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In this paper we shall examine the periodicity and formularization of the solutions for a
system of semi-max-type difference equations of second order in the form

n € Ny, where Ng = N U {0}, (4,)nen, and (B,)yen, are two-periodic positive sequences, and initial
values xg, x_1, yo, y—1 € (0, +00).
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1. Introduction

In recent years, the studying of nonlinear difference equations
has been a considerable solicitude where there exist abundant
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models portray sociology, economics, real life situations in pop-
ulation biology, genetics, probability theory, psychology etc.
whose exemplified by these kinds of equations (see, e.g. [1-8]).
Also some papers are devoted to the implementing of max-type
difference equations, see, for proverb [9] and references cited
therein. In particular many experts have been focused on the
investigation of the behavior of the following difference equa-
tion
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where 5, k € N, and (4,),cx, 1s a sequence of real numbers (see,
for example, [10,11]). Positive solutions of Eq. (1) are usually
related with the periodicity. If solutions are not of constant sign
then it is known that Eq. (1) can have non-periodic solutions
which could be even unbounded [12]. For more papers about
max-type difference equations we refer the reader to the refer-
ences [13-16]. Motivated by above mentioned papers, here we
will study solutions of the system of difference equations

An
Xp+1 = Max )}75 Xn—1(>»
n—1

. B,
Vit =mln{7,yn4} (2
1

n—

where n € Ny, (4,)nen, and (By,)yey, are positive periodic
sequences with period two, and initial values xq, x_;, Yo,
y_1 € (0, +00).

2. Closed form expression of system (2)

In the section, we study the behavior of solutions of system (2).
In order to achieve this target , we sub-edit and establish four
theorems depending on the relationships between the quantities
ij’ and x_;, and, - 0 andy 1.

Remark 1. From (2), we can note that every even (respectively
odd) term of the sequences (x,), (y,) depend only on A4y, By
(respectively A4y, By) and the previous even (respectively odd)
terms of both (x,), (y,)-

Definition 1. A solution (x,, y,)52_, of system (2), is said to be
eventually periodic with period p € N if there is an ny > —1, such
that X,y , = Xy, Yutp = Yuforn=>mng. If ny = —1, then we say that
the sequence (x,, y,)52_, is periodical and with period p. Period
p is said to be a minimal one if there is no p; < p which is a
period to the sequence (x,, y,)>_,.
Theorem 2. Suppose that (x,, y,) is a solution of system (2) such
that %)] <x_, % < y_1. Then the following statements hold:

B;
L Ifyo < 3t , then
< J
(a) If'1 < B then
A An+1
Xdntl = 0 X1, Xdn42 = Xanya = Xo, Xants = ST X_1)
By 3
Bn+l BSH
Vant+1 = o P Vant2 = Vant+d = Vo, Va3 = prrran

—1
A .
) If 1> BT())’ then Xapy1 = Xant3 = X1, Xdn42 = Xanps = X0,
By . _ _
YVane1 = Vant3 = T Vane2 = Vantd = )0
B A
2. If yo > %, xXp < %, then

A An+1
Ao .

(@ If 1= 3. then Xy = B,lx U Xawe2 = ol Xanes
An+l An+l le+1
H,+1 X-1, Xapta = B”+‘ Xo, Yant1 = YVany3 = A/z\ g ;

Brlt+l BrlHrl
Yant2 = g Vantd = F}’o ;
A() Ar]x+1

(b) 1f 1> By then  Xapsl = Xaps3 = X1,  Xgppo = By

_ An+1 _ _ ﬁ _ B'Il+l
Xanta = B"“ Xoo o Vantl = Va3 = 570 Va2 = s
Bu+l
Yanta = Ar1+1y0

3.Ifyo < 7 —‘ x0< ,—;, then
(a) If'1 5 B—O, then
. B Ag A
LIf 1< 28, then Xy = BNl X2 = Xans = o

A8+1 Bg+l
T =1 Vant1=Vant3= prrae Yan+2=Van+4=)0,
g N

i, If1 > j—;, then

Xan+3=

An+] Arz+1

A

— 0 — —
X4n+1—38X71, Xapt2=Xdn+4 = B}o Xan43= Bmx 1s
+1 v Bn+l

B

— — 0 — 1 — 1

Vant1=Van+3= o Vant2 = A»lwyo, Yan+a = 51)0
- 1

(b) If1 > '40 , then
B
L If 1 =< 1, then Xany1 = Xant3 = X_1, Xdng2 = Xants

Ay
=3 Yant1 = Vany3 =

i If 1> Ti’ then Xanp1 = Xapys = X_1, Xapy2 = Xdnid
+1
—Lll Van+1 = V4 3=ﬁ
BT }0 1n+ n+ x_1’
B"H
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4. Ifyo = < —‘ x0> ,—(;, then

(a) If'1 5 B—O, then

o — —
1’ Yant2 = Vanta = )0,
Van+4

By
Yant2 = ATJ/O,

: A4 4y A7
LIf 1 <3 then Xy = BX-1s Xans2 = FrXo, Xani3

A8+l Arlt+l Bg+l
= Wx—l, Xan+4 = B X0, Vant1 = Van+3 = i
Brlz+l
Yant2 = Vanyd = Ay’
.. A A
i If 1> B0 then Xgnp = B X1 Xan2 = Xanes = Xo,
g+l Bl
— 20 — — 0 —
Xan43 = Zrm X=1>Vantl = Van3 = T Yan+2 = Van+4
R x_
B

X0

A
(b) If'1 = 3. then

. . A
LIf 1< Fi’ then Xgny1 = Xapy3 = X1, Xdpp2 = Bfr}xo,

n+l
By
Xanta = ﬁxo, Yantl = Vant3 = 0 Vang2 = Vanrd =
; N
+1
By
Aixg
.. A
> L
ii. If'1 > B then
Xdn1 = Xap3 = X1, Xd4p42 = Xdpda = Xo,

By By
YVant1 = Yant3 = 2 Vant2 = Vantd = 3

Proof. By mathematical induction. For n = 0, the result holds.
Now suppose that & > 0 and that all the relations in the theorem
hold for n = k. Now we shall prove that the relations hold for
n=k+1.

By A
1. Ify() < X X > T then
(a) If 1 < B—g, then
A4t 1)
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0 — 0
min =
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s Bak (B
Va2 = MIn{ T2, yar e} = min{ 3, yo} = yo
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B B
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Similarly we can prove the following theorems.

Theorem 3. If we suppose that (x,, y,) is a solution for system

(2) provided that A< x T_Ol > y_1, then the following state-
ments hold:

: AL B
L. 1If Xoz 55 Vo=
Xdntd = X0, Vant1 = Van3 = V-1, Vany2 = Vantd = )0

A B

2. If xo > ﬁ,yo > ﬁ, then
Bl

(a) If 1< 4 then  Xapy1 = Xapg3 = X_1, Xapy2 = Xani4

B

= X0, Vant1 = Vant3 = V-1, Vant2 = Van+d = -

0
. B Al
(®) If 1=, then  Xany1 = Xany3 = X_1, Xang2 = B%xo,
A;’+1 Bn+l
Xdnta = BT X0, YVant1 = Vant3 =V-1, Vant2 = Van44 = A”\O
1

thenXapy1 = Xaps3 = X_1, Xdpy2 =

A B
< < =
3. Ifxp < o Yo = 5 then
B
@ If 1= 3L then Xyy = Xanss = X_1,  Xand = Xangy
At B! Bt
Bn}oyy4n+1 = Vants = V15 Vant2 = Vo, Vand = T,l,+1y0

®) If 1<5  then

Xant1 = Xany3 = X1, Xdn42 = Xdnt4

A

ToYantl = Yant3 = V-1s Vant2 = Vanta = )0,
Ay ﬂ

4. If xo < o Yoz 3 then

= Xap+1 = Xdp43 = X1, Xdn42

An+l An+l
By > Xdn+4 = BM X0,Vant+1 = Van+3 = V-1, Van+2 =

B/]x+1 Bn+1
T Yana = A,,H Yo

where n e Ny

Proof. By mathematical induction as in Theorem 2. [

Theorem 4. If we suppose that (x,, y,) is a solution for system
(2) provided that 0

;fol > X_1, % > y_1, then the following state-
ments hold.:
1. If xo >

_ B
() If 1 < 30, then Xany = Xan3 =
Yany1 = Vant3 = V-1, Yany2 = Vantda = )0,

A B
Té’ Yo < j, then

Ao _ _
v Xan42 = Xdnt4 = X,

An+]
O — — 0 —
(b) If 1= 28, then Xanp1 = Xan3 = Ty Va2 = Xanta
BS Bn+1
= X0, Van+1 = 73)’4;)’4”3 An+1y71,y4n+z—y4n+4—yo,
4 B
2. If xo < y(; , Vo > x—(:, then

n+1
Xapt2 = =
s Adp+ By

By _ _ A4
@ If 1=<30 then Xay1 = Xan3 = ;-
At B
Xapis = 3"+1 X0, Yant1 = Van+3 = V-1, Vant2 = Ay
Bn+1
Yanya = An+1y0
+1 n+1
By _ A A
(b) If 1= Z0, then Xawpr = Xanss = g Xane2 = g
An+l By BS‘H
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1 0
Bn+l Bn+l
YVant2 = A”m s Van+4 = A”“ Yo

3. If xo > ,,y0>— then
@ If1<? BO , then

A — — A —
i If 1 < B then Xany1 = Xanp3 = Top o Nant2 = Xant4
Alll Brl'H—l
= FYXan4lz+l = Vant3 = V-1, Vant2 = Vand = Ty
s e 4 Ay
W If 1= 3k then Xanp = Xan3 = 75, Xany2 = Xanis

By
= X0:Van+1 = Van+3 = V-1, Van2 = y4n+4 =3

0
d) If'1 > %2, then

T.F. Ibrahim
n+l1
LIf 1< Fl then Xy = Xgup3 = Ay T Xan42 = Xantd
_ A;l1 _ 0 Bn+l
= Bij,yzw = Tgy_l,y4n+3 = A”+1y 1> Van+2 = Vant4
_ Brll+l
T Ajxg>
An+l

1 l — — 0 —
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B! Bn+l
= X0,Van+1 = Tgy_l,y4,1+3 An+1y—1,y4n+2 = Van+4 =
By
XO ’
4. If xo < y—, yo < =L, then
(a) If 1 < 22, then

B
LI 1 S I then Xapy1 = Xanps = =%, Xanp2 = Xanta

Ay
-
_ 4 — — — —

= E7y4n+l = Van43 = V-1, Vant2 = y4n+4 =)o,

1 Bl — — AO —
o If 1= 3, then Xgn = Xanps = 55, Xany2 = Xanta

A”H
= By YAl = Vants = V-1 Va2 = AnyO,y4n+4
Bn+l
= An+1y07
d) If1 > N B then
+1
1If1<B] then x =X —ix =X
. =4 4n+l = Mn+3 = BEY—I’ 4n+2 = Mn+4

B! Bn+l
_ A4 —_ 2 — 20 —
=5 Va1 = 73)’71,}’4%3 = g V=1 Yan42 = Vanta
0
=)o,
+1
.. B (']’
i If 1> /‘Ti’ then Xany1 = Xapys = B Xant+2 = Xdnt4

Au+] 38 Bg+l B)]x
By Biyg Y+l = V=1 Vant3 = Jar V-1 Van2 = o,
0 0 0 1
Bn+l
An+l Yo,

Vanta =

Proof. By mathematical induction as in Theorem (2). O

Theorem 5. If we suppose that (x,, y,) is a solution for system
(2) provided that yAf"] > Xy, % < y_1, then the following state-
ments hold:

+1
g A4 B _ 4 _ —
Lodfxo = 550 yo = 555 then Xapiy = i s Xansa = Xania = Xo,
An+l Bn+l
Xap3 = B”H X1 Va1 = A Tix 2 Yan+2 = Vantd = V0, Van+3
Bn+1
= An+1y 1
B An+l An+]
2. If‘ Xo < yfla Yo > %7 then Xap+1 = Bg(;’—l s Xdp42 = B”}O’
An+l An+l B2;+1 Bn+l
Xant3 = Bn+| X1 Xan+4 = Bn+1 X0, Van+1 = 7A8x71’y4”+2 An\O
. Bg+l . Brlt+]
Yan+3 = 7An+1y71J/4n+4 = Tm)’o,
3. Ifxo > 4 i ,yo_A then
An+l A
A — 0 — 1
@ If 1=3. then Xy = By N2 = X0, Xanes
An+1 An+] Bn+l BEI-H
B”“x 1X4n+4—Bn+1 X0sVdn+1= e Aix o Van2= A?XO,)’4n+3
Bn+l Bn+1
= An+1y 1Van+a = A”xo
Ant!
® I 1= ?1’ then  Xaps1 = g, Xan+2 = Xanp4 = Xo,
An+] Bu+l B
— fd
Xan+3 = B,,+1 X1 Va1 = An\ T Vant2 = Vand = 100 Vant3
Bn+l
= A;1+Iy—l
4. If xo < %,yo < Tl then
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B, ASH A
< = = = = —
(@ If 1<, then  Xgy By Nana2 = Xanid = 0
A8+1 BSH
Xan43 = T X=1,Vant1 = prrEa s Van+2 = Vana = )0,
0 x_
Bg+l
Vant3 = An+1y71
0
+1 n+l1
g By 43 A4y
> 2 = = =
() If 1= 3, then Xqn By Nane2 = Xand = o,
A8+l B'(;H BT
Xant3 = BT X_1Van+1 = e s Va2 = 7»11)/0,
B'1+I Bn+l

Yany3 = #)}71)/4%4 = ﬁyo,
Proof. By mathematical induction as in Theorems (2). [

Corollary 6. All solutions of system (2) are periodical of period
either two or four when the two-periodic sequences (A,)en, and
(By)nen, are the same .

Proof. It follows from Theorems (2), (3), (4) and (5), as a direct
consequence. [

Now we shall study the behavior of solutions as n ap-
proaches infinity.

Corollary 7. Suppose that (x,, y,) is a solution of system (2 ) such
that x_1y_y > Ay, By and n — oo. Then the following statements
hold:

1. lim,_ o ﬁ =1lim, o0 Yanyi =0, i = 1,2, 3,4 in each one of
the following cases :
(a) Xoyo < By < 4, and By < Ay
(b) X0Yo = Ay > By and By < Ay
(C) B < X0)o =< Ay and By < Ay
2. lim, 00 m%m = 1im, 0 Yansi = 0, i = 1, 3 in each one of the
following cases :
(a) A1 < xoyo < By and By < Ay
(b) XoYo = Ay < By andBo < Ay
(C) X0Yo = By > A and By < A,
3. lim,_ oo ﬁ = 1im, . o Yansi = 0, i = 2, 4 in each one of the
following cases :
('d) Xoyo < By < 4, and By < A,
(b) Xo)Yo = Ay > By and By > A,
(C) B < X0)o < Ay and By > Ay

Proof. We can
Theorem 2. [

easy prove this corollary by using

Corollary 8. Suppose that (x,, y,) is a solution of system (2 ) such
that By > x_1y_1 > Ay and n — oo. Then lim,_ o ﬁ =
lim,, o0 Yanei = 0, i = 2, 4 in each one of the following cases :

1. xoy0 > A1 > By
2. Xopo < B < 4,
3. Bl < X0)o = Al

Proof. We can easy prove this corollary by using

Theorem 3. [

Corollary 9. Suppose that (x,, y,) is a solution of system (2) such
that x_1y_y < Ay, By and n — oo. Then the following statements
hold:

1. lim,_ ﬁ =1lim, o0 Yanyi =0, i = 1,2, 3, 4 in each one of
the following cases :
(a) X0Yo = Ay > By and By < Ay
(b) Xoyo < By < 4, and By < A,
(C) B < XoYo < A a}’ldBo < Ay

2. lim,_, o ﬁ =1lim, o Yanyi =0, i = 1, 3 in each one of the
following cases :
(a) Ay < x0yo < By and By < Ay
(b) xoy0 < A1 < By and By < Ay
(¢) Xoyo = B = A, and By < Ay
3. lim,_ o ﬁ =1lim, oo Yanyi = 0, i = 2,4 in each one of the
following cases :
(a) Xo0Yo = By < A, al’ldB() > A()
(b) Xo0Yo = A, > B, and By > Ay
(C) Bl < X0)o = A1 andBo > A()
4. limn_mo % = limn_mo Xapti = 0,i= 2, 4 lfxOy() > B] > A] s

Yan+i

Ay < By.

Proof. We can
Theorem 4. O

easy prove this corollary by using

Corollary 10. Suppose that (x,, y,) is a solution of system
(2) such that By < x_1y_y < Ay and n — oco. Then the follow-
ing statements hold.:
1. lim,_ ﬁ =1lim, 00 Yanyi =0, i = 1,2, 3, 4 in each one of
the following cases :
(a) xop0 = 41 > B,
(b) xoy0 < By < 4,
(C) By < X0)o < Ay
2. lim,_, ﬁ =lim, o Vi =0, i = 1, 3 in each one of the
following cases :
(a) Ay < x0y0 < B
(b) xoy90 <41 < By
(©) xoyo = By > 4,

Proof. We can easy prove this corollary by using

Theorem 5. [

Conjecture 1. Consider the following high order semi-max-type
two-dimensional system of difference equations

A,
Xp4+1 = max s Xn—h (s
n—h

Yo =min{i,yn,},},n e N, 3
Xn—h

where (A4,),en, 1s a positive sequence which is periodical with

period 2 and initial values Xo, X_1,.c..;X_ 1,005 V—1seererVop €

(0, 400). Show that every well-defined solution of this system

is periodic with period either h+1 or 2h+2 .

Remark 2. Note that the Conjecture 1 is obviously true
when(4,) ey, = {0,0,0,....}. Hence the case (4,)en, #
{0, 0,0, ...} is of some interest.

Remark 3. It is extremely contemplated that for h small,
Conjecture 1 can be confirmed by some calculations look like
to those in our paper. However, the most important thing is
to find a comparatively straightforward process to confirm this
conjecture.
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