rough sets. Al-
though there are many generalizations of rough set theory, but
many of them did not satisfy all the properties of rough sets.
In Table 1, a comparison between our approach and other ap-
proaches of rough sets approximations where x shows that the
property hold.

Corollary 3.1. R;(X)U R(Y) and R;(X NY) are proper sub-
sets of R (XU Y) and E»(X) N §j(Y), respectively and the equal-
ity does not hold generally. The following example illustrates this
corollary.

Example 3.1. Let U = {qa, b, ¢, d} be a non empty set and R =
{(a, a), (a, c), (b, D), (b,d), (¢, ), (c,a), (d, c),} be an arbitrary
relation. Then  RN(a) = {a,c}, RN(b) = {b,d}, RN(c) =
{a, c}, RN(d) = {c} and LN(a) ={a,c}, LN(b) =
{b,d}, LN(¢) ={a,c}, LN(d) = {D}. Therefore, CN,(a)=
{a, ¢}, CN,(b) = {b}, CN,(c) = {a, ¢}, CN,(d) = {c}, CN;(a) =
{a, ¢}, CN,(b) = {b, d}, CN;(¢) = {a, ¢}, CNi(d) = {b, d}. From
Table 2, if X ={a},Y ={c¢,d} and X UY ={a,c, d}. Then
RAIUR(Y)={d} and R, (XUY)={a c d}. Hence,
R(NU R(Y) # 8,(XUY). Also, if Z={a,b}, E={cd)
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Table 2 Comparison between Yao’s approach and our ap-
proach.

Yao’s method [36] Our method

Thesubset 9,(X) N (X) R (X) V(X)) 8,(X) N,(X)
{a} (%] {a, ¢} (%) {a, ¢} (%) {a, ¢}
{b} ? {b} {b} {b} ? {b, d}
{d} 9 b} {d} {d} 9 {b, d}
{a, b} ] U {b} {a,b,c} @ U
{a, b, ¢} {a,e,d} U {a,b,c} {a,b,c} {a,c¢} U
{a, b, d} {b} {a, b, c} {b,d} U {b,d} U
{a, ¢, d} {a,e,d} U {a, e, d} {a,c,d} {a,c¢} U

and ZNE =. Then R, (Z) NN, (E) = U and R,(ZNE) = 0.
Hence, 8, (Z) N 8, (E) # Ry (Z N E).

Remark 3.4. We notice from Table 2 that many of subsets be-
come CNj-exact by using our approach. On the other hand,
Yao’s method does not satisfy the basic properties of rough sets
for some subsets of U.

3.1. Relationships among different types of CNj-approximations
operators

In this section, we introduce a comparison among different
types of CNj-approximations operators. Also, a comparison
among different types of accuracy of CN;-approximations is in-
troduced.

Proposition 3.2. Let (U, R, CN;) be a CN;-approximation space
and XCU. Then, the following properties hold.:

(1) RS R (NS R (X),
(i) N (S8 (TN (),
(i) R;(X) S R, (X) S R, (X);

Proof. We will prove parts (i) and (iii). The proofs of other parts
are similar:Vx € U

(i) Let y € R ,(X). Then ye|[J{CN,(x):CN,(x)C

X}.But, CN,(x) = CN,(x) UCN;(x) = y € [J{CN,(x) :
CN,(x) € X}. Hence, y € R (X). Therefore, X ,(X)C
R, (X).
Now, Let y € R ,(X). Then y € [J{CN,(x) : CN,(x) C
X}. But, CN;(x) = CN,(x) NCN;(x) = y € [J{CN;(x) :
CN;(x) € X}. Hence, y € R ;(X). Therefore, R ,(X)C
Ri(X).

(ii)) Let y € X;(X). Then y € [J{CN;(x) : CN;(x) N X # @}.

But, CN;(x) = CN,(x) NCN,;(x) = y € U{CN,(x) :
CN,(x)NX #@). Hence, yeR.(X). Therefore,
R;(X) € R,(X).
Now, Let y e R,(X). Then y e U{CN,(x) : CN,(x) N
X #0}. But, CN,(x) =CN,(x) UCN;(x) = y €
UICN,(x) : CN,(x) N X #@}.  Hence, ye&,(X).
Therefore, R, (X) € R, (X).

O

Remark 3.5. The equality relation does not hold in
Proposition 3.2., in general. The following example illustrates
this remark.

Example 3.2. Continued from Example 3.1, we find that
R fa. b, ct ={a,c} #{a, b c} =R8{a,bc} and R{a b} =0#

{b} = N,{a, b}. Also, we find that, R.{b} = {b} # {b, d} = R,{b}
and Ri{c, d} = {a, ¢, d} # U = R/{c, d}.

Corollary 3.2. Let (U, R, CN)) be a CN;-approximation space
and XCU. Then, the following properties hold:

Corollary 3.3. Let (U, R, CN)) be a CN;-approximation space
and XCU. Then, the following properties hold.:

(@) 8.(X) = 8,(X) = 8:(X)
(i) 8.,(X) = 8,/(X) < 8.(X)

Proposition 3.3. Let (U, R, CN,) be a CN;-approximation space
and XCU. Then, the following properties hold.:

(1) If X is CN-exact. Then X is CN,-exact, which implies that
X is CN;-exact.

(1) If X is CN,-exact. Then X is CN-exact, which implies that
X is CN;-exact.

Proof. We will prove part (/). The proof of part (if) is similar:

(1) By Corollary 3.2, let X be CN,-exact. Then BN, =0 =
BN, = (. Hence, X is CN,-exact. Now, X is CN,-exact. Then,
BN, =) = BN, = (. Therefore, X is CN;-exact

O

Remark 3.6. From Example 3.1, we can see that the converse of
Corollary 3.2 and Corollary 3.3 are not true generally. Also, &
{(X) and 8;(X) are the more accurate approximation operators
in the approximation space (U, R, CN}).

4. Topological spaces induced by the core of neighborhoods

Topology is a significant and interesting topic in pure math-
ematics. There are many methods for generating topological
spaces such as interior and closure operators. Topology in-
duced by binary relations has attracted the interest of many
researchers. In this section, some types of topologies are gen-
erated from the core of neighborhoods which are induced from
the binary relation.

Proposition 4.1. Let (U, R, CN)) be a CN;-approximation space.
Then the families of topologies which can be generated from the
core of neighborhoods induced by the binary relation R can be
defined as: Nj € {r, I, u, i}

1, ={GC U :CN;(x) C G xeG)

Proof.

(i) U, ¥ € 1, obviously.
(i) Let Gy, Ga, Gs, ..., G, ... € T, i € T and x € | J G;. Then,
there exists at least Gy such that x € Gy € | G; and Gy
€ 7. This implies that, CN;(x)SGj. Therefore, CN;(x) C
UG[ and UG, € T;.
(i) Let Gy, G, € t; and x € GiNG,. Then, x € G|, x €
G,=CN,(x)SG; and CNj(x)CG,. Therefore, CNi(x) <
G1NGs. Hence, Gi NG, € 7

|

Example 4.1. Let U ={a,b,c,d} be a non empty set
and R = {(a,a), (a,b), (b, b), (b, a), (¢, c), (¢, d), (d, ]),}
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be an arbitrary relation. Then, RN(a) = {a, b}, RN(b) =
{a, b}, RN (c) = {c,d}, RN(d) = {b} and LN (a) =
{a, b}, LN (b) = {a, b, d}, LN(c) = {c}, LN(d) = {c}. Therefore,
CN,(a) = {a, b}, CN,(b) = {a, b}, CN,(c) = {c}, CN,(d) = {d},
CN,(a) = {a}, CNi(b) = {b}, CN,(¢c) = {c¢,d}, CN;(d) = {c, d},
CN,(a) = {a, b}, CN,(b) = {a, b}, CN,(¢) = {¢,d},CN,(d) =
{¢, d} and CNi(a) = {a}, CN;(b) = {b}, CNi(c) = {c}, CNi(d) =
{d}. Hence t, ={U,®,{a, b}, {c},{d},{a,b, c},{a, b, d},{c, d}},
u ={U, 0, {a}, {b}, {c. d}, {a, b}, {a, ¢, d}, {b, ¢, d}}, T, =
{U,9,{a, b}, {c.d}} and v, ={U, 0, {a}, (b}, {c}, {d}, {a, b},
{a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d}, {a, b, ¢}, {a, b,d}, , {b, c, d},

{a, c,d}, {b, c, d}}

Proposition 4.2. Let (U, R, CN)) be a CN;-approximation space
and t; are topologies induced by CN; generated by the binary re-
lation R. Then, the following properties hold:

(1) rugrrgfi;
(i) .CrCry;
(iii) 7,Z<t.
Proof. We will prove parts (i) and (iii). The proof of (ii) parts is
similar:

(1) Let G € t,. Then, CN,(x)CG, x € G=CN,(x)CG, x €
G. Therefore, G € 1, and 7,Z7,. Also, Let G € t,. Then,
CN,(X)CG, x € G=CN{(x)CG, x € G. Therefore, G € t;
and 7,C1;.

(iii) Let G € 7,,. Then, CN,(x)CG, x € G=CN{(x)<G, x € G.
Therefore, G € t; and 7,Z7;.

O

Remark 4.1. In Proposition 4.2, the equality relation does not
hold generally. From Example 4.1, 7, # t,, 7, # 7;and 7, # 1,.
Also, 1, #1,%# 14

Corollary 4.1. Let (U, R, CN;) be a CN;-approximation space
and t; are topologies induced by CN; generated by the binary re-
lation R and R be a symmetric relation. Then, T, = 1, = 7, = ;.

Proof. Let R be a symmetric relation. Then RN(x) =
LN (x),Yx € U = CN,(x) = CN;(x) = CN,(x) = CN;(x).
Hence and by Proposition4.1, 7, =7, =7, =17. O

5. Conclusion

In this paper, four new types of rough sets are introduced. We
generalized Pawlak’s rough set using an arbitrary general rela-
tion. The concept of core of neighborhoods induced by an arbi-
trary binary relation are used to define new approximations. We
established the properties of new approximation spaces. The re-
lationship among four approximation operators are discussed.
Four topological spaces are generated via core of neighbor-
hoods induced from an arbitrary relation. The relationships
among the four topologies are established. We think that our
approach is an important meeting point between general topol-
ogy and rough set theory. In future, we will discuss more appli-
cations of topological concepts in rough sets theory.
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