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In this paper, the extended (G'/G)-expansion method has been suggested for construct-
ing travelling wave solutions of the Schamel-Korteweg—de Vries (s-KdV) and the Schamel equations
with aid of computer systems like Maple or Mathematica. The hyperbolic function solutions and the
trigonometric function solutions with free parameters of these equations have been obtained. More-
over, it has been shown that the suggested method is elementary, effective and has been used to solve

nonlinear evolution equations in applied mathematics, engineering and mathematical physics.
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1. Introduction

Nonlinear evolution equations (NLEEs) are widely used to
describe many phenomena and processes in various scientific
fields, such as fluid mechanics, plasma physics, optical fibres, bi-
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ology, solid state physics, chemical kinematics, chemical physics,
geochemistry, etc. So, the investigation of exact solutions for
nonlinear evolution equations (NLEEs) plays an important role
for the understanding of most nonlinear physical phenomena
or finding new phenomena. Moreover, the exact solutions of
nonlinear evolution equations aid the numerical solvers to as-
sess the correctness of their results and assist them in the sta-
bility analysis. Therefore, investigation of the exact solutions of
NLEEs has become a major concern for many researchers. So,
to obtain the travelling wave solutions, many powerful meth-
ods were attempted, such as inverse scattering method [1], Hi-
rota’s bilinear method [2], Backlund transformation [3], sine-
cosine method [4,5], homogenous balance method [6], homo-
topy perturbation method [7], variational method [8], improved
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tanh function method [9,10], exp-function method [11,12]. Re-
cently, the pioneer work Wang et al. [13] introduced the ( %)-
expansion method to find travelling wave solutions of nonlinear
partial differential equations. The main idea of this method is
that the travelling wave solutions of nonlinear equations can
be expressed by polynomial in (%), where G = G(§) satisfies
the second order linear ordinary differential equation G” (&) +
AG' () + uG(E) =0, where £ = x — ¢f and A, u and c are con-
stants [14]. The degree of the polynomial can be accomplished
by balancing the linear term(s) of highest order with the high-
est order nonlinear term(s) in the NLPDESs and the coefficients
of the polynomial can be obtained by solving a set of alge-
braic equations resulting from the process of using the proposed
method. This method is widely used by the reference therein
[13-23].

In this work we consider the Schamel-KdV (s-KdV) and
Schamel equations as follows respectively,

Uy + (@u? + By + Sty = 0, 8B #0 (1)

u; + u%ux + Sty = 0 2)

where «, B and § are constants which they are refer to the ac-
tivation trapping, the convection and the dispersion coefficients
respectively. Eq. (1) arises in number of scientific models, such
as plasma physics and optical fibre. This equation describes the
nonlinear interaction of ion-acoustic waves when electron trap-
ping is present and also it governs the electrostatic potential for
a certain electron distribution in velocity space [24]. We mention
that, the Eq. (1) is a particular case of the generalised Gardner
equations and also it contains the KdV equation when o = 0
and the Schamel equation when 8 = 0 [24,25]. Eq. (2) is used
to govern the propagation of ion-acoustic waves in a cold-ion
plasma where some of the electrons do not behave isothermally
during the passage of the wave but are trapped in it. The square
root in the nonlinear term then translates to lowest order some
of the kinetic effects, associated with electron trapping. Since
these equations describe many phenomena in plasma physics
and optical fibre, it is important to find exact wave solutions of
Egs. (1) and (2).

The extended (%)-expansion method, based on the (%)-
expansion method, is used to obtain exact solutions of
Egs. (1) and (2). The main difference between this method and
Wang’s (%)—expansion method is that we assume a new sym-
metric form U () = ay + Zf’i_m[ai(%)"] for the solutions, in-
stead of U (§) = Z;’;O[ai(%)i] in his method. This method has
some pronounced merits over other methods like sine-cosine
method, differential transform method, exp-function method,
homotopy perturbation method: The solution procedure is di-
rect and simple. The general solution has been obtained this
method without approximation. The initial and boundary con-
ditions haven’t been required. The availability of computer sys-
tems like Maple, Mathematica or Matlab facilitates the tedious
algebraic calculations. This method is elementary and effec-
tive. The obtained exact solutions are important to expose most
complex physical phenomena or to find new phenomena. More-
over, these solutions aid the numerical solvers to assess the
correctness of their results. We have noted that this method
changes the given difficult problems which can be solved
easily.

2. Description of the extended (%)-expansion method

Suppose that a non-linear partial equation is given by:
O, Uy, iy, Uy, Uy, Uy, ...) = 0 3

where u = u(x, t) is an unknown function, Q is a polynomial in
u = u(x,t) and its partial derivatives, in which the highest or-
der derivatives and nonlinear terms are involved. In the follow-
ing lines, we give the main steps of the extended (%)—expansion
method [14].

Step 1. The travelling wave variable as follow:

u=u(x,t)=U(¢), & =x—ct.

where ¢ is constant. After transform Eq. (3) is reduced to an
ODE for u = U (&) in the form:

oW, U, —cU',=c*U",—cU",U",..)=0 4)

Step 2. Supposed that the solutions of Eq. (4) can be ex-
pressed by a polynomial in (%) as follows:

m G i G —i
UE)=ay+ ai<*) + bi(*) i| ®)
3 o(G) +0 (G

where G = G(¢) satisfies the second order LODE in the form:
G'(&)+1G (&) +nuGE) =0 (6)

where ay, a;, b;(i =1,2,...,m), ¢, > and p are constants to be
determined later. The positive integer m can be determined by
considering the homogeneous balance between the highest or-
der derivatives and highest order non-linear terms appearing in
Eq. (4).

Step 3. Substituting Eq. (5) into Eq. (4) and using
Eq. (6), collecting all terms with the same power of (%) to-
gether, and then equating each coefficient of the resulted poly-
nomial to zero, yields a set of algebraic equations for ag, a;, b;
(i=1,2,...,m),c xand u.

Step 4. As a final step, since the general solutions of the
second order LODE Eq. (6) have been well known for us,
then ay, a;, b, A, u,c and the general solutions of Eq. (6) into
Eq. (5) we have more travelling wave solutions of the Eq. (3).
Solutions of Eq. (6) depending on whether %> — 4, > 0, 2> —
4 <0,2> —4u =0,

G'(§)
G(&)
Vit (Cleosh G2 4EGsinh V2 40E\ s o4 g
2 <cl sinh(%«/A2—4u>s+czcosm%wtww) 2 w=
— m(ﬂ cos(%m)E—Cgsin%mﬁ) )\ )
> -5, AM—=4pu<0

Cy sin(3 /4—22)5+C5 cos (3 /4p—12)¢

_G
CtGE ~ 2)

22 —4u =0
@)

where C, and C, are arbitrary constants.

3. Applications to the Schamel-Korteweg—de Vries (s-KdV) and
Schamel equations

In this section, we apply the extended (%)-expansion method
to construct the travelling wave solutions for the s-KdV and the
Schamel equations.
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3.1. The Schamel-Korteweg—de Vries equation

Let us consider, the Schamel-Korteweg-de Vries equation
[24,25]

U + (oeu% + ﬂu)uv + Sy = 0 (8)
Let

ulx,t) =v*(x, 1), vix,tH)=V(E), &=x—ect, )

where «, B, § and ¢ are constants. After the transform (9), we
get:

—cVV + @V P+ BVHV +8[VV" +3V' V"] =0 (10)

To determine the parameter m, we balance the linear terms of
highest order in Eq. (10) with the highest order nonlinear terms.
This in turn gives m = 1, so the solution of Eq. (8) is of the
form:

G/ G/ _1
V@):“‘)”‘(G(f)))”l(c(f))) ’ 1n

Substituting Egs. (5) and (6) into Eq. (10), collection the co-
efficients of (%)”’, (%’)*’" (m=20,1,2,3,4,5) and set it zero we
obtain the system (see Appendix A).

Solving this system by MAPLE gives

Case 1:

2a " A 1
ay=—|t——-1],
! 5B VA —4p

4o 1
a=0, bh=4t— ———
: : 5 02 —4u
160 402
S S QP (12)
758 T5B(—A2 +4u)
Case 2:
20 " A | i4a 1
agpy=—|t—m—-1), 1 =F+— ——
! SB\ VA2 —4u : 5B /A2 —4pu
4a? 160
by=0, 6= — o = _"2 (13)
T5B(—A2 +4u) 758
Case 3:
p_ b e, dan
0T Tsp T Tspa UM T T spa
1602 (—2> + 4 —4a
B G O S (14)
75822 75822
Case 4:
)
ay = 5 (FISWA? = 4+ (42 = 4w))),
158
a :0, b] :ii\/kz—4u
a
40
= —4(=2+4u)s = 15
¢ (=2"+4w)s, B 7352 1 A (15
Case 5:
L b 4o, dap
0T Tsp T g 5B’
—4a? 160 (—2> + 4
_ . cz_u (16)
75822 75822

Substituting the solution sets (12)—(16) and the correspond-
ing solutions of Eq. (6) into Eq. (11), we have the solutions of
Eq. (8) as follows:

Case 1: If 2> — 4,1 > 0, we have the hyperbolic type

up(x, 1) =

iZa 1
58./32 —4u
4u 2a

T4 <cl sinh(%«/A274M)E+Czcosh(%«/}»z—@ng) _ B %

€y cosh(} /32—4p)5+Cy sinh (S /A2 ~4p)5

X | A+

1602,
75 L
If A2 — 4 < 0, we have the trigonometric type

where & = x +

2a .
uy(x, 1) = ¢£ﬁl
“—

4u 2a

m(CICOS(ém)ECZSin(I 4#)@)5) . _§

2
Cy sin (; VAu—12)g+C5 cos (% Vau-i2)s

x |A+

where & = x + 17(’5‘? 1.

Case 2: If A> — 4,1 > 0, we have the hyperbolic type

uz(x,t)
2
2a { Cisinh (%M)s + C;y cosh <% 22— 4#)5
=\ F
3 Ci cosh (%M)%‘ + Gy sinh (% 22— 4ﬂ)g
160
where § = x + Z5-1.

If 2 — 41 < 0, we have the trigonometric type
ug(x, 1)

» ( Cicos (%‘/m - ,\2)5 — Gysin (% 4 — ,\2)5
N (_ (l * I(Cl sin (%\/4;1 - Az)é + G cos (% 4u — Az)é)))

5B
where £ = x + %t.

Case 3: If A> — 4,1 > 0, we have the hyperbolic type

2

us(x, 1)
vy b (3+/32-41)6+Cy cosh(} £/i2—4y0)¢
Sa 4 Cy COSh(%\/}\Z;4/A)E+C2 sinh(%\/ﬂf@x)é

Tz | T
Sﬁ)\. \/7(;] sinh(%4/&2—4#)54&‘200511(%4/)\2—4# £
22—4p —h
Cj cosh (% A/ '\2*411)$+C2 sinh (% 224 e
2
2o
5B

1602 (A2 —4p1) {
75812 .
If A2 — 4 < 0, we have the trigonometric type

where £ = x +

ug(x, 1)
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A T W
. 4m(qsin(§\/4MMA2)5+C2°°S(£\/4M'\2)5

| + — —
Sﬁ}‘- \/47_’ Cj cos (% 4;1—'A2 £—Cysin (% 4/,1—)2)5
—A= —A
" Cy sin (%«/4/1—»\2>5+C2 cos (%«/411—»\2)&

2

20
5B

_ 1602 (A2 —4u)
where & = x + gt

Case 4: If 1> — 4,1 > 0, we have the hyperbolic type

u7(x, 1)
2
4,
+ 18 52 _ap|a+ i
= 2 “ ST G sinh(%«/12—4;1)E+C2cosh(% 12 au)E .
fvRrm _
q cosh(% 12 —au E+(‘2sinh(% 124t

FE O —4p)

where & = x — 4(A% — 4p)1.
If A2 — 4p < 0, we have the trigonometric type

ug(x,t)

ESINETR=rE D) A
= | TR + Ners: €y cos (5 v/au=32)e-Cy sin (§ /au-32)e
4u—h 7 — T — -1
(& sm(2~/4u A )E+(‘zco>(2«/4y A )E

— 5 (4u =27

where £ = x — 4(A% — 4p)t.
Case 5: If 1> — 4,1 > 0, we have the hyperbolic type

uy(x, 1)

(2 . C sinh(%‘/kz—4u)$+Czcosh(%‘/)u2—4u)‘;‘ '
58\ \ ¢ cosh (;/xz - 4M)§ 4 Gsinh (% W= 4M)g

160> (12 —4p) |

75822
If 22 — 4p1 < 0, we have the trigonometric type

2

where £ = x +

uio(x, 1)
2o [, [ Croos (3/an—32)e - Casin (3 V/au =37
— (5,3 (il(cl sin (%\/m)é} + G5 cos (% 4 — )‘2)5) - 1))

1602 (32 —4p) /
752 :

where & = x +
3.2. The Schamel equation

Let us consider, the Schamel equation

Uy + U2ty + Sty = 0 (17
Let
ulx,t) = v, 0, v(x, 1) =V (), E = x —ct, (18)

where § and ¢ are constants. After the transform (18), we get:
—cVV' + V2V +8[VV" +3V' V"] =0 (19)

Integrating Eq. (19) with respect to & and setting the integration
constant equal to zero, we have

1
—%V2+§V3+8(V’)2+8VV”=0 (20)

Balancing (20) we get m = 2, so the solution of (8) is of the
form:

N G(£) G@\ GE)\™
V@”‘%+“<G@)>+@(a@> +“<a@)
, -2
+b2<G (E)> , (21)

G)

Substituting Egs. (5) and (6) into (20), collection the coefficients
of (%)’", (%)*’”(m =0,1,2,3,4,5,6)and set it zero we obtain
the system (see Appendix B).Solving this system by MAPLE
gives

Case 1:

3 322
ay = :l:Z\/ )\.2 — 4,1,L)\. + T — 3,1,L),

3
alz:l:i )\.2—4/L,02:0,b1:0,b2:0

1
c:—4u+k2,8=—§ (22)
Case 2:
ay = 60>, a; =24xr, a, =24
by =0,b,=0,8=-2, c¢=4)>—16, (23)
Case 3:
1205+ Y240 oy 121 12
ag=—"—————— a=—=x —A2—4du
5 5 5 5
12 —32u  8A2 4
=—, b =0, =0, c= —— 4", §=—- (24
a 5 1 2 c 5 + 5 3 (24)

Substituting the solution sets ([22,24]) and the corresponding
solutions of Eq. (6) into Eq. (21), we have the solutions of
Eq. (17) as follows:

Case 1: If A2 — 4 > 0, we have the hyperbolic type

3
u(x, 1) = (:I:4 A2 —dp

C; sinh (%m% + G cosh (% 22— 4/J,)$
) (C1 cosh (%\/m>$ + C, sinh (% Az — 4u>$)

2
322
= _3

where £ = x — (\> — 4u)t.
If A2 — 4u < 0, we have the trigonometric type

3
up(x, 1) = iZMu—#)

C cos <%\/m>§ — Gysin (% 4 — A2>g
- (G sin (%W)g + Gy cos (% 4 — Az)g)

2
32
=3

where & = x — (A2 — 4p)t.
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Case 2: If A> — 4,1 > 0, we have the hyperbolic type

ui(x, 1) = [6(A* —4p)

2= 2

C, sinh (%\/7>$ + C, cosh (%m)g
C; cosh (%\/7>§+C2 sinh (%m)s

where £ = x — (427 — 16)t.
If 2> — 4 < 0, we have the trigonometric type

X

ua(x, 1) = [6(4p — 1%)

Cj cos ( m)é C, sin ( m)é
C, sin (%\/m)s + C; cos (%\/m)é

where &€ = x — (422 — 16)t.

Case 3: When
C) smh( 2= —4)E+Cy cosh( A2—4p)E
€ cosh(d £/22=40)E+Cy sinh (L /22 =48’
type

—4pu >0,K =

we have the hyperbolic

2
ups(x, 1) = [ﬂ:%(xz — 4K + %(xz — 4 K* — %‘* + %xz]

where £ = x — (8% - 32T")t.

Cy cos(La/dp—32)—Cysin(L y/dp—32
When A —4u < 0, M = ‘CNIZ n GGV AR e
€y sin( /43205 +Cs cos(] /Au—12)s
have the trigonometric type

——+Ir

6 3 12 3 7
u16(x,t)=|:ﬂ:gi(4M—A2)M+g(4M—A2)M2 5’“‘ 5]

2
where & = x — (% — %)t,

4. Conclusion

In this paper, travelling wave solutions in hyperbolic function
form and trigonometric function form of the Schamel and
Schamel-KdV equations are successfully found out by using
the extended (%)-expansion method. The obtained solutions
with free parameters may be important to expose most com-
plex physical phenomena or to find new phenomena. It is shown
in this paper that the extended (%)-expansion method, with the
help of symbolic computation like Maple or Mathematica, is di-
rect, concise, elementary and compared to other methods, like
the sine-cosine method, exp-function method, homotopy per-
turbation method it is easier, effective and powerful in finding
exact solutions of many other NLEEs in mathematical physics,
applied mathematics and engineering. We checked the correct-
ness of the obtained results by putting them back into the orig-
inal equation with the aid of MAPLE. This provides an extra
measure of confidence in the results.
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Appendix A

G\’
<E> : —auaéal - ﬂ;wgal — A% paga +ab1aé + 28ubay

—apaih, — 38wural + 3paga b} + aay b} + Bajb,

—28ptagay + 822aghy — cagh; — 3;‘3,ua0a%b1 + cuapa, + 38)\17%
G\’

(E) : —aAaéal + chapa; — 3ﬁua§af — Zﬁuafbl — akafbl

— 88Apapa; + C/,La% — Zauaoa% -

— 783 pnat — 8sptad — sxlapa,

ﬁkaéal — 3/3)\11()(1%171

G\’
(6) D —apdl — aalby — 3praial + chad — 2ahapat + capa

— 3[36{0&%[)1 — Zﬁkafbl — 78}»261()&1 — 85“&06{1
— 266)\;ulf - 3,3,ua0a1

- ,30(3)611

4833a% — adday
) —3Baia’ — 208 pua’ — ara; — 2aiby — 128 uapay

—2aayat — 3prajay — Bual + cat — 19822 a’

Q|

4

Q

a\*
( ) —68apa; — 278ras — 3Baa; — Brdt — aa;

) —128a — Bat

QR o

(6

) ,B)Laébl + 20(a0b2 + aAaObl + 288;Lb2 + 833 aph,
+2Ba\b} + 3Brapa b + 3B} + 180217

+ 88 paghy — chaghy + akalbf — cb%

G
+ 3,3a0b? —|—Otb? + 3ﬂa0a|b2 —|—oz,ua1b2 + 2ﬂAa1b3

G\ 2
<—> : 881ub7 + 268aubt + 3Bralbi — cpaghy + 2ahagh]

— C)\.b% —+ 48)»3[)3 +aua0b1 =+ ,Buaobl + 75}» Mdob]

G
—|—a)\b‘? + Zap.aob% — C/,Lb% + Zﬂualb? + 1281 u>agh,

G -3
<7> :3Buaih? + 3Braphi + 198ur*h + 208u*b? + b}

a\*
<E> 2 278Ap*b} + Bk} 4 68 aghy + 3Bpaoh + apbi

G -5
(—)  Bubt + 128130

G
Appendix B

G\’ % e\ o 0 gt
— )= = —+4a —2a —8a a
G 3 5 1M 101 102 102

— ca1b1 — Cd2b2 + 2610611])1 + 2a0a2b2 + b%ag
—8arhiap + b — 8arsbyn? — 16asbopu + Sarbi A + 98a; by
+28a1bip + 28apar i — Sagh A + 88arbyA? + 168arbr i

—dabip

+ 2800[)2 + 73612[71)»,[1, - (Sb% + Baoalku

G 1
<E> . a%b| =+ 25011)])\ =+ 28&](12[1,2 — 8a0b1 =+ 851)](12[}, — cdopd

+ Sa%)n,u — dayby — cbyas + Saga 22 + dayar it + 261%)\.#
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+ 48[)1(12)»2 + 2aya,b5 + 68apar A + 48a1by + 28apar o
—4a1blk — 4a2b1A2 — 8612171/1, — 16612[)2)\ + 2a0a2b1
+a§a1 + 168021)2)\.

G 2
+ 78&“12)»# + 2(1%# + 9502[)1)» + +48a0(12)»2 + 5a1b1
+ 88ashy — 8byaxh + bad + 88apazjn + A% + 283 1>

G\’ —cd®
(—) : L4 8ayaxi i — cagar + 2ayanby + Sa%)nz + 4a§,u2

—2a1b; + 28apr — 8arby + 38aga; A + aoa% + aéaz
G\’ p) p) a) 2 2
E : 02b1 + 2apayar + 201)» + ? + dayar\” + 68612)\# + 58bya,

+ 108agar A + 108aar 0 + 28aga; + 8a§ku — ca\a; + 8ajar

2

b
+ 5801(12)»2 —4biay + 380%)» + b%)uZ + 8b1b3A + aébz — %

+ 23[)% + 2b%,bb + 88apbyju + 58b1byA + 48a0b2A2 + 2a,b, b,
N
(E) c8ajarh + alag + 4a§k2 + 138ayax ) + 48a§k2 + 68ayar

2
_%

3 + dlay + 8a3u + 28a) + 883 + @

NE
(—) c88ayar + alaﬁ + 8a§k +dayar + IO(Sa%)L

6
! 1
(E) N 4a§ + 6861% + 3(1;

A

(E) . —4b1t12[1,2 — 4a1b1AM - Cbz(ll + (Sblbz — Sb%)u + 2a1a0b1
+ 38[)1(12#2 + 2b1byar + 108a1brp + 168aybrip + 28a1bihju
+4b1by — 8arbap + 68aghs. — daybrn* + 2b3A + alby — cagh,

+ll1b% — 16(121)2)\.[}, + 58(111)2)\,2
AN
(E) . éaoblku + 4b§ + aob% — 8612[72“2 — 86111)2)»/.1,
=+ 116a1b2)\u — ca0b2 + (Salbl,uz + 86a2b2u2 + b%)\z
2 cby 2 2
+8biba + aby — 5+ 2883 + 2bju
+ 88&01)2# + S(Sblbz)\, + 48a0b2A2 + 2a1b1b2 - 2a1b1,u2 + azb%

G/ -3 b3
(E) 1 88b1by + 8b1byp + ?l +8aph pu? + 4byba)?

—4a1b2u2 + gb%)\, + 66a1b2p,2 — Cb1b2 + albi =+ 2a0b1b2
+108apbai i + SHTA + 2b3hp + 68b3A + 48bbyA

G _4. b 2 ) 2,2 2

E . —T +b1b2+5blﬂ +48b2)\ +88b2//L+ Sb]bz)»/t
+ 46307 + ah; + 8byp + b’

AN
(E) . 108b§ku -+ 4b1b2/,L2 + 78b1b2/L2 + 8b§)\/,l, + b1b22

G\ 22 L 2 2
(E) cAbsu +§b2+68bzu.
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