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The notion of partial groups and their basic properties have been given in [1,2]. In this pa-
per, we introduce the concept of topological partial groups and discuss some of their basic properties.
So, the category of topological partial groups Tpg, as objects, and the homomorphisms of topologi-
cal partial groups, as arrows, have some deficiencies. To get over these deficiencies, we introduced the
category of locally compact partial groups denoted by Lcpg. Finally, we introduced the category of
strong semilattices of topological groups denoted by Sstg.
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1. Preliminaries

We collect for sake of reference the needed definitions and re-
sults appeared in the given references.

Definition 1.1 ([3,4]). A topological group G is a pair (G, 1),
where G is a group and t is a topology on G which satisfies the
continuity of the following maps:

1) w:Gx G— G;(x,p) > xy;

(i) y: G— G;x+— x~\.

* Corresponding author. Tel.: +20 2 22629009; fax: +20 2 22629009.
E-mail address: atifaggour@yahoo.com (A.I. Aggour).
Peer review under responsibility of Egyptian Mathematical Society.

Production and hosting by Elsevier

Theorem 1.1 [3]. If'G is a topological group, then y is a homoeo-
morphism.

Theorem 1.2 [4]. A4 group G with a topology t is a topological
group if and only if the map f- G x G — G, (x,y) — x 'y is
continuous.

Definition 1.2 [3]. Let G and H be topological groups, then ¢:
G — H is called a morphism if ¢ is continuous and a group
homomorphism.

Definition 1.3 [4]. Let G be a topological group and B be a sub-
group of G. Then B with the relative topology is called a topo-
logical subgroup.

Theorem 1.3 [4]. B is a topological subgroup of a topological
group G if and only if the inclusion map i: B — G is a morphism.

Definition 1.4 [5]. Let S be a semigroup. Then x € S is called
an idempotent element if x - x = x. The set of all idempotent
elements in S is denoted by E(S).
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Definition 1.5 [2]. Let S be a semigroup and x € S. Thene € S
is called a partial identity of x if

(1) ex = xe = x;
(i) Ifex =xe' = x, ¢ € S, thenee’ = ¢'e =e.

Theorem 1.4 [2]. If'S is a semigroup, then

(1) If x € S has a partial identity, then it is unique.
(i) E(S) is the set of all partial identities of the elements of S.

We will denote by e, the partial identity of the element
xesS.

Definition 1.6 [2]. Let S be a semigroup and x € S has a partial
identity e,. The element y € S is called a partial inverse of x if

() xy =yx=e,.
(i) exy = yer = y.

Theorem 1.5 [2]. Let S be a semigroup and x € S has a partial
identity e. If x has a partial inverse y, then it is unique.

We will denote by x~! the partial inverse of x € S.

Theorem 1.6 [2]. Let S be a semigroup and x € S. Then:

(1) (ex)_l = €y, v ey € E($
(i) e,1 = ey.
(i) (xH'=x
Definition 1.7 [2]. A semigroup S is called a partial group if:

(1) Every x € S has a partial identity e,.
(ii) Every x € S has a partial inverse x!.
(i1i)) The map es: S — S; x+>e, is a semigroup homomor-

phism.
(iv) The map y: S — S, x+ x~! is a semigroup anti-
homomorphism [(xy)~! = y~'x~1].

From this definition we have every group is a partial group.
So, the notion of partial group is a good generalization of that
of group. So, it is important to study a reasonable topology on a
partial group to satisfy the nice properties of topological groups.

Definition 1.8 [2]. If S is a partial group and x € S, then we
define

Si={yeS:e.=¢}

Theorem 1.7 [2]. Let S be a partial group and x € S, then

(1) Sy is a maximal subgroup of S which has identity e,.
(i) S=U{S,:x e S} =U{S,, 1 ex € E(S)}.

Corollary 1.1 [2]. Every partial group is a disjoint union of a fam-
ily of groups.

Theorem 1.8 [2]. Let S be a partial group, then E(S) is commuta-
tive and central.

Definition 1.9 [1]. A subsemigroup B of a partial group S is
called a subpartial group, denoted by B < S, if V x € B we have
x'eBande, € B.

Theorem 1.9 [5]. Let S be a partial group and BCS, then B < S
ifand only if x'y € B,V x,y € B.

Definition 1.10 [1]. Let Sand 7T be partial groups, then ¢: S — T
is called a partial group homomorphism if ¢ (xy) = ¢ (x)d(»),
vV x,yes.

Definition 1.11 [1]. Let ¢: S — T be a partial group homomor-
phism, then ker ¢ = {x € S: ¢p(x) = ey} and Im ¢ = {¢p(x) :
x e S}

Definition 1.12 [1]. A partial group homomorphism ¢: S — T
is called an isomorphism if it is bijective.

Definition 1.13 [1]. If S'is a partial group and B < S, then B is
called normal, denoted by B < S, if B is wide (£(S) € B) and
xyx'eB VYxeS,yeB.

Definition 1.14 [1]. Let S be a partial group and B < S. The set
{xB: x € S} is called the quotient set, denoted by S| B, where
xB={yeS:x'yeBe = e,} is called the left coset of B by
X.

Theorem 1.10 [1]. Let S be a partial group and N < S. Then S| N
with the map p: SIN x S|IN — S|N, (xN, yN)—(xy)N is a
partial group.

Definition 1.15 [5]. Let (S;); < y be a family of groups indexed by
a semilattice Y of the identities of the groups such thatif i > j, i,
€ Y, there exists a group homomorphism ¢; ;: S; — S}, satisfies:

(1) ¢;.;1s the identical automorphism;
(i) ¢;x¢i; = Pix, Wherei>j>k,i,j, ke Y.

Then the disjoint union S = ., S;, with the binary op-
eration S x S = S, (x;,y;) = xiy; = (¢iijx) (@ji¥,), YV X; €
Si, y; € S;, is called a strong semilattice of groups, denoted by
S=L(S, Y, di)).

Theorem 1.11 [2]. S is a partial group if and only if S is a strong
semilattice of groups.

Definition 1.16 [5]. Let ¢: S — T be a partial group homomor-
phism. Then ¢ is called idempotent separating if ¢ (e.) = ¢ (e,)
implies that e, = ¢,, V ey, e, € E(S).

The following results are the fundamental theorems of iso-
morphisms.

Theorem 1.12[1]. Let ¢: S — T be an idempotent separating sur-
Jective partial group homomorphism and K = ker ¢. Then there
exists a unique isomorphism a: S|K — T such that ¢ = apg,
where px: S — S| K; x+—>xK is the quotient map.

Theorem 1.13 [1]. Let M, N < S be such that MCN. Then

(i) NIM < S|M;

(ii) There exists a unique isomorphism o: (S| M)|(N|M) —
S|N such that py = apyympm, where py: S — SIN and
pnim: SIM — (SIM)|(N| M) are the quotient maps.

Definition 1.17 [2]. Let S be a partial group, and 4, BCS. Then,
we define AB={ab:ac A,be Byand A~ ={a"' 1 a € A}.

Definition 1.18 [6]. Let X = ;. X; be the sum of the under-
lying sets of the family (X;); ;. of topological spaces, and let
ir: X, — X be the inclusions. The final topology on X with
respect to (i) <z 1s called the sum topology. Clearly, a map
f X = X, — Y is continuous if and only if fi, is continu-
ous, forall A € L.

Definition 1.19 [6]. Let X = U,y X, and ¥ = U,,cp Y, and X x
Y be the cartesian product of X and Y. Then, X x Y with the
final topology with respect to the inclusions (i, X i)nen.me m
is called the weak product of X and Y, denoted by X x ;Y.
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2. Topological partial groups

In this article, we introduce the notion of topological partial
groups. The category of topological partial groups Tpg and its
continuous homomorphisms has some deficiencies.

Definition 2.1. Let S be a partial group and 7 be a topology on
S. Then S is called a topological partial group if the following
maps are continuous:

D) w: S xS— S, (x, y)>xy;
(i) y: S — S, x> x71;

(i) eg: S — S, x+—e,.
Every topological group is a topological partial group.

Theorem 2.1. A partial group S with a topology t is a topological
partial group if and only if the map - S x S — S, (x,y) — x"y
is continuous.

Proof. Let S be a topological partial group. Then f'is continu-
ous, since / = wu(y x I), where I is the identity map on S.

Conversely, let /£ S x S — S, (x,y) = x~'y be continuous.
Then the maps es, ¥ and p are continuous, since, es = fA,
y = I x es)A and u = f(y x I), respectively, where A is the
diagonal map which is continuous. O

Definition 2.2. Let S and T be topological partial groups. The
map ¢: S — T'is called a morphism if ¢ is continuous and par-
tial group homomorphism.

Theorem 2.2. If'S is a topological partial group, then y is a home-
omorphism.

Proof. Itisclear. [J

Definition 2.3. Let S be a topological partial group and B be
a subpartial group of S. Then B with the relative topology is a
topological partial group, called a topological subpartial group,
denoted by B< S

Theorem 2.3. B is a topological subpartial group of a topological
partial group S if and only if the inclusion map i B — S is a
morphism.

Proof. Itisclear. [

Theorem 2.4. Let S be a topological partial group, then the clo-
sure N of a topological subpartial group N of S is a topological
subpartial group of S.

Proof. Leta, b € N. Since S is a topological partial group, then
SxS—=S, (x,y)—~ x*iy is continuous. Now, f(N x N) =
f(NxN)C fI[NxNl=N.So,a'be N. O

Definition 2.4. Let S be a topological partial group and a € S.
Then, the map r,: S — S, x+>xa is called a right transforma-
tion, and the map £,: S — S, x+>ax is called a left transforma-
tion.

Theorem 2.5. The maps r, and £, are continuous.

Proof. The map r, is continuous since r, = u(Is, I,), where I
is the identity map and 7, is the constant map on S with value
a. Similarly, ¢, is continuous since £, = u(l,, Is). 0O

Theorem 2.6. Let S be a topological partial group. Then
i) (D=,

(i) (4°)~" = (47Y)°, where A and A° are the closure and inte-
rior of the set A, respectively.

Proof. Since y: S — Sis a homeomorphism, then

(i) y(4) = y(4). So, (A)™' = (47") and
(i) y(4°) = (¥(4))°. So, (A°) ' = (47", O

3. External direct product of topological partial groups

Let {S;:i=1,2,...,n} be a family of topological partial
groups and S = @)_, S; be the cartesian product of the under-
lyingsets S;. Thatis, S={x=(x;) : x; € S;, Vi=1,2,...,n}.

Theorem 3.1. The set S = Q) S; with the map u: S x S — S;
((x2), i) (xpy) is a partial group.

Proof. Clearly, S is a semigroup, that is, u is a well defined as-
sociative binary operation. The element e, = (e,,) is the par-
tial identity of the element x = (x;) because xe, = (x;)(ey,) =
(xjey,) = (x;) = x. Similarly, eex=x. If xe=ex=x, e=
(e;) € E(S), then (x;e;) = (e;x;) = (x;). That is, x;e; = ¢;x; =
Xi, i=1,2,---,n. Now, ee, = (¢)(ey,) = (ejey,) = (e;x;xl.’l) =
(x,-xl.’l) = (e\,) = ey. Similarly, ece = e,.

The partial inverse of the element x = (x;) is x ' =
(x7h, since xx7! = (x;)(x7!) = (x;x7") = (ey,) = e,. Similarly,
xIx =e,. Also, e.x”! = (exl.)(xl.’l) = (ex,.xi’l) = (xl.’l) =x1,
and x e, = x7 1.

ey = i = gy = (€xyy) = (eey,) = (ex){ey;) = exey.

Finally, (xy)‘l = ((xi><yi))_1 = (XiYi)_l = ((xiyi)_1> =
O = 7y =y 'x7!. Hence, S is a partial
group. U

Theorem 3.2. The partial group S = @', S; with the cartesian
product topology is a topological partial group.

Proof. The maps u, y and es are continuous since u =<
wi(P; x P) >, y =<y P> and ey =< es P, >, respectively,
where P; : ®/_,S; — S; are the projection maps. [

Definition 3.1. The topological partial group @7, S; is called
the external direct product of {S;:i=1,2,...,n}.

Theorem 3.3. Let S= @, S; be an external direct product
of topological partial groups and let A;, = {< x;: x;, = ey, >},
where ey, is the partial identity of x;, in S;,. Then 4,, 1 S.

0*

Proof. Letx,y € 4
Ly — R B B

Yiiyi, =ey, > Then x7'y =< x7y; 1 x, 'y, = ey, e, >€ 4

Also, let x =< x;: x;, = ey, >€ 4

besuch that x =< x; 1 x;, = e, >,y =<

7%
io*
and y =< y; >€ S. Then,

—1 —1 . —1 -1 o
YXYT =< yiXiy; L ViXi, Vo = ey ey, >. S0, yxy~ € 4,,, since
S, 0O

io

—1 _ _
YigXi, vy, = ex, €y, = ex,y, Hence, 4

4. Neighborhoods of the partial identity elements

Let S be a topological partial group and x € S, then the system
of open neighborhoods of x is denoted by N, and a subfamily
B of N, is called a base of open neighborhoods of x if V N €
N, 3 B € B, such that x € BCN.

Theorem 4.1. Let S be a topological partial group and x € S, then
Be, has the following properties:

() IfU,V € B, then3 W € B, such that W< UNV.
(i) IfU € B, then3 V € B, such that V'V C U.
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(i) IfU € B., , thenA V € B, such that x~'Vx C U.
Proof.

(i) Let U,V € B, then UNV € B... So 3 W € B, such
that wc UNvV.

(ii) Since £ S x S — S, (x,y)— x"'y is continuous
and U is open in S, then f~![U] is open in S x S.
Since (ey, e;) € f~'[U], then there exists Ni, N, € N,,
such that (ey, e,) € Ny x N, € f~'[U]. But Ny, N, € N,_,
then NyNN, € N,, and so 3 V € B,, such that V' C
NiNN,. Now, V' x V C (N;NN;) x (NN N,) C Ny x
N, € f~[U]. Hence, IV x V] € U. Then V-V C U.

(iii) The map f,: S — S, y — x~'yx is continuous because
fe=1~.1ry. So, f7'[U] is open in S for each U € B,,.
But ¢, € f7![U], since fi(ey) = ex. Then, f7'[U] is an
open neighborhood of e,, and so, 3 V' € B, such that
V C f7U]. So, £i[V]1 € U. Hence, x"'Vx C U. O

Theorem 4.2. Let S be a topological partial group, x € S and
U € Be,. Then

(i) 3V € B, suchthat V='e, CU;
(ii) 3V € B,, such that VVU;
(i) Ut eN,,.

Proof.

(i) From (ii) above.
(i) Since pu: S x S — S, (x, y)p>xy is continuous
and U is open in S, then p~'[U] is open in S x
S. But (e, ey) € u~'[U], since u(ey,ey) =e.. Then,
3 Ni, N; € N,, such that (e,,e,) € Ny x N, € u~'[U].
Since Ni, N, € N, then NN N, e N,_, and so, 3V €
Be, such that VCN N N,. Now, V' x V' C (N, N N,) x
(NyNN,) TNy x N, C /Lil[U]. Thus, /L(V X V)EU
Hence, VVCU.
(iii) Since y: S — S, is a homeomorphism and Uis open in S,
then y~'[U] = U~ is openin S and e, € U~". Therefore,
U'leN,. O

We note that ¢, and r, may be neither injective nor surjec-
tive and so may not be a homeomorphism, as clear from the
following example.

Example 4.1. Let S, = {e, a} and S; = {f, g, h} be isomorphic
to Z, and Zj, respectively. Consider the semilattice e > f, that
means ef = f, one can define ¢, s: S, — Sy; er>f, a—f. Then,
the corresponding partial group S = {e, a, f, g, h} is given by the
table:

09— °

=09 ] e
S NN ES
=08
~ 09 09 09|09
N B

It is clear that r, is not surjective and is not injective.

Let w3 = (S, ¢, S., Sy, (e}, {a}, {e, f. g h}, {a, f, g h}}. Then
S'is a topological partial group. We note that S = S, U S, and
¢, is continuous.

We have the following deficiency: If x € S, then the maps r,
and £, may not be open. In the above example, we have that {a}
is open in S but ry{a} = {a} f = {f} is not open in S.

Definition 4.1. If S is a topological partial group and N < S,
then S| N with the identification topology, with respect to the
quotient map py: S — S| N, is called the coset space.

Also, we have the following deficiencies

(1) The quotient map py: S — S|N, N < S may not be open,
in general.

(ii) If S is a topological partial group and N<S, then S|N
may not be a topological partial group, because py x px
may not be an identification map.

We note that if S is a locally compact space, then S/N is
also locally compact. Thus, py X py is an identification map.
So, S| N is a topological partial group. Therefore, one can say
that the category of locally compact partial groups Lcpg has
a quotient (limit) and a product (co-limit). Hence, we have the
following result.

Theorem 4.3. Let S, T be locally compact partial groups, ¢: S
— T be an idempotent separating surjective morphism, and K =
ker ¢. Then, there exists a unique bijective morphism a: S| K —
T such that ¢ = apg.

Proof. Since pg is identification and ¢ is continuous, then « is
continuous. That is all we need. [J

5. Strong semilattices of topological groups

In this section, we suggest the notion of strong semilattices of
topological groups to get over the above deficiencies. Also, we
replace the cartesian product S x S by the weak product S x
wS.

Definition 5.1. Let (S;); < y be a family of topological groups in-
dexed by a semilattice Y of the identities of the groups such that
ifi >}, i,j€ Y,, there exist a continuous and open group ho-
momorphism ¢; ;: S; — S, satisfies:

(1) ¢;.; is the identical automorphism;

(i) ¢y, i =ik, Vi,jyke Y, i>j>k Then S =, S:
with the binary operation S x S — S; (x;, y;) = x;y; =
(piijxi)(@;ijv;), Yx; € Si, y; € S, is called a strong
semilattice of topological groups, and is denoted by S =
L(Si, Y, ¢i ).

Theorem 5.1. If S is a strong semilattice of topological groups,
then S is a topological partial group.

Proof. Since S is a strong semilattice of groups, then S
is a partial group (Theorem 1.11). We prove the continu-
ity of structure maps. The maps p, y and es are continu-
ous since ju(iy X ig) = iugllap (Pa.ap X Ppap)s Vie = iaVa, and
esiy = iyes,, respectively. O

Theorem 5.2. Let S be a strong semilattice of topological groups,
then the maps r, and £, are open.

Proof. Let UCS be open, so U, =UNS, is open in S, for
each o. If @ € S, then a € Sy, for some B. Now, r,(U) = Ua =
(U Uy)a = Uy (Uya). Since Uy @ = Poap(Uy)Pp.ap(a), then:
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(i) If o > B, then af = B, and so Uya = ¢ s (Uy)Pp p(a) =
¢a.p(Uy)a = r,(¢q5(U,)) is open in Sg. So U,a is open

inS.
(i) If« = B, then Uya = Uga = r,(Up) is openin Sg. So, U,a
is open in S.

(iii) If B > «, then Ba = «, then Uya == ¢y, (Uy) s (a) =
Uatp.o (@) = rg; ) (Us) is open in S,. So, U,a is open
inS.

Hence r,(U) is open in S. Similarly, ¢, is open. [

Example 5.1. Let S, = {e,a} and S; = {f, g h} be isomorphic
to Z, and Zj, respectively. Consider the semilattice /> e that
means fe = e, one can define ¢, .: Sy — S., f—> e, g~ e, h
— e. Then the corresponding partial group S = {e, a, f, g h} is
given by the next table:

S0 ] °

S S N Y
Q2 Q8 ® s
S0~ ] N~
~ S0 |0
0~ = 0>

Let 5, = {S., ¢, {e}, {a}} and s, = {Sy, ¢}. Hence, S, and
Sy are topological groups and S = S, LI S is a strong semilattice
of topological groups, since ¢, . is continuous and open.

We note that in Example (4.1) S is not a strong semilattice
of topological groups even S = S, U S, and ¢, ;is continuous,
since ¢, ;is not open.

Theorem 5.3. If S is a strong semilattice of topological groups, x
e Sand A, BC S. Then

(i) If A is open in S, then xA and Ax are also open in S.
(ii) If A is open in S, then AB and BA are also open in S.

Proof.

(1) The result follows since r, and £, are open maps.
(i1) Since AB = Upcpry(A), then AB is open. Similarly, B4 is
open. [J

We note that every topological group is a strong semilattice
of topological groups and every strong semilattice of topologi-
cal groups which is not a topological group, is disconnected.

Theorem 5.4. If'S| and S, are strong semilattices of topological
groups, then Sy x wSs is also a strong semilattice of topological
groups.

Proof. Let S; =L(S;,Y,¢;;) and S, = L(S,,Y’, ‘ll’f',/) be
strong semilattices of topological groups, then S xy S; =
L(S;ix S, Y <Y, ¢;; x q)lf,yj,) is a strong semilattice of topo-
logical groups, where (S; x %) (i.ierxy’ is a family of topolog-
ical groups indexed by the semilattice Y x Y and ¢;; x ¢, =
¢(i,i’),(j.j’) 1Six S, — S x S’]/ are morphisms and open which
satisfies:

N . . . .
() @ 1. . 1s the identical automorphism.
5 ” " Y

(D) &G 1, wwrPiing.in = Paiwry: B

Let A be a wide topological subpartial group of the strong
semilattice of topological groups S = L(S;, Y, ¢; ;). Then 4, =
ANS; is a topological subgroup of S;. If ¢; (4,) € A;, then
®; ; = ¢ijl 4,4, is @ morphism of topological groups. If ¢; ; are
open, then 4 = (4;, Y, ¢; ;) is a substrong semilattice of topo-

logical groups, called a substrong semilatic of topological group
of S.

Theorem 5.5. Let S be a strong semilattice of topological groups.
Then, every open substrong semilattice of topological groups is
closed.

Proof. Let N < S be open, then xN is open in S for each
x € S. Since S — N = U,gyxN, then S — N is open. So, N is
closed. [

Theorem 5.6. Let N be a substrong semilattice of topological
groups of the strong semilattice of topological groups S, then the
quotient map py: S — S| N is open.

Proof. Let U be open in S. Then, py'[ox[U]] = UN is open in
S. Hence, py[U] is open in S|N. O

Theorem 5.7. If'S is a strong semilattice of topological groups
and N 2 S, then S| N is a strong semilattice of topological groups.

Proof. Let S = L(S;, Y, ¢; ;) be a strong semilattice of topolog-
ical groups and N < S. It is easily to show that NN S; = N; <
S;. So, S;| N; is a topological group. So, (S;|N;)ecy is a family
of topological groups indexed by the semilattice 'Y’ of the iden-
tities of the groups. Let ¢e;_e} 1 SiIN; = S;IN;j, XxNi—¢; j(x)N;.
We have ¢e;,e; is continuous, since q}e;,e; pn; = py;¢i; and py,
is an identification map. From the properties of the quo-
tient of topological groups [3] there exists a continuous ho-
momorphism and open map y: S;/N; — S; such that ypy, =
¢ j. Since d)e;,e} = pn,;¥, then ¢>e;,e} is open. Finally ¢(,;_1€//_ is
the identical automorphism and ¢€}.€;{¢4,e} = ¢e.c) - Therefore
S/N = L(S;/N;, Y, ¢e;1€r/), is a strong semilattice of topological
groups. O

The sum of two strong semilattices of topological groups can
be constructed but it may not be unique, in general.

Theorem 5.8. Let ¢: S — T be an idempotent separating mor-
phism of strong semilattice of topological groups. Let N < S such
that NCker¢, then, there exists a unique injective morphism o:
S|N — T such that ¢ = apy.

Proof. We only prove the continuity of « as follows. We have
that « is continuous since ¢ is continuous and p is an identifi-
cation map. [

In particular, if N = ker¢ in the above theorem, then «:
S|ker¢ — T is the unique injective morphism.

Theorem 5.9. Let S be a strong semilattice of topological groups
and M, N < S with MCN. Then the identification topology on
N| M with respect to the quotient map py, : N — N|M is the rel-
ative topology on N| M as a subspace of S| M.

Proof. Let py: S — S|M be the quotient map and pj, :
N — N|M be the restriction p,, on N. So, p}, is continu-
ous and surjective . Let N|M be a subspace of S| M, then
the inclusion i: N|M — S|M is continuous. We need only
to prove that pj, is open to show that it is an identification
map. Let U € N be open, there exists an open set V in S
such that U =V NN. Now, p},[U] = pu[U] = pu[V N N] =
oulVIN pu[NT = pu[VIN NIM.

Since py[V]1s open in S, then p),[U] is open in N| M.

Conversely, let pj, be an identification map. Since 'p), =
pyi and i is continuous, then 7 is continuous, where i: N — S is
the inclusion map. So, N| M is a subspace of N|M. [O
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Theorem 5.10. Let S be a strong semilattice of topological groups
and M, N < S such that MCN, then

(i) NIM <S|M;
(1) There exists a unique bijective morphism a: (S| M) | (N| M)
— SI|N, such that py = o pxmPM-

Proof.

(1) See [1].

(i) Let py: S — SIN and py: S — S|M be the
quotient maps. Since py is an idempotent separat-
ing surjective morphism and kerpy = {x € S: py(x) =
exN}={xe S:xN=e,N}={xeS:xeN}=N\, that
is, MCkerpy. So, from Theorem 5.8, there exists a unique
bijective morphism ¢: S|M — S|N, xMr>xN such
that ¢py = py. Now, ker¢p = {xM € S|M : ¢p(xM) =
exN} ={xM € SIM : xN =e,N} = N|M is a strong
semilattice of topological groups, from Theorem 5.7.
Then, from Theorem 5.8, there exists a unique bijective
morphism a: (S| M)|(N|M) — S|N such that apyy =
¢. O

Theorem 5.11. Let (S;); < be strong semilattices of topological
groups and N; < S;, ¥V i € I Then,

(i) LN, ARL,S;

(i) There exists a unique bijective morphism p : ®_S;| ®_,
Ni — QL (SiINy).

Proof.

(1) Since the inclusions j;: N; — S;, V i € I are morphisms,
then the inclusion j = ®_, j; : ®_|N; - ®/_,S;isamor-
phism, and so ®_ | N; < ®"S;. Let x =< x; > @S,
and y =< y; >€ ®_ | N;. Now, xyx ' =< x; >< y; ><

x,.*' >=< x,-yl-xl.’1 >e ®7_|N;, where x,-y,-x,.’1 eN,Viel
SO, ®?=11Vi Sl ®?=1Sl"

(ii) Let ¢;: S; — S;| N, x;—~x;N;. Then ¢; are continuous sur-
jective maps. Now, we define o : ®_,S; — ®L,(Si|N)),
< X; > > < ¢i(x;) >, Viel Then, o is an idempotent
separating surjective morphism. Hence by Theorem 5.8,
we have that there exists a unique bijective morphism
B ®L,Silkera — ®_,(S;|N;). Now, we prove that
kera = ®_|N;. kera = {< x; >e @S, :a(< x; >) =<
e N >) = {< % >€ @ S 1< di(x) >=< e, N; >) =
(<xi>e®_,Si:xiNi=e N} ={<x; >e ®_,S;:
x['exl. € Nj e, = e‘,x’,} ={<x;,>e®_,S;: x,.’1 €N} =
{(<x;i>e®_Si:x;e N} =L, N,. O
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