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1. Introduction and preliminaries

Mashhour et al. [1] introduced the so-called supra topology. El-
Monsef and Ramadan [2] introduced the concept supra fuzzy
topology, followed by Ghanim et al. [3] who introduced the
supra fuzzy topology in Sostak sense. Abbas and Ramadan [4,5]
generalized the supra fuzzy topology from fuzzy bitopological
space in Sostak sense as an extension of supra fuzzy topology
due to Kandil et al. [6].
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Levine [7] introduced the firist step of generalizing closed
sets. Balasubramanian and Sundaram [8] introduced the con-
cept of generalized closed sets within Chang’s fuzzy topology
[9] as an extension of generalized sets of Levine. Kim and Ko
[10] defined r-generalized fuzzy closed sets in smooth topolog-
ical spaces. Noiri [11] and Dontchev and Maki [12] introduced
another new generalization of Levine generalized closed set by
utilizing the #-closure operator. Khedr and Al-Saadi [13] gener-
alized the notion of 6-generalized sets to bitopological space.
Recently, Tantawy et al. [14-17] introduced the notion of 6-
generalized fuzzy closed sets in smooth bitopological spaces.

On the other hand, Atanassov [18] introduced the idea of in-
tuitionistic fuzzy set. Recently, much work has been done with
these concepts [18-20]. Coker and coworker [21,22] introduced
the idea of the topology of intuitionistic fuzzy sets. Samanta
and Mondal [23,24] introduced the definition of the intuitionis-
tic gradation of openness.
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In this paper, we introduce the notion of (r, s)-(i, j)-0-
generalized double fuzzy closed sets in double fuzzy bitopo-
logical spaces. A new 6-double fuzzy closure C}, on dou-
ble fuzzy bitopological spaces by using double supra fuzzy
(X, 112, 7;5) which is generated from double fuzzy bitopolog-
ical spaces (X, (11, 17), (72, 7)) are defined. By using (r, s)-
(112, 7{y)-generalized double fuzzy closed sets, we define a new
double fuzzy closure operator which generates a new double
fuzzy topology. Finally, generalized double fuzzy 6-continuous
(resp. irresolute) and double fuzzy strongly #-continuous map-
pings are introduced and some of their properties studied.

Throughout this paper, let X be a nonempty set, I = [0, 1],
Iy=(0,1]and I; =[0,1). Fora € I, a(x) = a for each x € X.
The set of all fuzzy subsets of X are denoted by I*. For x € X
and ¢ € [, a fuzzy point denoted by

o ify=x
x,(y)—{()’ if y # x.

x, € A iff t+ < A(x). We denote a fuzzy set A which is quasi-
coincident with a fuzzy u by Agu, if there exists x € X such
that A(x) 4+ u(x) > 1. Otherwise by Agpu.

Definition 1.1 [23.25]. A double supra fuzzy topology on X is
an ordered pair (z, t*) of mappings from I* to I such that

(D T+t <1, Va eI,

@@=t =1 0 =D =0,

(3) T(Viear) = Aicat(d)and T*(Vic adi) = VieaT (M), Y 2,
elXieA.
The triplet (X, 7, t*) is called a double supra fuzzy topo-
logical space (dsfts, for short). A double supra fuzzy
topology (t, t*)is called double fuzzy topological space
(dfts, for short) on X iff

(4) t()‘l N )\2) > T(Al) AN T()Lz) and T*(Al AN )Lz) > ‘[*()»1) \%
‘L'*()Lz),V)q, A € IX.

7 and v* may interpreted as gradation of openness and gra-
dation of nonopenness, respectively. The (X, (z, t*), (v, v¥)) is
called a double fuzzy bitopological space (dfbts, for short).

Definition 1.2 [25]. A map C:I* x I, x I, — I is called a dou-
ble supra fuzzy closure operator on X if for A, u € I¥ and r €
Iy, s € I , it satisfies the following conditions:

(Cl) C(,r,s)=0.

(C2) & < COL, 1, 5).

(C3) COu 1, s)VC(i, 1, 5) < CON L T, 5).

(C4) C()\,, r, S]) < C()\., I, SQ), if r <n and S1 = 87,
(C5) C(C(r,1,8),1,5) = C(A, 1, 5).

The pair (X, C) is called a double supra fuzzy closure space.
A double supra fuzzy closure space (X, C) is called double fuzzy
closure space iff

O CO,nrs)vC(u,rns)=CAVu,rns).

Theorem 1.1 [25]. Let (X, T, T*) be a dsfts. Then, for » € I, r
€ Iy, s € Iy, we define an operator C, .« : I* x Iy x I} — I' as
follows:

Coon)=nAlpel: A<pu, td—p) >r
(1 —p) <s}. ()
Then (X, C..+) is a double supra fuzzy closure space. The
mapping I, .~ - 1X x Iy x I, — I* defined by

LoOurns)=vipel: p<i () >rn @) <s}, ()

is a double supra fuzzy interior space, and I, ;+(1 — A, 1, 5) =1 —
Coe(A, 1, 8).

If (X, ©, t*) is dfts, then the definition of the double fuzzy
closure (resp. interior) for any fuzzy set is defined as (2.1) and
(2.2), respectively.

Theorem 1.2 [25]. Let (X, C) be a double (double supra) fuzzy
closure space. Define the mappings tc, t&: IX — I on X by

tcA) =Vv{relh:C—A,rs)y=1—2},
) =Aselb :CA—x,rs)=1-2}

Then:

(1) (t¢, ) is a double fuzzy (double supra fuzzy) topology on
X.

(2) Crrz =C.
Theorem 1.3 [25]. Let (X, (11, 17), (12, 7)) be a dsfbts. We de-
fine the mappings Cy, Ii2: I x Iy x I} — I* as follows:
Cioh,1,8) = Co iy (A, 1, 8) A Cryor (A, 18),
112()\1 rs) = Irl,rl* A, 1,8) Vv Irz,rz* A, ),

forallx e I',r e Iy, s € I,. Then,

(1) (X, Cyp) is a double supra fuzzy closure space.
(2) hoA =2, r8) =1—Cn( 1y 9).

Corollary 1.1 [25]. Let (X, Cyy) be a double supra fuzzy closure
space. Then, the mappings tc,,, e, oL Y — I on X given by

e, (M) =V{rely: Cn(L -4, rs) =1-A4},
rélz(k) =ANsel:Crd—xrrs) =1—1r}

is a dsfts on X.

Theorem 1.4 [25]. Let (X, (11, t)), (12, T5)) be a dsfbts. Let (X,
C12) be a double supra fuzzy closure space. Define the mappings
7, 751X — Ion X by

B

(M) = V{tt(A) Aa(h2) © A = A1 V Ao},
'(A) = AMtf (M) ATy (R2) 1 A=AV Aa),

where Vv and A are taken over all families {hi, Ay : 1 = Ay V A2}.
Then,

(1) (r;, 1)) = (t¢yy» T¢,) iS the coarsest double supra fuzzy
topology on X which is finer than both of (v, t)") and
(12, 75).

Q) Co=Cprp =

Ty,
In this paper, we will denote to 7¢,, TEZ by t12, 75,
respectively.

Definition 1.3 [26.27]. Let (X, (71, 1{), (12, 7)) be a dfbts, u €
I¥.rely, s el and x, € Pt(X). 11 is called an (7, s)-open Q,,.,,,_*-
neighborhood of x; if x,qu with 7,(u) > r and () <, we
denote

Quex(xiy1y8) = (€ I 1 xiqu, t() =1, 7/ (1) < s},

Definition 1.4 [24,28,29]. Let f: (X, (71, 1]), (12, 7})) —
(X, (vi,v]), (2, v3)) be a mapping. Then, f'is called:

(1) DFP-continuous if and only if 7; (f~'(1)) > vi(r) and
T W) v, Vel i=12
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(2) DFP*-continuous if and only if f: (X, 1,15, —
(X, via, v},) is DF-continuous, that is 71 (f~'(w)) >
vio(w) and o3y (f 7' () < vi(w), Y el”.

(3) DFP*-open if and only if f: (X, 7t 15) —
(X, viz, v}y) is DF-open, that is v, (f{1)) > 712(A) and
vE (f (V) < 5, (M), YA e IX.

2. (v, $)-(T12, T)-0-Generalized double fuzzy closed sets

Definition 2.1. Let (X, (11, 1), (72,
Iy, s € I;. A fuzzy set A is called:

7)) be adfbts, A € I¥,r €

(1) an (r, s)-(i, j)-generalized double fuzzy closed ((r, 5)-(i, j)-
gdfc, for short), if C,[,T,_* (A, 1, 8) < u,whenever A < u such
that t;(u) > r and 7 (u) < s. The complement of (r, s)-
(i, j))-gdfc is (r, 5)-(i, j)-generalized double fuzzy open ((r,
$)-(i, j)-gdfo, for short).

(2) an (r, 5)-(112, 7}5)-generalized double fuzzy closed ((r, s)-
(112, 74)-gdfc, for short), if Ci»2(A, r, ) < v, whenever A <
wsuch that 7j»() > rand (1) < s. The complement of
(r, 8)-(T12, 7}5)-gdfc is (r, $)-(112, T;5)-generalized double
fuzzy open ((r, 5)-(t12, 7}5)-gdfo, for short).

The concepts of (r, 5)-(t12, 7}5)-gdfc and (r, 5)-(i, j)-gdfc sets
are independent.

Definition 2.2. Let (X, (ty,
Iy, s € I,. Then:

7)), (12, 75)) be a dfbts, A € I¥,r €

(1) A fuzzy point x; € Pt(X) is called (r, 5)-(i, j)-0 -cluster
point of A if for every u € O, ot (x;,1,8), Cr o «(u, 1, 8)gh .

(2) An (i, j)-6-closure is a mapping T, P % Iy x I — 1Y

defined as follows:
T:ff oy s) = Vix, € Pr(X) :
7
x; is (r, 8)-(i, j)-0-cluster point of 1}.

(3) 2 is called an (r, 5)-(i, j)-double fuzzy 6 -closed ((r, s)-(i,
J)-dffc, for short) iff A = T T - (A, 1,5). The complement

of an (r, s)-(i, j)-dffc is Cdlled (r, 8)-(i, j) -double fuzzy
6-open ((r, 5)-(i, j)-df6o, for short).

Definition 2.3. Let (X, (11, t}), (12, T})) be a dfbts, A, u € I,
rely,s el and x, € P{(X). Then:
() T75Gors) = AMp € Xt I s o 19) = 2, 1L — ) =
7
nor(l—p) <s) ie Tx (urs) ds an (r, 9)-(, J)-
double fuzzy closed set.
(2) x; is an (r, s)-(i, j)-O-cluster point of A iff x; €
r[,rl.*
Tr/,r; (A, 1, 8).

Definition 2.4. Let (X, (71, 7}), (12, 7)) be a dfbts, A € IX,r €
Iy, s € I,. A fuzzy set A is an (r, s)- (1 J)-6- generahzed double

fuzzy closed ((r, s)-(i, j)-6-gdfc, for short) if TT’ o (A rns) < W,

whenever A < u such that 7;(u) > rand 7" (1) 5 s The comple-
ment of (r, 5)-(i, j)-0 -gdfc is an (r, 5)-(i, j)-0-generalized double
fuzzy open ((r, s)- (i, j)-6-gdfo, for short).

Definition 2.5. Let (X, (t1, 1), (12,
Iy, s € I} and x, € Pt(X). Then:

7)) be adfbts, A € I¥,r €

(I) A fuzzy point x, is said to be an (r, s)-(t12, T}5)-
O-cluster point if and only if Cp(u, r, s)gr for
each € QO or (X0, 138). QO or (X, 1,8) = (eI
Xequ, Ti(p) =1 T (r) < s} The set of all (r, s)-
(t12, T}5)-0 ~cluster points of A is called CY, -fuzzy closure
of A, i.e. C0 0 IY x Iy x I} — I defined as follows:

Clh(nr,8) = Vi{x € Pt(X):
X, s (1, $)- (112, T1y)-O-cluster point of A}.

(2) A is said to be an (r, 5)-(t12, 7}5) -double fuzzy 6 closed
((r, $)-(112, T})-dfbc, for short) set iff C%, (4, r, s) = A. The
complement of (r, s5)-(t12, 7}5)-df Oc set is (r, 5)-(T12, T/5)-
double fuzzy 6 open ((r, 5)-(112, 7}5)-dffo, for short) set.

Theorem 2.1. Let (X, (11, 7}), (12, T})) be adfbts, A € I',r € I,
sely. Then:

(I)Clz(kr9)<C (Ars)<T *(Ars)

(2) If X is an (r, 5)-(112, T}5)-dfo set in X, then Ciy(A,1,5) =
Clh(h, 1, 8).

Proposition 2.1. Let (X, (ty,
K,rely,sel. Then:

(1) CL (0,1, 5) = 0.

(2) A < CL(A, 1, 9).

(3) If A < Aa, then CO (M, 1, 5) < CO (Ao, 1y ).

@) ClL(A, 1)V Ch(g, 1) < Clz()q VAo, T, 8).

Q) C?z(}n 1, 8p) < sz()», 2, 82), if 1 <1y and sy > ;.
(6) Cl2()ul A, 18) < Clz(kl, rs) A Clz(kz, ns).

(7) CL(n, 1, 8) < C (Clz(k rs), 1, S).

1), (2, 73)) be a dfbts, A, Ay, A €

Proof. The proof follows immediately from the definition
ofC%. O

Proposition 2.2. Let (X, (11, 1), (12, 75)) be a dfbts, h € IV, r €
Iy, s € I). Then:

Cl(A,1.5) = ACialp,r,8) i p = A Ti2(p) = 1, T)5(p) < s}

Proof. Let K = A{Cia(p,1,8):p =k t2(p) =71, T5(p) <5}
Suppose x; € sz(k, 1, s) such that x, ¢ K. Then, there exists
p € I such that p > A with 112(p) > 1, 75(p) <s and
X €Cp(p, r, s). Since A < p and 2(p) =1, T5(p) <.
Then by Proposition 2.1(2) and Theorem 2.1(2), sz (A, 1) <
Cl(p,r1,8) = Ca(p, 1, 5), this implies x, ¢ C?,(%, r, s) which is a
contradiction. Thus, C,(A, 1, 5) < K.

Conversely, let x; € K such that x; ¢ C 5, (%, 1,5). Then, there
exists u € Oy o, (X1, 1, 9) such that C12(M, r, ) gk, implies
Cpp(u, r, s) < 1—2 and hence A <1 — C»(u, r, s) which is
an (r, s)-dfo set in (x, 712, 775). Then, by assumption we have
X, € Cip(1 — Cip(p, 1, 8), 1, 8) and by Theorem 2.1, x, € sz(l —
Cp(u, r,8), r,5). Therefore, C» (1, r, s)ql — Cia(u, 1, s) which is
a contradiction. Thus, K < sz(k, 1, s). Hence, we have the re-
quired result. O

Definition 2.6. Let (X, (11, 7}), (12, 7)) be a dfbts, 1 € IX,r €
Iy, s € Land x, € Pt(X). A fuzzy point x, is said to be an (r, 5)-
(112, 7{,)-0-interior point of A if there exists u € Qflzil*g (x/,1,8)
such that Cix(u, 1, 8)g 1 — A. The set of all (v, s) -(t12, 7}5)-6-
interior points of A is called Ifz-double fuzzy interior of 1, i.e.
I 0 1Y x Iy x I, > I defined as follows:

I (a1 s) = Vix, € Pt(X):
X, 18 (1, 8)-(712, T{,)-0-interior point of A}.
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Equivalently,

I, s) = Vi e I* : Cia(u, 1, s) < A, tin() > 1, Th(p) < s).

Definition 2.7. Let [ : (X, (11, 7}), (12, T¥)) — (X, (v, v}),
(v2, v3)) be a mapping. Then, fis called:

(1) Generalized DFP*-continuous (GDFP*-continuous, for
short) if and only if f~'(u) is (r, 5)-(112, T}3)-gdfc with
vip(l—p) = rand v, (1 —p) <sVpuel’.

(2) Generalized DFP*-irresolute (GDFP*-irresolute, for
short) if and only if f{u) is (r, 5)-(vi2, v{5)-gdfc in Y for
each (r, 5)- (112, 7}5)-gdfc pwin X.

Definition 2.8. Let (X, (11, 1}), (12, 7)) be a dfbts, » € IX,r €
Iy, s € I,. Then:

(1) A fuzzy set A is called an (r, 5)-(t12, 7}5)-6-generalized
double fuzzy closed ((r, 5)-(t12, 75)-0-gdfc, for short) if
C% (A, 1, s) < u whenever A < p such that 715(n) > r and
h(n) <.

(2) A fuzzy set A is called an (r, s)-(112, 7}5)-0-generalized
double fuzzy open ((r, 5)-(t12, 715)-0-gdfo, for short) if
1—Ais (r, 5)-(112, 7}5)-0 -gdfc.

Proposition 2.3. Let (X, (11, 71)), (12, 75)) be a dfbts, 11, 1, €
IY.rely,sel. Then:

(1) If A1, Xy are (1, 5)-(T12, T}5)-0-gdfc sets, then Ly v Ay is an (r,
8)-(T12, T}5)-0-gdfc set.

(2) If A1, Ay are (1, 5)-(T12, T}5)-0-gdfo sets, then L A Ay is an (r,
$5)-(112, 7}5)-0-gdfc set.

Proof. (1) Let A, vV A, =< p such that t,(u) > r and
7/5(n) < s. This implies that Ay < p and A, < w . Since
A and X, are (r, s)-(t12, 7}5)-0 -gdfc sets, then from (3) in
Proposition 2.1, and in view of Definition 2.8(1), we have,
ClL( VA, 1, )=Cl (A, 1, 8) V Cly(ha, 1, s) < uvpu. Hence, A
V Ay is an (r, 5)-(112, 7}5)-0-gdfc. Part (2), follows from the du-
ality of (1). O

Remark 2.1. The finite intersection (resp., union) of (r, s)-
(112, T}5)-0-gdfc (resp., (r, 5)-(112, T}5)-0-gdfo) sets in a dfbts
X, (u. 1), (12, 7)) need not to be (r, s)-(t12, 71,)-0-gdfc
(resp., (7, 5)-(t12, T;5)-0-gdfo).

Proposition 2.4. Let (X, (t1,1}), (12, T})) be a dfbts, » € I',r
€ly, s e i If & is an (r, 5)-(T12, T}5)-0-dfc set, then ) is an (r,
$5)-(t12, 7}5)-0-gdfc set.

(r,8)-(i, j)-0-gdfc <— (r,9)-(i, j)-dfoc —
U U
(r, 5)-(i, j)-gdfc — (r,9)-(, j)-dfc

Proof. (1) Let A < p such that 7,(1) > r and 75 () < s. Since
As (r, 5)-(112, 71,)-0-dfc set, then Cf2 (A, r, s)=A and from (4) in
Proposition 2.1, for r; < r, and s; > s, we have C0, (1, 1y, 1) <
Cl, (A, 12, 8) = A < . Hence, Aisan (r, 5)-(t12, Tfy)-0-gdfc. O

The converse of Proposition 2.3 is not true from the follow-
ing example.

Example 2.1. Let X = {a, b}. Define u, p € I* as follows:

u(a) = 0.2, n(b)=0.5

(r, $)-(t12, T)-0-dfc =

(1, $)-(t12, T/y)-0-gdfc =

pla) = 0.5, pb) =04

Define double fuzzy topologies 71, 7y, 12, 75 : I¥ — I as
follows:

1 if A=0,1, 0 if x=0,1,
n) =44 if A=u, . =11 if A=y,

0  otherwise, 1 otherwise,

1 if A=0, 1, 0 if x=0,1,
M) =11 if A=p, . T =411 if rA=p,

0  otherwise. 1 otherwise.

The associated double supra fuzzy topology is defined as
712, 7}5 : IX — I such that

L if A=0,1,
() =13 i A=p, . uvp,
0  otherwise.
0 if A=0 1,
h) =13 i A=p,ppvp,
1 otherwise.
Then, for r = 1, s =1, the fuzzy set A = {0.3,0.4} isa (5, 3)-

(t12, T5)-0-gdfc set but it is not a (3, 1)-(112, 735)-0-dfc set.
Proposition 2.5. Let (X, (11, 1{), (12, ©))) be a dfbts, A € ¥ r
e ly,sely. If his an (1, 5)-(112, T)-0-gdfc set, then ) is an (r,
5)-(t12, T15)-gdfc set.

Proof. The proof follows directly from (1) in Theorem 2.1. [
Proposition 2.6. Let (X, (11, 1{), (12, ©))) be a dfbts, A € *r
€ly,se . If xis an (r, 5)-(t12, T)y)-dfc set, then X is an (r, s)-
(112, 1}5)-gdfc set.

Proposition 2.7. Let (X, (t1, 7)), (12, T})) be a dfbts, » € I',r

€ ly, s el If xis an (r, 5)-(112, T}5)-0-dfc set, then )\ is an (r,
8)-(T12, T}5)-dfc set.

Proposition 2.8. Ler (X, (11, 1)), (12, ©})) be a dfbis, .. € I*,r €
Iy, sel,. If Lisan (r, 5)-(j, i)-dfoc set, then A is an (r, 5)-(T12, T;5)-
0-dfc set.

Proof. To prove A is an (r, s)-(t12, 7;5)-0-dfc set, we must prove
CY(h, r, s)=A. Clearly, . < CY, (A, r,5). On the other hand, by
Theorem 2.1, C0, (A, 1, ) < 7};’,’,2]. (A, 1, 5). Since A is an (r, 5)-(j,
i)-dfoic set, then 7}7,';5]. (A, 1, 5) = A. Consequently, sz (A1 8) <
A. Hence, A is an (r, 5)-(112, 7}5)-0-dfc. O

From the above discussion we have the following diagram:
(1, $)-(t12, T})-dfc

4
(1, $)-(t12, 7}3)-gdfc

3. Generalized CY,-double fuzzy closure operator

Definition 3.1. Let (X, (71, 1)), (12, 7)) be a dfbts. Then, for
re X rely,s eI, we define the GCY,-fuzzy closure (interior)
operators GCY,, GI?, : I* x Iy x I, — I defined as follows:
GCly(n,1,8) = AlpeI’: p>rand

p 18 (1, 8)-(112, T75)-0-gdfc set},
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GI'y(A,1,5) = Vip e I' 1 p<iand
p1s (1, )- (112, 715)-0-gdfo set}.

Proposition 3.1. Let (X, (11, 1}), (12, ©})) be a dfbts, A, L1, A, €
IX.rely, sel. Then:

(1) GIL,(L — A, 1, 8) =1 — GCl (A, 1, 5).

(2) If Ay < Ay, then GCYy (k1. 1, 8) < GCY (Ao, 1y ).

(3) If M < A, then G[f’z()q, rs) < GI{’Z(AZ, T, S8).

(@) If his an (r, 5)-(T12, Tiy)-0-gdfc, then GC (A, 1, 5) = A
(5) If his an (r, 5)-(t12, Ty)-0-gdfo, then GI{, (A, 1, 5) = A.

Proof.
(1) We prove (1) by using Definition 3.1:

1-GCL(rs)=1—-Apel”: p>irand
p s (1, 8)-(112, 75)-0 -gdfc set}
=v{l—-pel*:1-p<1-—2xrand
1—pis (r,5) -(112, 7}5)-0-gdfo set}
= GI,(1 — A, 1, 9).

(2) Suppose there exist x € X and ¢ € (0, 1) such that
Gsz(Al, rs)(x) >t > Gsz(Az, r, 8)(x). (3.1

Since GCfZ(Az,i", s)(x) < t, then there exists an (r, s)-
(12, 7)5)-0-gdfc set p with p > A, such that p(x)
< 1. Since A; < Ay, then GC,(ri,1,8) <p. It fol-
lows GCfZ(Al, 1, 8)(x) < t. This contradicts (3.1). Hence,
GCl (A, 1, 5) < GC(ha, 17 8).

(3) Taking the complement of (2) and using (1), we can prove
(3).

(4) It can be proved from Definition 3.1.

(5) Similar to (3). O

Theorem 3.1. Let (X, (11, 7}), (12, T})) be adfbts, A € I', r € I,
sely. Then:

(1) GCY, (resp. GI?,) is a double fuzzy closure (resp. interior)
operator.
(2) Definet¥ : I* — I as

@) =v{rel:GCH(L—x,rns)=1-1},
) = Alsel:GCH(1— A, rs) =1—2A).

Then, (t(¥,t)5") is a double fuzzy on X such that tf, <
@ () and T8 (L) = T (L)

Proof. (1) To prove (1), we need to satisfy conditions (C1)—(C2)
in Definintion 1.2.

(Cl1) Since 0 is an (r, 5)-(112, 7}5)-0-gdfc set in X, then from
Proposition 3.1(4), GC, (0, r, 5) = 0.

(C2) Follows from the definition of GCY,.

(C3) Since A < Avp and p < AV, from Proposition 3.1(2),

GCy (A, 1,8) < GCly(A v u, 1, 5) and
GCl (11, 1,5) < GCH AV i, T, 5).
This implies,
Hy 1y S).

Suppose GCY, (A V ,1,8) & GCly (A, 1,8) V GCl (. 17 ).
Consequently, x € X and 7 € (0, 1) exist such that

GCl (A, r,8) vV GChL(u, 1, 5) < GC (A Vv

GCl(\, 1, 8)(X) vV GC (1, 1, 8)(x) < t < GCL(AV 1, 1, 8)(x).
(3.2)

Since GCY, (A, 1, 5)(x) < t and GC, (, r, 8)(x) < ¢, there
exist (7, 5)-(12, 7}5)-0 -gdfc sets p1, po with A < p; and u
< p, such that

p1(x) <t, pa(x) < 1.

Since Avpu =< p;Vvpr and p;Vvp, is an (r, s)-
(t12, T}5)-0-gdfc  from Proposition 2.2(1), we have
GCO AV, 1,5)(x) < (p1Vpa)(x) < 1. This, however,
contradicts (3.2). Hence, GC% (A, 1, 8) vV GCly(u, 1, 5) =
GCfZ(A VoL, T, S).

(C4) Letry <rpand s; > s, 11, 12 € Iy and sy, 5, € I}, Sup-
pose GCY (A, 1y, 51) % GCY, (X, 12, 7). Consequently, x €
X and ¢ € (0, 1) exist such that

GCly(x, 12, 52)(x) < t < GCl(A, 11, 51)(x). (3.3)

Since GCfZ(A, 2, 82)(x) < t, thereis an (12, $2)-(T12, 7}5)-
0-gdfc set p with A < p such that p(x) < ¢ This
yields GCY,(p, r3, s3) <, whenever p < p and 75(1)
> r3 and t5(u) < s3 . Since r; < r, and s; > s,, then
GCY,(p, 14, 84) < ju, whenever p < p and 712(p) > r4
and 7}5(u) < s4. This implies p is an (r, 5)-(712, T75)-6-
gdfc. From Definition 3.1, we have Gsz(A, 1, 81)(x) <
p(x) < t. This contradicts (3.3). Hence, GCY, (A, r1, 51) <
Gsz()L, ra, 32).

(C5) Let p be any (2, $2)-(ti2, 7;5)-0-gdfc containing A.
Then, from Definition 3.1, we have GC?(A,r,s) <
p, from Proposition 3.1(2), we obtain Gsz(A, rs) <
GCl,(p, r,s) = p. This mean that GC{,(GCY, (A, 1, 5), 7, )
is contained in every (1, s2)-(ti2, 7)5)-0-gdfc con-
taining A. Hence GCY,(GCl, (L, 1, 5),1,5) < GCL (A, 1 5),
however GCl, (%, r,5) < GC),(GCl, (A, 1, ), 1, 5). There-
fore GCY,(GCY, (A, 1, 8), 1, 8) = GCY (A, 1, 5). Thus GCY is
a double fuzzy closure operator.

By similar way, we can prove that GI{, is a double fuzzy in-
terior operator.

By using (1) and Definition 1.2, we get (t&’, ;) is a double
fuzzy topology on X. By Proposition 2.3, C/,(1 — A, r,5) =1 —
A which yields GCY,(1 — A, r,5) = 1 — A. Thus tf,(A) < tF (1)
and ti¥ (A) > 17 (A) forall A e Y. O

Proposition 3.2. Let (X, (11, t}), (12, ©})) be a dfbis, » € I',r
€y, s €. If &is an (r, 5)-(T12, T}5)-0-gdfc, then A is an (r, s)-
(xS, %) -dfc set.

Proof. Follows from

Theorem 3.1(2). O

Proposition 3.1(4) and

4. GDFP*-0-continuous and GDFP*-#-irresolute mappings

Definition 4.1. A mapping f: (X,
(X, (o1,07), (02, 05)) is called:

(Tla Tl*)a (TQ’ Tz*)) -

(1) Generalized DFP*-0-continuous (GDFP*-6-continuous,
for short) if’ f~!(u) is an (r, s)-(t12, 7}y)-0-gdfc in X for
each (r, 5)-(oy2, 0};)-dfc set win Y.
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(2) Generalized DFP*-6-irresolute (GDFP*-0-irresolute, for
short) if f~'(w) is an (r, 5)-(112, }5)-0-gdfc in X for each
(r, 5)-(012, 0]5)-0-gdfc set pin Y.

(3) DFP*-strongly 6-continuous (DFP*-S6 -continuous, for
short) if for each x, € Pt(X) and r € Iy, s € I, if n €
Q(,u,{,]*z (f(x;), r, s), there exists v € Q%ff‘z (x;, 1, 8) such
that (Cpa(v, 1, 8)) < .

Proposition 4.1. f: (X, (11, 7)), (12, T¥)) = (X, (01, 07), (02,
0})) is GDFP*-0-continuous, then GDFP *-continuous.

Proof. Let n € 17 such that w is (r, $)-(012, 0}5)-dfc set. Since
fis GDFP*-0 -continuous, then we have f~!'(u) is an (r, s)-
(12, T}5)-0-gdfc, and from Proposition 2.4, this yields f~'(u)
is an (r, 5)-(112, 7}5)-gdfc. Hence, fis GDFP*-continuous. [J

The converse of Proposition 4.1 is not true as the following
example:

Example 4.1. Let X = {a, b} and Y = {x, y, z}. Define A, 1, €
I¥and p, o € IV as follows:

A]:dg
3

Vv b
PV

1

TR

,
VZi,
3 2

ny =X

wl

We define double fuzzy topologies 11, 7}, . 75 : I* — I and
o1, 07, 03,05 : 17 — I as follows:

1 if A=0,1, 0 if r=0,1,
n) =44 if r=nx, T =11 if a=2,

0  otherwise, 1 otherwise,

I if 2=0,1, 0 if A=0,1,
L) =11 if A=, g =13 if r=2x,

0  otherwise, 1  otherwise,

L if pu=0,1, 0 if =01,
o) =13 if u=wm, of) =13 if p=pu,

0  otherwise, 1  otherwise,

1 if p=0,1, 0 if =01,
ow =13 if u=p., oW =13 if u=p,

0  otherwise. 1  otherwise.

The associated double supra fuzzy topologies is defined as
follows:

L if A=0, 1,

1if A=,
) = {1 if A=2,,

T A=AV,

0  otherwise,

0 if A=0, 1,

1if A=a,
) =43 if A=,

20 A=AV,

1 otherwise,

I if p=0, 1,

3 i =g,
on(n) = % if w=pu,

% if pw=pVp,

0  otherwise.

0 if =0, 1,
1l =,
o) =133 if p=p,
$A0 p= v,
1 otherwise.
Consider the mapping f: (X, (1,7)), (2, 7)) —

(Y, (01,0)), (02,05)) defined by f(a)=y and f(b)=:.
Then f'is GDFP*-continuous but is not GDFP*-6 -continuous
because, there exists 1 —u is a (%, %) — (112, T}5)-dfc set but
FN A —wyisnota (3, 1) — (112, 15)-0-gdfc set.

Proposition 4.2. If f: (X, (1, 1)), (12, ©3)) = (X, (01, 07),
(02, 0%)) is DFP*-S8-continuous, then GDFP *-0-continuous.

Proof. Let 1 € I" be an (r, 5)-(012, 0j5)-dfc set. Let f~'(1) <
w, where t15(u) = rp and t)5(u) < s for r; < r and 5, >
s. We must show that C/,(f~'(1),rs) < u. Let x,¢pu this
means, x,ql —p. In fact, /~'(1) < , which implies that
1—pu<1— f'(1). Since x,;ql — p this yields, x,q1 — f~'(1).
Thus, we have f(x;)gl — A such that 1 — A is (r, 5)-(o12, 075)-
dfo set in Y. That is means 1 — A € Oopyor, (S (x0), 1, 5). Since
f'is DFP*-S6-continuous, then there exists n € Oupy,er, (X151 5)
such that f(C2(n, r, s)) <1 — A. This implies, f(Ci2(n, r, $))gr
and then Cp(n,r,5)gf~'(A). In view of Definition 2.6, we
get x, ¢ CO(f~'(M),rs). Since r; < r and s; > s, then
from Proposition 2.1(4), we have x, & Cl,(f~'(A),r1,s1).
Hence, we obtain C% (f~1 (1), r1, 51) < pu. Thus, fis GDFP*-9-
continuous. [

The converse of Proposition 4.1 is not true as the following
example:

Example 4.2. Let X = {a, b} and Y = {x, y}. Define A, 1, € I¥
and p1, o € 1Y as follows:

A]:lebl, X2=a1Vbl
2 3 3 2

= X1 V)i =X1 V)i
M1 1VIL K2 1Vl

We define double fuzzy topologies 11, tf, o, 75 : I¥ — I and
01,07, 03,05 : 1Y — I as follows:

1 if A=0,1, 0 if r=0,1,
n) =44 if A=ra, rw={1 if r=1,

0  otherwise, 1 otherwise,

I if 2=0,1, 0 if x=0,1,
o) ={1 if A=1, T =13 if A=1,

0  otherwise, 1 otherwise,

L if pu=0,1, 0 if =01,
ot =13 if u=wm, o) =13 if p=pu,

0  otherwise, 1  otherwise,

L if pu=0,1, 0 if =01,
o =13 if u=p, oS =13 if pu=p,

0  otherwise. 1  otherwise.

The associated double supra fuzzy topologies is defined as
follows:

1 if A=0, 1,
1if a=2,

wmk) =15 if A=,
30 A=V,
0  otherwise,
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0 if A=0,1,
Loif A=,
) =13 if A=,
20f A=M Vi,
1 otherwise,
L if w=0 1,
% if p=pu,
o) =431 if p=pu,
% il =y Vs,
0  otherwise.
0 if u=0,1,
;oA =g,
op() =13 if p=p,
% i o=V,
1 otherwise.

Consider the mapping [f: (X, (7,1)), (0, 75)) —
(Y, (o1,0)), (02,05)) defined by f(a)=y and f(b)=x.
Then, f is GDFP*-f-continuous but is not DFP* -S6-
continuous  because, there exists «ag; € Pt(X),r= %

s:% and M]GQGIZ’UTZ(f(aOJ),%,%) such that for any

A€ Quyer (07, 5, 3), f(Ca(, 5, 5) £ .

Proposition 43. If  f: (X, (t1, 1), (12, 13)) —
(X, (o1,00),(02,05)) is DFP*-continuous, then GDFP*
-continuous.

The converse of above proposition is not true in general.

Theorem 4.1. A mapping f: (X, (1,1]), (12, 7)) —
(X, (o1,00), (02,05)) is DFP*-continuous iff for each x,
€ Pu(X) and for each n € QU]ZvUT‘Z( fix)), r, 5), there exists
ne QTlNTz (x;, 1, 8) such that f(n) < .

Proof. Suppose [ X, (t, 1)), (1, 1)) — (X, (o1,
07), (02,05)) is DFP*-continuous. Let x, € Pt(X) and
w € Oopyor, ( fix)), r, s). Since f is DFP*-continuous. Then
t2(f/ 7 (1) = o1a(w) and t5(f 71 (w)) < o (w). Since flx;) €
w then x; € f~'(u) implies f~!'(n) € Orpy.ez, (X0, 7, 5) such that
SN w) < e

Conversely, Let u € I" such that pu is (r, $)-(o12, 075)-
dfo set and let x, € f~'(u), this implies f{x,) € u, Therefore
nwe Q"n»”f‘z( f(xy), r, ), and from our assumption, there ex-
ists v e Q,n,,l*z (x;, 1, 8) such that f(v) < u. Then, we get v <
JS7'(u). That is means f~!'(w) contains (r, $)-(t12, 7;5)-dfo set
for each f~'(u) is an (r, 5)-(112, }5)-dfo set. Hence, f'is DFP*-
continuous. [J

Proposition 44. If f: (X, (t1, 77), (12, T¥)) —
(X, (o1,07), (02,05)) is DFP*-S6-continuous, then DFP*-
continuous.

Proof. Let x, € P{(X) and u € o0t ( f(x,), r, s). Since [
is DFP*-S6 -continuous. Then there exists n € QTINTz (X, 1, 8)
such that f{Cy,(n, r, 5)) < . Since n < Cia(n, r, s), then f(n) <
f(Cia(n, r, s)) < . Thus, in view of Theorem 4.1, f'is DFP*-
continuous. [J

The converse of above Proposition is not true as seen in
Example 4.1.

Also, Examples 4.1 and 4.2 show that the DFP*-continuous
and DFP*-6-continuous are independent. Therefore, we have

the following implications.

DFP*--continuous =  GDFP"-continuous

i T
DFP*-Sf-continuous =— DFP*-continuous

Theorem 4.2. A mapping f: (X, (1,71),(12,7))) —
(X, (01,07), (02, 05)) is bijective, DFP*-0 -open and GDFP*-0-
continuous, then GDFP*-0 -irresolute.

Proof. Let v € I such that v is (r, s)-(012, 012%)-0-gdfc set
and f~'(v) < u such that to(n) > r, and t,%(n) < s for
rp < rand s > s Since f~'(v) <pu, then v < f{n). From
the fact that DFP*-open, we obtain f{u) is an (ry, s1)-(012,
op*)-dfo. Now, we have v is an (r, s)-(o 2, o12*)-0-gdfc set
and v < f(u). From Definition 2.1(1) we get, (C12*)o(v, 11, 1)
< fin) and thus, /~'((C12*)e(v, r1, 51)) < p. Since (Ci2*)g(v,
ri, §1) is an (r, s)-(o 12, o12%)-0-gdfc in Y and f is GDFP*-6-
continuous. Then Cp,?( f~'(C12)p(v, 11, 51)), 11, 81) < w this
yields Cp.’ (f~'(v), r1, 51)) < p. Therefore, £~'(v) is an (r, s)-
(t12, T;5)-0-gdfc. Hence, f'is GDFP *-g-irresolute. [J
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