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1. Introduction

Classical set theory is a basic concept to represent various sit-
uations in mathematical notation where repeated occurrences

per is an attempt to explore the theoretical aspects of multiset by extending the notions of compact,
proximity relation and proximal neighborhood to the multiset context. Examples of new multiset
topologies, open multiset cover, compact multiset and many identities involving the concept of multi-
set have been introduced. Further, an integral examples of multiset proximity relations are obtained.
A multiset topology induced by a multiset proximity relation on a multiset M has been presented.
Also the concept of multiset §- neighborhood in the multiset proximity space which furnishes an
alternative approach to the study of multiset proximity spaces has been mentioned. Finally, some
results on this new approach have been obtained and one of the most important results is: every 74-
multiset space is semi-compatible with multiset proximity relation § on M (Theorem 5.10).
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of elements are not allowed. If repeated occurrences of any ob-
ject is allowed in a set, then a mathematical structure, that is
known as multiset (mset [1] or bag [2], for short). Actually, vari-
ous circumstances repetition of elements become mandatory to
the system. For example, a graph with loops, there are many
hydrogen atoms, many water molecules, many strands of iden-
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tical DNA etc. This leads to effectively three possible relations
between any two physical objects; they are different, they are
the same but separate, or they are coinciding and identical. For
example, ammonia NHj;, with three hydrogen atoms, say H, H
and H, and one nitrogen atom, say N. Clearly H and N are dif-
ferent. However H, H and H are the same but separate, while
H and H are coinciding and identical. There are many other ex-
amples, for instance, carbon dioxide CO,, sulfuric acid H,SOq,
and water H,O etc.
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This paper is an attempt to generalize the notions of com-
pact, proximity relation and proximal neighborhood in the mul-
tiset context. Section 2 has a collection of all basic definitions
and notions for further study. In Section 3, new multiset topolo-
gies, compact multiset topology and some identities involving
the concept of multiset are mentioned. A multiset proximity re-
lations and an integral examples of multiset proximity are ob-
tained in Section 4. In Section 5, a multiset topology induced
by a multiset proximity relation on a multiset M is presented. In
addition to this point, the essential properties of this new mul-
tiset topology via multiset proximity are mentioned.

2. Preliminaries and basic definitions

In this section, a brief survey of the notion of msets as intro-
duced by Yager [2], Blizard [1,3] and Jena et al. [4] have been
collected. Furthermore, the different types of collections in mset
context introduced by Girish and John [5] are presented.

Definition 2.1. A collection of elements containing duplicates
is called an mset. Formally, if X is a set of elements, an mset
M drawn from the set X is represented by a function count M
or Cy defined as Cy; : X — N, where N represents the set of
nonnegative integers.

Let M be an mset from the set X = {x, x5, ..., x,} with
x appearing n times in M. It is denoted by x € "M. The
mset M drawn from the set X is denoted by M = {k|/x, k»/
X2, ..., kn/x,} where M is an mset with x; appearing k; times,
X, appearing k, times and so on. In Definition 2.1, Cy(x) is the
number of occurrences of the element x in the mset M. However
those elements which are not included in the mset M have zero
count. An mset M is a set if Cj;(x) =0 or IVx € X.

Definition 2.2. A domain X, is defined as a set of elements from
which msets are constructed. The mset space [ X]” is the set of all
msets whose elements are in X such that no element in the mset
occurs more than m times. The set [X]* is the set of all msets
over a domain X such that there is no limit on the number of
occurrences of an element in an mset.

Let M, N € [X]”. Then, the following are defined:

(1) M is a submset of N denoted by (M C N) if Cy(x) <
Cy(x)Vx € X.

Q) M=NifMC Nand NC M.

(3) M is a proper submset of N denoted by (M C N) if Cy(x)
< Cy(x)Vx € X and there exists at least one element x €
X such that Cy(x) < Cy(x).

(4) P= M UN if Cp(x) = max{Cy (x), Cy(x)} forall x € X.

(5) P=MN N if Cp(x) = min{Cy;(x), Cy(x)} for all x € X.

(6) Subtraction of M and N results in a new mset P = M ©
N such that Cp(x) = max{Cy(x) — Cy(x), 0} for all x €
X, where @ and © represent mset addition and mset sub-
traction, respectively.

(7) An mset M is empty if Cy;(x) = 0Vx € X.

(8) The support set of M denoted by M* is a subset of X and
M* = {x € X : Cjyy(x) > 0}; that is, M* is an ordinary set
and it is also called root set.

(9) The cardinality of an mset M drawn from a set X is
Card(M)= )" .y Cu(x).

(10) M and N are said to be equivalent if and only if

Card(M)= Card(N).

Axioms of multiset theory 2.3. [1]

(1) If x €1 M and x €2 M then k| = k,. In other words, the
multiplicity with which an element belongs to an mset is
unique.

(2) If x e KM iff x € *N for all x, then M = N. If two msets have
exactly the same elements occurring with exactly the same
multiplicities, then they are equal.

(3) There exists mset M such that x ¢ M forall x e X, k € N. It
asserts the existence of at least one mset that does not con-
tain any element. Indeed, the mset M is unique by Axiom
—2. This unique mset M is denoted by the symbol ¢.

(4) For any mset M and any number 7, there is a unique (by Ax-
iom 2) mset N containing exactly n copies of M and nothing
else.

(5) For any two distinct msets M and N and any numbers » and
m, there exists a unique (by Axiom 2) mset P containing ex-
actly n copies of M, m copies of N, and nothing else.

Definition 2.4. Let N € [X]”. Then the complement N° of N in
[X]™ is an element of [ X]” such that

Cye(x) =m— Cy(x)Vx € X.

Definition 2.5. A submset N of M is a whole submset of M
with each element in N having full multiplicity as in M; that
is, Cy (x) = Cy(x) for every x € N*.

Definition 2.6. Let M € [X]”. The power whole mset of M de-
noted by PW(M) is defined as the set of all whole submsets of
M.

Definition 2.7. Let M € [X]". The power mset P(M) of M is
the set of all submsets of M. We have N € P(M) if and only
if NC M. If N=¢, then N € 'P(M); and if N # ¢, then

N € ¥P(M) such that k = ]_[Z("[[AA{]]_’"), the product []. is taken

over distinct elements of the mset N and |[[M].| = m iff z € "M,
[[N].| =niffze"N, then

ML\ (m\  m!
NI \n)  nlm—m)!”
The power set of an mset is the support set of the power

mset and is denoted by P*(M). The following theorem shows
the cardinality of the power set of an mset.

Definition 2.8. Let M € [X]" and t € P*(M). Then 7 is called
an mset topology if 7 satisfies the following properties.

(1) pand M arein 7,

(2) The union of the elements of any sub-collection of 7 is in
T,

(3) The intersection of the elements of any finite sub-
collection of 7 isin t.

An mset topological space is a pair (M, t) consisting of an
mset M and an mset topology r on M. Note that t is an or-
dinary set whose elements are msets and the mset topology is
abbreviated as an M-topology. Also, a submset U of M is an
open mset of M if U belongs to the collection t. Moreover, a
submset N of M is closed mset if MON is open mset.

Definition 2.9. Let (M, 7) be an M-topological space and N be
a submset of M. Then the interior of N is defined as the mset
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union of all open msets contained in N and is denoted by N’;
that is,

N’ =U{V € M :V isanopen msetand V¥ € N} and
Cyo(x) = max{Cy(x) : V C N}.

Definition 2.10. Let (M, 7) be an M-topological space and N be
a submset of M. Then the closure of N is defined as the mset
intersection of all closed msets containing N and is denoted by
N; that is,

N =n{K C M :Kisaclosedmsetand N € K} and
Cy(x) = min{Ck(x) : N C K}.

Remark 2.11. The symbol €, was first introduced by Singh
et al. [6]. For x € M*, x €, N means that x belongs to N at
least one time. Thus, Cy(x) = 0 implies x ¢ N, and x eﬁ N im-
plies x belongs to N at least k times, however x € N means x
belongs k times to N.

Definition 2.12. An mset M is called simple if all its elements
are the same. For example, {3/x} is simple mset.

Definition 2.13. Let M be a nonempty mset. Two submsets N;
and N, are called similar, denoted by Ny = N,, if Nf = N;.

3. On multiset topologies

Theorem 3.1. Let Ny and N, be two submsets of an mset M. Then

(D) If Covynyy(x) =0 for all x e M*, then Cy (x) <
Cimen,) () for all x € M*,

(2) CN1 (X) =< CN2 (X) =1 C(MeNZ)(X) < C(MeNl)(x)fOI’ Clllx e
M*.

Proof.

(1) Let Ciy,nn,)(x) =0 for all x € M*. Since Ciy,nn,) (X) =
min{Cy, (x), Cy, (x)}, then Cy, (x) = 0 or Cy, (x) =0 for
all x e M*. It follows that Cy, (x) + Cy,(x) < Cy(x)
for all x € M*, and hence Cy, (x) < Cy(x) — Cy, (x) =
Civeny) (x) for all x € M*. Hence the result.

(2) Cy (%) = Cyy(x) & —Cp, (x) = —C, (x) & Cy(x) —
Cn, (x) = Cy(x) = Cn (x) & Careny) (X) = Caren,) (X)
forall xe M*. O

The following example shows that the converse of
Theorem 3.1 part (1) is not true in general.

Example 3.2. Let M ={2/a,4/b,5/c}, N, ={1/a,1/b,2/c}
and N, = {1/a, 1/b}. Hence M © N> = {1/a, 3/b, 5/c}. It’s clear
that CN[ (x) < CM@NZ (x) for all x € M, but C(NIQNZ)(X) > (0 for
some x € M*.

The following example shows that NJON, # Ny N(MEN,)
in general.

Example 3.3. Let M = {3/x,4/y}, Ny ={2/x,3/y} and N, =
{1/x,2/y}. Hence M & N> = {2/x,2/y}, N1 © N> = {1/x,1/y},
and Ny N (M & N,) = {2/x,2/y}.

Definition 3.4. Let X be an infinite set. Then M = {k,/x, : ¢ €
A} be an infinite mset drawn from X. That is, the infinite mset
M drawn from X is denoted by M = {k,/x1, ka/x2, k3/x3, ...... 1.

Notation 3.5. The mset space [X]Z is the set of all infinite msets
whose elements are in X such that no element in the mset occurs
more than m times.

It may be noted that the following examples of mset topolo-
gies are not tackled before.

Example 3.6. Let M e [X]Z and {ko/x,} be a simple submset
of M. Then the collection
Tiko/xp) = 1V S M : Cy(x0) = ko} U {0}

is an M-topology on M called the particular point M-topology.

Example 3.7. Let M € [X]Z and {ko/x,} be a simple submset
of M. Then the collection

Tho/xog = (V' S M : Cy(x0) < ko} U {M}

is an M-topology on M called the excluded point M-topology.
Example 3.8. Let M e [X]Z. Then the collection

t={V CM: MoV isfinite} U {#}

is an M-topology on M called the cofinite M-topology.

Example 3.9. Let M € [X]Z and N be a submset of M. Then
the collection

vy ={V €M :Cy(x) <Cy(x) forall x € M*} U {0}

is M-topology on M.

Example 3.10. Let M € [X]2 and N be a submset of M. Then
the collection

tw={VCM:Cyx)>Cy(x) forall x € M*} U {M}

is M-topology on M.

Definition 3.11. Let (M, t) be an M-topological space and N be
a nonempty submset of M. Then the collection {V;: i € I} of
submsets of M is called cover of N if

Civn(nier (e (X) = 0 for all x e M™.

It should be noted that the cover is called open mset cover if
its elements are open msets.

Definition 3.12. Let (M, t) be an M-topological space. A
nonempty submset N of M is called compact mset if every open
mset cover of N reduced to finite subcover of N; that is, if {V;:
i € I} is a collection of open msets cover for N, then there exist
Vi, Vs, ..., V, € T such that

Cinnier aery(x) = 0 for all x € M*.

It may be noted that an M-topological space (M, t) is called
compact M-topological space if M is compact mset.

Example 3.13. Every finite M-topological space (M, t) is com-
pact M-topological space. Since the number of possible subm-
sets of M are also finite. Consequently, (M, 7) is compact M-
topological space.

Example 3.14. The indiscrete M-topological space (M, t) is
compact M-topological space. Since the only open mset cover
of M is M, therefore (M, 7) is compact M-topological space.
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Example 3.15. Let M e [X] and 7 = P*(M). Then (M, 1)
is not compact M-topological space. Since the collection A =
{{k/x} : x € M} is an open mset cover of M, but can’t select a

finite subcover from A to cover M.

Theorem 3.16. Let (M, T) be a compact M -topological space and
N be a closed submset of M. Then N is compact mset.

Proof. Let {V;: i € I} be a collection of open mset cover of
N. 1t follows that Ciynn,., (mer(X) = 0 for all x € M*. Also,
C[Mﬁ(Nﬂ(ﬂ[g](M@V,‘)))] (x) = 0 for all x € M*. Therefore, MOSN and
{Vi:ie I} are open mset cover of M, and hence there exists finite
subcover of open msets to cover M, say MON, Vi, V>, ..., V,
such that C[MmNm(m;_z:] (mevin(x) = 0forall x € M*. Since Cy(x)
> Cy(x) for all x € M*. Consequently, C[Nm(m;‘:l<Me!/,»>)](X) =0
for all x € M*. Hence N is compact mset. [J

4. Multiset proximity relations

Definition 4.1. Let M e [X]2.. A binary relation § on P*(M) is
called an mset proximity if it satisfies the following conditions:-

(MP;) Ny § N;=N, 38 Ny,

(MPz) N18(N2UN3)®N1 § Ny or Ny § N3,

(MP3) Ni5N, = Cy, (x) > 0 and Cy, (x) > 0 for some x € M*,

(MP,) Ni § Ny = there exists N3 C M such that Ny § N3 and
(M & N3) § N,,

(MPs) Civynn,) (x) > 0 for some x € M*=N; § N.
An mset proximity space (M, §) consisting of an mset
M and an mset proximity relation on M. We shall write
N; & N, if the submsets Ny and N, of M are §-related,
otherwise we shall write Ny ¢ N,. An mset proximity is
abbreviated as an M-proximity.

An M-proximity relation § on an mset M is said to be
separated if it satisfies:
(MPe) (k/x)é(n/y) = k/x =n/y.

Remark 4.2. An M-proximity relation § on an mset M is a prox-
imity relation if Cp;(x) = 0or 1V x € M*.

Example 4.3. Let M € [X]2 and § be a binary relation on
P*(M) defined as

Ny 8 N> iff Cy, (x) > 0 and Cy, (x) > 0 for some x € M*.

Then § is an M-proximity relation. It’s clear that § satisfies
(MP). To prove that § satisfies (MP,) VN, N, N3 € P*(M),
Ni8(N, UN3) & Cy,(x) >0 and Cy,un;) (x) > 0 for some x
€ M* & (Cy,(x) >0 and Cy,(x) > 0) for some x € M* or
(Cy, (x) > 0 and Cy,(x) > 0) for some x € M* &N, § N, or
Ny 8 N3. (MP5) is a direct consequence from the definition of §.
For (MP,),let Ny § N,. Hence Cy, (x) = 0 or Cy, (x) = 0 for all
x e M*. If Cy, (x) = 0 for all x € M*, then Cyon,(x) > 0 for
all x € M*. By taking N3 = M & N;. It follows that Ny § N3
and (M © N3) § N,. Similarly, if Cy,(x) =0 for all x € M*.
For (MPs), Let Ny, N, € P*(M) such that Ciy,ny,)(x) > 0 for
some x € M*. If Ciy,nn,) (x) = Cy, (x) > 0 for some x € M*,
then Cy, (x) > 0 for some x € M*. It follows that Ny § N,. Sim-
ilarly if Coy,nny) (X) = Ch, (x) > 0 for some x € M*, and hence
Cy, (x) > 0 for some x € M*. Then the result.

Lemma4.4. If N, § N> and Cy,(x) < Cy, (x) for all x € M*, then
Ni 8 Ns.

Proof. Since Cy,(x) < Cy,(x) for all x e M*, then
Cvyuny) (x) = Cy, (x) for all x € M*. That is, N, UN; = Ns.
This result, combined with (MP»), implies Ny § N3. O

Definition 4.5. An M-topological space (M, t) is a T)-mset
space if every simple submset of M is closed mset.

Example 4.6. Let M < [X]2. Then P*(M) is T1-mset space.

Example 4.7. Let M € [X]2. Then the cofinite M-topological
space is Tj-mset space.

Theorem 4.8. If (M, ) is a Ty-mset space, then for any two sim-
ple submsets {k/x}, {n/y} of M with x # y there exist two open
msets V and W with Cy(x) > k, Cy(y) > n, Cy(y) =0, and
CW (X) =0.

Proof. Straightforward. O

The following example shows that the converse of
Theorem 4.8 is not true in general.

Example 4.9. Let M be a nonempty mset. Then PW(M)U {¢}
satisfies that for any two simple submsets {k/x}, {n/y} of M
with x # y there exist two open msets J and W with Cy(x) >
k, Cy(y) =n, Cy(y) =0, and Cy (x) = 0, but it is not 7}-mset
space.

Definition 4.10. An M-topological space (M, t) is a normal
mset space if whenever any two closed msets Ny and N, such
that Ciy,nn,) (x) = 0 for all x € M*, then there are two open
msets V" and W such that Cyap)(x) =0, Cynaery(x) =0
and Cy,nuew ) (x) = 0 for all x € M*.

Definition 4.11. An M-topological space (M, 1) is a T,-mset
space if it is normal and 7'-mset space.

Example 4.12. Let (M, ) be a normal mset space and § be a
binary relation on P*(M) defined as:

fOV all Ny, N, € M, N\§N, < C(N*IQN*Z)(X)
> 0 for some x € M™. (@))]

Then § is an M-proximity relation on M. It’s clear that § sat-
isfies (MP;). To prove that § satisfies (MP,) VN;, N,, N3 €
P*(M) Ni§(N> U N3) & Cwinaony) (X) > 0 for some x € M*&
Cvrmgu@nvg () > 0 for some x € M* < Crgs) (x) > 0 for
some x € M* or C(N—lm\,—})(x) > 0 for some x € M*<N; § N,
or Ni § N3. For (MPs), let Ny § N,. Then Cavnmy) (X) > 0 for
some x € M*. It follows that CN—I(x) > 0 for some x € M* and
Cyy(x) >0 for some x € M*, which implies that Cy, (x) > 0 and
Cy,(x) > 0 for some x € M*. For (MP,), let N; § N,. Hence
Cavyrmg (¥) =0 for all x € M*. It follows that there are two open
msets V' and W such that Ciyaw)(x) =0, Crinpery(X) =0
and Ci;nrewy = 0 for all x € M*. Since ME&V and MOW are
closed msets, then Ny § (M © V) and (M © W) § N>. This re-
sult, combined with Cynp(x) = 0, Theorem 3.1 part (1) and
Lemma 4.4, implies Ny § (M © V') and V' § N,. For (MPs), Let
Ny, N, € P*(M) such that Cy,nn,) (x) > 0 for some x € M*.
Since Cowrmg (X) = Cvynng) (X) for all x € M*. It follows that
C(mmﬁz) (x) > 0 for some x € M*. Hence Ny § N-.

5. Multiset topology induced by a multiset proximity

Lemma 5.1. Let N be a submset of an M-proximity space (M, §).
Then the §-operator

§: P*(M) —s P*(M)
defined by

N = {x & M : (k/x)8N} )
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satisfies the following property
Ny § Ny implies Cysy,, (x) =0 forall x € M*.

Proof. Straightforward. O

Theorem 5.2. Let (M, §) be an M-proximity space. Then the §-
operator, defined in (2 ), satisfies Kuratwski’s axioms and induces
an M-topology on M denoted by t5 and given by:

,=(NCM:(M6&N)=MeNj).

Proof.

(1) (MP5) implies that ¢° = ¢.

(2) Let x € ¥N. Hence (MPs) implies that (k/x) 8§ N. So
x € *N?_ and hence N C N°.

(3) By (MP,), x € K(NJUN»)? <= (k/x)8(N|UN,) <=
(k/x) 8 Ny or (k/x)8N, <= x € N? or x " N} <=
x €F (NP U NJ). Consequently, (N; U N2)® = NP U N2,

(4) To prove that (N°)® < N° let (k/x) ¢ N°. Then
(k/x) § N, and hence (MP4) implies that there exists
N3 € P*(M) such that (k/x) § N; and (M & N;) § N.
Lemma 5.1 and Theorem 3.1 part (1) imply that N° C N;.
This result, combined with (k/x) § N3 and Lemma 4.4,
implies (k/x) ¢ N°. Then (k/x) & (N®)?*. It follows that
(MY CN. O

Lemma 5.3. For any two submsets Ny and N, of an M-proximity
space (M, ),

Ny § Ny iff CL(Ny) § CL(N,),

where the closure is taken with respect to ts.

Proof. Necessity is a trivial consequence of Lemma 4.4. To
prove sufficiency, suppose N;§ N,. Then (MP,) implies there
exists N3 € P*(M) such that N; § N3 and (M © N3) § N,. This
result, combined with Lemma 5.1 and Theorem 3.1 part (1), im-
plies Ng C Nj; thatis CI(N,) C Ns. It then follows from Ny § N3
and Lemma 4.4 that Ny § CI(N,). This result, combined with
(MPy), completes the proof of the theorem. [

Theorem 5.4. Let (M, t) be a normal mset space and § is the
formula (1). Then ts C 7.

Proof. To prove the theorem, it suffices to show that N C
CI(N) for all N € M. Let k/x¢& CI(N). It follows that
(k/x)§ N. Hence formula (1) implies {k/x} NN = ¢. Hence
k/x & N. Then the result [

Definition 5.5. An M-topological space (M, t) is compatible
with an M-proximity relation § on M, denoted by t ~ §, if
T =Ts.

The following example shows that a normal M-topological
space (M, t) is not necessary to be compatible with ;.

Example 5.6. Let M = (2/x,3/y}, ©=(M,¢,{1/x},{2/x},
{17y}, 3/»), (1/x, 1/y}, {1/x,3/y},{2/x, 1/y}} is a normal M-
topology, § is the formula (1), and N = {1/y}. Then N = {2/y}
and C/(N) = {3/y}. So © # t5.

The following example shows that a T,-mset space (M, ) is
not necessary to be compatible with ;.

Example 5.7. Let M ={2/x,3/y}, ©t = P*(M) is a T,-mset
space, 8 is the formula (1), and N = {1/x}. Then N = {1/x} and
CI(N) = {2/x}.So t # t5.

Definition 5.8. The two M-topologies 71, T, on M are called
similar, denoted by 7, = 1, if for all N € M, N =N

Definition 5.9. An M-topological space (M, t) is semi-
compatible with an M-proximity relation § on M, denoted by
T >4, ift =15,

Theorem 5.10. Let (M, ©) be a Ty-mset space and § is the formula
(1). Then t = 6.

Proof. To prove the theorem, it suffices to show that for all N C
M, N = CI(N); that is, (N)* = (CI(N))*. Let x € (CI(N))*.
Hence Ccyvy(x) > 0. Suppose that Ceyy)(x) =k such that k
> 0, which implies that (k/x) § N. Hence formula (1) implies
C[Wrw](x) > 0 for some x € M*. Since (M, t) be a T|-mset
space, then G, e () >0 for some x € M*. This result implies
that x e, N. Hence x € (N)*. It follows that (CI(N))* € (N)*.
The other inclusion is a direct consequence of Theorem 5.4. [

Definition 5.11. A submset N, of an M-proximity space (M, §)
is called an mset §-neighborhood of N,, denoted by N, « Ny, if
Ny, § (M S Ny).

Lemma 5.12. Let (M, §) be an M-proximity space and let CI(N)
and Int(N) denote, respectively, the closure and interior of N in t5.
Then

(1) N] < N2 lmplles Cl(N]) < Nz,

(2) N| < N, implies Ni < Int(N,).
Consequently Ny C Int(N,), showing that an mset §-
neighborhood is an M-topological neighborhood.

Proof.

(1) Let Ny <« N,, then Ny § (M & N,). Hence Lemma 5.3
implies C/(Ny) § (M & N,); that is, CI(N;) < N>.

(2) N, § (M © N,) implies Ny § CI(M © N,). Equivalently,
Ni § (M © Int(N>)), i.e. Ny < Int(N>). O

Theorem 5.13. Let Ny and N, be two submsets of an M-proximity
space (M, 8). Then (M Py) is equivalent to

N 8N2 = dN;, N, C M such that N, ﬁ(MeN3),
(M © Ny) § Nyand N3 § Ny. (3)

Proof. Let (MP,) holds. Then N; § N> = there exists an mset
N3 such that Ny § N3 and (M © N;) § N,. Furthermore, there
exists a submset N, such that Ny § (M © N;) and Ny § N3. On
the other hand, let (3) holds. Then N3 § N4 and (MPs) imply
Cyynn, (x) = 0 for all x € M*. Hence Theorem 3.1 part (1) im-
plies N3 € (MSN,). Setting N = M & N3, we have N; § N and
(Mo N)§N,. O

Theorem 5.14. Let § be a semi-compatible M-proximity relation
and (M, ) be a Ty-mset space. If N compact mset, V is closed
mset, and Cynyy(x) = 0 for all x € M*, then N § V.

Proof. For all x € *N, Cy(x) =0. Then x & V*. Since V is
closed mset and & be a semi-compatible M-proximity relation
on M. It follows that x ¢ V* = (CI(V))*; that is, Ccyry(x) = 0,
so (k/x) ¢ V. This result implies there exists H € M such that
(k/x) § M e H) and H §V ; that is, k/x <« H and H <
(MeV). This result, combined with (MPs) and Theorem 3.1
part (1), implies x € MoV which is open submset of M.
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Lemma 5.12 (2) implies k/x « Int(H) € H <« (MeV). Let
Oyyx = Int(H). Hence Oy § V. Now {Op/\: x € KN} is an open
msets in 75 cover of N. Theorem 5.4 implies that {Oy,.: x € *N}
is an open msets in T cover of N. Since N is compact mset. It fol-
lows that there is finite subcover {Ox,/x,s Oky/xys - - - » Okyyx,} OF
N. Thus C[Nﬂ(ﬂ:.':] (MO0, )] (x) = 0 for all x € M*. It follows that
Cn(x) < Co(x) for all x € M* such that O = U!_, Oy,/x,. More-
over, (M P,) implies O § V. Hence Lemma 4.4 implies N § V.
Hence the result. [

Lemma 5.15. Let (M, 1) be a normal mset space and § is the
formula (1). Then for any two submsets Ny and N, of an M-
proximity space (M, §),

Ny § N2 iff Ny § Na,

where the closure is taken with respect to t.

Proof. Let N| ¢ N,. Then Lemma 4.4 implies N; ¢ N>. On the
other hand, let N; § N,. It follows that there exists N € M
such that N; § N and (M © N) § N>. Hence Lemma 5.1 implies
Cmenncivy(x) = 0 for all x € M*. Then Theorem 3.1 part (1)
implies Ceyn,) (x) < Cy(x) for all x € M* and by Theorem 5.4,
Cry () < Cary) (x) < Cy(x) for all x € M*. This result, com-
bined with Ny § N and Lemma 4.4, implies N; § N,. Then it
follows from (MP)) that N, § N,. O

Theorem 5.16. Every compact M-topological space which is T,
has a unique M-proximity relation, defined in formula (1), satis-
fiests = t.

Proof. Let y be any semi-compatible M-proximity relation on
M and N, § N,; that is, Comrvgy (X) > 0 for some x € M*. Hence
(M Ps) implies N;y N,. Then Lemma 5.15 implies N,y N,. Hence
8 < y. On the other hand, let N; § N,. Hence C(Flmﬁz) (x)=0
for all x € M*. Since N, is closed submset of a compact mset M.
Then Theorem 5.14 implies N| ¥ N,, and hence Lemma 5.15
implies Ny ¥ N;. So y < 8. Then § is a unique M-proximity
relation, formula (1), satisfies t; = ¢. O

6. Conclusion

Proximity relations are helpful in solving problems based on hu-
man perception [7] that arise in areas such as image analysis [8]
and face recognition [9]. In addition, best proximity point [10] is
among the popular topic in the fixed point theory. Kandil et al.
[11-13] introduced new approaches of proximity relations based
on ideals and soft set notions. For further results and applica-
tions of proximity relations (See [14-16]).

A multiset is a collection of objects in which repetition of el-
ements is essential. The main goal of this paper is to introduce
new approach of proximity relations in the multiset context.
Many properties of this new approach have been mentioned. In
addition, a multiset topology induced by a multiset proximity
relation on a multiset M is presented. Finally, many properties
of this new multiset topology are studies.

Acknowledgement

The authors are grateful to the anonymous referee for a careful
checking of the details and for helpful comments that improved
this paper.

References

[1] W.D. Blizard, Multiset theory, Notre Dame J. Form. Log. 30 (1989)
36-65.

[2] R.R. Yager, On the theory of bags, Int. J. Gen. Syst. 13 (1986) 23—
37.

[3] W.D. Blizard, Negative membership, Notre Dame J. Form. Log. 31
(1990) 346-368.

[4] S.P. Jena, S.K. Ghosh, B.K. Tripathy, On the theory of bags and
lists, Inf. Sci. 132 (2001) 241-254.

[5] K.P. Girish, S.J. John, Multiset topologies induced by multiset re-
lations, Inf. Sci. 188 (2012) 298-313.

[6] D. Singh, J.N. Singh, A note on the definition of multisubset, in:
Association for Symbolic Logic, Annual Conference, USA, 2007.

[7]1 JE. Peters, P. Wasilewski, Foundations of near sets, Inf. Sci. 179
(2009) 3091-3109.

[8] A.E. Hassanien, A. Abraham, J.F. Peters, G. Schaefer, C. Henry,
Rough sets and near sets in medical imaging: a review, IEEE Trans.
Inf. Technol. Biomed. 13 (2009) 955-968.

[9] S. Gupta, K. Patnaik, Enhancing performance of face recognition
systems by using near set approach for selecting facial features, J.
Theor. Appl. Inf. Technol. 4 (2008) 433-441.

[10] E. Karapnar, I.M. Erhan, Best proximity point on different type
contractions, Appl. Math. Inf. Sci. 5 (2011) 558-569.

[11] A. Kandil, O.A. Tantawy, S.A. El-Sheikh, A. Zakaria, Z-proximity
spaces, Jokull J. 63 (2013) 237-245.

[12] A. Kandil, O.A. Tantawy, S.A. El-Sheikh, A. Zakaria, Generalized
Z-proximity spaces, Math. Sci. Lett. 3 (2014a) 173-178.

[13] A. Kandil, O.A. Tantawy, S.A. El-Sheikh, A. Zakaria, New struc-
tures of proximity spaces, Inf. Sci. Lett. 3 (2014b) 85-89.

[14] J.E. Peters, S. Naimply, Applications of near sets, Not. Am. Math.
Soc. 59 (2012) 536-542.

[15] J.E. Peters, Local near sets: pattern discovery in proximity spaces,
Math. Comput. Sci. 7 (2013) 87-106.

[16] S.A. Naimplly, J.E. Peters, Topology with Applications: Topologi-
cal Spaces via Near and Far, World Scientific Publishing Co., 2013.


http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0001
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0001
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0002
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0002
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0003
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0003
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0004
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0004
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0004
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0004
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0005
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0005
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0005
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0006
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0006
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0006
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0007
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0007
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0007
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0008
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0008
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0008
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0008
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0008
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0008
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0009
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0009
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0009
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0010
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0010
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0010
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0011
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0011
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0011
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0011
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0011
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0012
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0012
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0012
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0012
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0012
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0013
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0013
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0013
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0013
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0013
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0014
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0014
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0014
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0015
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0015
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0016
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0016
http://refhub.elsevier.com/S1110-256X(16)00013-4/sbref0016

	Multiset proximity spaces
	1 Introduction
	2 Preliminaries and basic definitions
	3 On multiset topologies
	4 Multiset proximity relations
	5 Multiset topology induced by a multiset proximity
	6 Conclusion
	 Acknowledgement
	 References


