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In this paper, we present the analytical solution for the model that describes the inter-
action between a three level atom and two systems of N-two level atoms. The effect of the quantum
numbers on the atomic inversion and the purity, for some special cases of the initial states, are inves-
tigated. We observe that the atomic inversion and the purity change remarkably by the change of the
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1. Introduction

The use of statistical mechanics is fundamental to the concepts
of quantum optics: light is described in terms of field operators
for creation and annihilation of photons [1-7]. The develop-
ment of quantum optics started in the 50s and 60s, motivated by
the need to understand photodetection, statistics and coherence
of light within the framework of quantum theory. In the late 50s,
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the seminal Hanbury-Brown and Twiss (HBT) experiment [8,9]
demonstrated the bunching of photons emitted by a classical
chaotic source and stimulated the development of the quantum
theory of optical coherences by Glauber [10-12]. An important
milestone in quantum optics was the demonstration of the non-
classical character of fluorescence radiation emitted by a single
atom and, later, the demonstration of photons sources showing
photon antibunching [13-15]. In recent years the quantum op-
tics of attenuating [16-22] and amplifying [23-27] dielectric me-
dia was developed, where optical modes are described as open
quantum systems. Features of quantum optics are mainly based
on three different types of interaction, namely, field—field, atom—
atom, atom-field interaction. These interactions have been ex-
tensively considered in a huge number of papers; see for exam-
ple Refs. [28-44]. Each one of these interactions represents a
certain type of physical phenomena [45-50]. In fact these types
of interactions have a strong relation between them so that one
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can transform one type to another [51]. This particular kind of
the transformation would enable us to transform field—field in-
teraction into atom—field interaction or atom—atom interaction.
This depends on the nature of which kind of the Hamiltonian
we use to carry out the transformation. The studying of any
kind of these interaction would surely lead to more progress in
the field of quantum optics and consequently it may open the
door to observe or to report a new phenomenon in this field
[52]. In the present communication we are concerned with the
type of atom—atom (spin—spin) interaction, the interaction be-
tween a three level atom and two systems of N-two level atoms.
The time evolution of dynamical systems has attracted consid-
erable attention over the past several decades because of its var-
ious applications [53]. An important aspect in this regard is the
atomic inversion and the purity. The atomic population inver-
sion can be considered as one of the simplest important quanti-
ties, it is defined as “the difference between the probabilities of
finding the atom in its exited state and in its ground state”. The
purity can range between zero, corresponding to a completely
pure state, and (1 — 5), corresponding to a completely mixed
state, (here, d is the dimension of the density matrix). Hence, we
study the atomic inversion and the purity of a three level atom
coupled to two systems of N-two level atoms as an application.

This paper is organized as follows: in Section 2, we will de-
scribe the Hamiltonian of the system of interest, and obtain the
explicit analytical solution of the model describing the interac-
tion between a three level atom and two systems of N-two level
atoms. Different cases are studied to demonstrate the effects due
to the quantum numbers my, m, on the atomic inversion (S.)
and the purity Pg() of the model. Conclusions are summarized
at the end of the paper.

2. The model

The Hamiltonian of our model describes the interaction be-
tween a three level atom coupled to two systems of N-two level
atoms. In this case the Hamiltonian of the whole system can be
written in the form:

H=H0+I{im‘., (1)
where
a=2 p=3
Hy =) wi + ) Q2Sps. )
a=1 p=1
y=2 =3
Hy="0,J9 + " QpSs, 3)
y=I1 p=1
Hy =2 [Szlff) + Jfl)Su] + X [532Jf) + J£2)523], 4)
&,
W =3 Y e L=, )
ky=1
Ql > Qz > 93, (6)
1 =J0 £i0, 0

where w,, y = 1, 2 are the strength of the field (the two systems
of N-two level atoms). The operators S;; satisfy the commuta-
tion relation

[S/cls Snm] = Skmsnl - Snlgkm» (8)

J and J* are the collective angular momentum operators
for N-two level atoms, which satisfy the relations, while J;") and
J) are the collective angular momentum operators for N-two

level atoms, which satisfy the relations

[17, 0] =206, )
[19, 58] =108, (10)

with the operator crfy are the usual Pauli matrices.
We define

[W(0)) = [W(0)) W)y (11)

|“p(0)>j,m = |jls Wl],jz,mz) (12)

[W(0))s = a(0)[1) + 5(0)[2) + ¢(0)]3) 13)

| a(0) > +15b0) >+ 1 ¢0) P=1 (14)
Let

(@) = Apymy DI, j1, m1y, Jo, 12)
+Bﬂ1],ﬂ‘12(l)|27 jl, my + l» j2, m2>
+C)11.)112(t)|37j11m1+11j27m2+1>' (15)

From Schrédinger equation
)
lgl\lf(l» = H|W(0), (16)

we get from Egs. (1) and (15)

.dAm Jmy (t)
l# = OllAml,mz ([) + Al (ml)Bml.mz (f), (17)
By, (1)
ldi = OlZBml,nﬁ (t) + A1 (ml)AH‘Il.Iﬂ') (t)
t 2 2

+A2(m2)cn11,ﬂ12 ), (18)
dCppymy (t
l#() = a3le,m2 (t) + AZ(””Z)Bml,mz (t)7 (19)

dt

where
oy = (0ymy + wymy + Qy), (20)
ay = o1 (my + 1) + wamy + Qo (21)
as=wi(m + 1) +wr(my + 1) + Qs, (22)
A = hie/ G =m) G +mi + 1) k=1,2, (23)

where A, the coupling parameters between spins.
Define
Aml,mz 1) = a(t)e—ia]l’ Bml,mz ) = b(t)eiiazl»
le my (t) = C(t)ei[og’ (24)

by substituting from Eq. (24) in Eqs. (17)-(19) we get the fol-
lowing equations:
da(

D it = Aoy, 25)
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Fig. 1

pled to two systems of N-two level atoms.

i

idc(tt)e_i“3’

b . . .
‘ (zt*) el = Aympa(e ™" 4+ Ax(m)e(n)e ™,

d

= Ay (ma)b(1)e ™,

from Fig. 1 we set

A =fw; — (21 — )] =[(2 — Q3) — w].

So, we can write Eqgs. (25)-(27) as the following:

da(t) _ia
= Ab(t)e ™
= 1b(t)e™"™,

b ) .
i% = Aa(t)e™ + Asrc(t)e™,
de(t) _ —iAt
i YT Aob(t)e ™.

We solve Eqgs. (29)—(31) analytically, we get:

b(t) = e (qre" + gae™),

where

m

q2

= /AT +4(A2 + AD),

A1a(0) + Arc(0) + (5 + 11)b(0)
20 ’

—A1a(0) — Aye(0) — (5 — w)b(0)
21 ’

similarly

7% q1 ei;u q2€—iut
a(t) = —Aje h’(ﬂ = — =~ | + 4.

Scheme of the interaction between a three level atom cou-
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Fig. 2 Figures of the case in which A =0, =X, =1 and j, =
30, j» = 20 and the initial state is |¥(0)); = |1) where the dashed,
bold solid, gray solid curves correspond, respectively, to m; = my =
1, 18, 20.

q3=a(0)+A1< ?A—MZ_ZA) (37)
2 2
and
; eiur efipl
() = —AzelA'<Zl_A - ZZ+ > + da. (38)
2 2
q4:c(0)+A2<M(ilA—M?:A) (39)
2 2

So from Eq. (24) we get Ay, my (1), Byy my (1) and Cpyy i, (£).

3. The atomic inversion and the purity
The atomic population inversion is given by
2 2 2
(Sz> = |Am].mz (l)| - |Bml.mz (l)| - ‘le,mz (t)} . (40)
The evolution of the purity Pg(?) is given by
Ps(t) = 1 = Trs(p3()) (1)

where pg(?) is the reduced density matrix of the system which is
defined by ps(t) = Trr p(2).

From Eq. (41) the purity can range between zero, corre-
sponding to a completely pure state, and (1 — 5), correspond-
ing to a completely mixed state. (Here, d is the dimension of the
density matrix.)

Based on the analytical solution in the previous section, we
shall examine the evolution in time of the atomic inversion and
the purity. In the numerical results we consider (A =0, A, =
Ay =1 and j; = 30, j, = 20). We investigate the effect of the
quantum numbers m;, m, on the atomic inversion and the pu-
rity. In Fig. 2, the initial state is |¥(0)), = |1), The atomic in-
version and the purity have regular and periodic oscillations,
when the quantum numbers m; = m, = 1, we find generating
small oscillation between each two oscillations. When m(1m1,)
increases, the phase of the generating small oscillation increases
gradually until it reaches its maximum value. This means that
the number of oscillations increases. In Fig. 3, the initial state
is |W(0)), = %[2|1> + %|2), when the quantum numbers m; =
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Fig. 3 Figures of the case in which A =0,1; =X, =1 and j; =
30, j» = 20 and the initial state is |W(0)), = %ll) + %\2) where
the dashed, bold solid, gray solid curves correspond, respectively,
tom; =my =1, 18, 20.

Atomic inversion

Fig. 4 Figure of the case in which A =0,1; =1, =1and j; =
30, j» =20 and the initial state is [W(0)); = J5[1) + 312) + 33)
where the dashed, bold solid, gray solid curves correspond, respec-
tively, tom; = m, =1, 15, 18.

Purity
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Fig. 5 Figure of the case in which A =0,1; =1, =1 and j; =
30, j» =20 and the initial state is [W(0))s = J5[1) + 312) + 33)
where the dashed, bold solid, gray solid curves correspond, respec-
tively, to m; = m, = 1, 18, 20.

m, = 1, the atomic inversion has regular and periodic oscilla-
tions, and its minimum value is —0.9. When the quantum num-
bers m;(m,) increases, the minimum value of the atomic in-
version increases also until it reaches (S.) = —0.4 . However,
when the quantum numbers m,(m,) increases until it reaches
the quantum numbers m; = m, = 20, the atomic inversion is
constant curve at (S.) = 0. When m; = m, = 1, the purity has
regular and periodic oscillations, and its minimum value is 0.3.
When the quantum numbers m1(m,) increases, the minimum
value of the purity increases also until it reaches (S.) = 0.4.
However, when the quantum numbers m1(m,) increases un-
til it reaches the quantum numbers m; = m, = 20 , the pu-
rity is constant curve at Pg(z) = 0.5. In Figs. 4 and 5 the ini-
tial state is [W(0)); = J5|1) + 32) + 513), the atomic inversion
has regular and period_ic oscillations, and its minimum value
is —0.65. When the quantum numbers m1(m,) increases, the
maximum value of the atomic inversion increases also until it

Purity
1
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A -

Fig. 6  Figures of the case in which A =0, =X, =1 and j; =
30, j» = 20, m; = 1, my, = 18 and the initial state is |¥(0)); = |1).

Atomic inversion

t
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reaches (S.) = 0.5. While the increasing the quantum numbers
m(my) causes the purity to reach constant curve at Ps(f) =
0.4. This clearly shows the effect of the the quantum numbers
my(my).

In Fig. 6 the initial state is |¥(0)), = |1), We investigate
the effect of the quantum numbers my, m,, my; # my, my =
1, m, = 18, on the atomic inversion and the purity. The atomic
inversion and the purity have regular and periodic oscillations.
Incase m; = m, = 1, Fig. 2, we find generating small oscillation
between each two oscillations. In case m; = 1, m, = 18, Fig. 6,
The phase of the generating small oscillation increases remark-
ably. So, if we compare between the case of m; = m, = 18, and
the case of m; = 1, m, = 18, we find the phase of the generating
small oscillation in the second case is bigger than the phase in
first case.

4. Conclusion

In this paper, we solve the model that describes the interac-
tion between a three level atom and two systems of N-two
level atoms. We calculated the atomic inversion and the pu-
rity for some special cases of the initial states (| W(0)),) and
special values of the quantum numbers 7, (m,). When the ini-
tial state is |W(0)); = |1), the increasing the quantum num-
bers my(m,) causes the number of oscillations of the atomic
inversion and the purity to increase. When the initial state is
[W(0)), = %ll) + %lZ), the increasing the quantum numbers
my(my) causes the minimum value of the atomic inversion and
the purity to increase until they reach constant curves at (S.) =
0 and Ps(t) = 0.5. When the initial state is |¥(0)), = %H) +

%|2) + %|3>, the increasing the quantum numbers m1;(m,) causes
the maximum value of the atomic inversion to increase. While
the increasing the quantum numbers m;(m,) causes the purity
to reach constant curve at Pgs(¢) = 0.4. This clearly shows the
effect of the quantum numbers m1;(m5). So, we found the differ-
ence between the probabilities of finding the atom in its exited
state and in its ground state depend on the values of the quan-
tum number and the initial state of the model. Also, we can
reaching to a completely pure state, or a completely mixed state
by controlling of the quantum number and the initial state of
the model.

Acknowledgments

We would like to express our deep gratitude to our Prof.
Abdel-Shafy F. Obada, Department of Mathematics, Faculty



Some studies of the interaction between N-two level atoms and three level atom 491

of Science, Al-Azhar University, for his support, care, his use-
ful suggestions, useful discussions and for his continuous help
and guidance. The authors would like to thank the reviewers
for their useful comment which improved the material of the

paper.

References

[1] L. Mandel, E. Wolf, Optical Coherence and Quantum Optics,
Cambridge, 1995.

[2] D.E. Walls, G.J. Milburn, Quantum Optics, Springer, 1994.

[3] C.W. Gardiner, P. Zoller, Quantum Noise, Springer, 2004.

[4] HM. Moya-Cessa, F. Soto-Eguibar, Introduction to Quantum
Optics, Rinton Press, 2011.

[5] M.O. Scully, M..S. Zubairy, Quantum Optics, Cambridge, 1997.

[6] W.P. Schleich, Quantum Optics in Phase Space, Wiley, 2001.

[7] M. Kira, S.W. Koch, Semiconductor Quantum Optics, Cambridge
University Press, 2011.

[8] R.H. Brown, R. Twiss, A test of a new type of stellar interferometer
on Sirius, Nature 178 (1956) 1046.

[9] R.H. Brown, R. Twiss, Correlation between photons in two coher-
ent beams of light, Nature 177 (1956) 27.

[10] R. Glauber, Photon correlations, Phys. Rev. Lett. 10 (1963) 84.

[11] R. Glauber, The quantum theory of optical coherence, Phys. Rev.
130 (1963) 2529.

[12] R. Glauber, Coherent and incoherent states of the radiation field,
Phys. Rev. 131 (1963) 2766.

[13] H.J. Kimble, M. Dagenais, L. Mandel, Photon antibunching in res-
onance fluorescence, Phys. Rev. Lett. 39 (1977) 691.

[14] C. Hong, L. Mandel, Experimental realization of a localized one-
photon state, Phys. Rev. Lett. 56 (1986) 58.

[15] P. Grangier, G. Roger, A. Aspect, Experimental evidence for a pho-
ton anticorrelation effect on a beam splitter: a new light on single-
photon interferences, Europhys. Lett. 1 (1986) 173.

[16] B. Huttner, S.M. Barnett, Quantization of the electromagnetic field
in dielectrics, Phys. Rev. A 46 (1992) 4306.

[17] T. Gruner, D.-G. Welsch, Quantum-optical input-output relations
for dispersive and lossy multilayer dielectric plates, Phys. Rev. 54
(1996) 1661.

[18] S. Scheel, L. Knoll, D.-G. Welsch, QED commutation relations
for inhomogeneous Kramers-Kronig dielectrics, Phys. Rev. A 58
(1998) 700.

[19] M. Artoni, R. Loudon, Propagation of nonclassical light through
an absorbing and dispersive slab, Phys. Rev. A 59 (1999) 2279.

[20] L.G. Suttorp, M. Wubs, Field quantization in inhomogeneous ab-
sorptive dielectrics, Phys. Rev. A 70 (2004) 013816.

[21] U. Leonhardt, T.G. Philbin, Quantum optics of spatial transforma-
tion media, J. Opt. A: Pure Appl. Opt. 9 (2007) S289.

[22] T.G. Philbin, Canonical quantization of macroscopic electromag-
netism, New J. Phys. 12 (2010) 123008.

[23] R.J. Glauber, Theory of quantum fluctuations in optical bistability,
in: Frontiers in Quantum Optics, Hilger, Bristol, 1986.

[24] R. Matloob, R. Loudon, M. Artoni, S.M. Barnett, J. Jeffers, Elec-
tromagnetic field quantization in amplifying dielectrics, Phys. Rev.
A 55(1997) 1623.

[25] M. Artoni, R. Loudon, Quantum theory of optical-pulse propaga-
tion through an amplifying slab, Phys. Rev. A 57 (1998) 622.

[26] D.Y. Vasylyev, W. Vogel, G. Manzke, K. Henneberger, D.-
G. Welsch, Nonclassicality of radiation fields propagating in com-
plex material systems, Phys. Status Solidi B 246 (2009) 293.

[27] E. Amooghorban, M. Wubs, N.A. Mortensen, F. Kheirandish,
Casimir forces in multilayer magnetodielectrics with both gain and
loss, Phys. Rev. A 84 (2011) 013806.

[28] A.A.-O. Faisal, J. Perina, M.S. Abdalla, Statistical properties of
three quantized interacting oscillators, Phys. Scr. A 63 (2001)
128.

[29] M.S. Abdalla, A.A.-O. Faisal, J. Perina, Statistical properties of a
solvable three-boson squeeze operator model, Eur. Phys. J. D 13
(2001) 423.

[30] A.A.-O. Faisal, J. Perina, M.S. Abdalla, Generation of squeezed
light in a nonlinear asymmetric directional coupler, J. Opt. Quan-
tum Semiclassical Opt. B 3 (2001) 66.

[31] A.A.-O. Faisal, J. Perina, M.S. Abdalla, Evolution of Fock states in
three mixed harmonic oscillators: quantum statistics, Int. J. Mod.
Phys. B 15 (2001) 2125.

[32] M.S. Abdalla, A.A.-O. Faisal, J. Perina, Dynamical properties
of degenerate parametric amplifier with photon-added coherent
states, Il Nuovo Cim. B 116 (2001) 137.

[33] M. Abdel-Aty, M.S. Abdalla, A.-S. F. Obada, Quantum informa-
tion and entropy squeezing of a two-level atom with a non-linear
medium, J. Phys. A Math. Gen. 34 (2001) 9129.

[34] M. Abdel-Aty, M.S. Abdalla, Degree of Entanglement for the two
bimodal: field interacting with two-level system, Physica A 307
(2002) 437.

[35] M. Abdel-Aty, M.S. Abdalla, A.-S. F. Obada, Entropy squeezing
of a two-mode multiphoton Jaynes—Cummings model in the pres-
ence of in a nonlinear medium, J. Opt. Quantum Semiclassical Opt.
B 4(2002) 134.

[36] M. Abdel-Aty, M.S. Abdalla, A.-S. F. Obada, Entropy and phase
properties of isotropic coupled oscillators interacting with single
atom: one and two-photon process, J. Opt. Quantum Semiclassical
Opt. B 4(2002) S133.

[37] S. S.Hassan, M.S. Abdalla, G.A. Kader, L.-M. Hanna, Squeez-
ing evolution with non-dissipative and dissipative SU(2) systems,
J. Opt. Quantum Semiclassical Opt. B 4 (2002) S204.

[38] A.A.-O. Faisal, J. Perina, J. Perinova, M.S. Abdalla, Quan-
tum properties of a single mode dissipative amplifier against
Schrodinger-Cat states, J. Opt. Quantum Semiclassical Opt. B 4
(2002) S153.

[39] M.S. Abdalla, Quantum treatment of time dependent coupled os-
cillators, Int. J. Mod. Phys. B 16 (2002) 2837.

[40] M.S. Abdalla, M. Abdel-Aty, A.-S. F. Obada, Quantum entropy
of isotropic coupled oscillators interacting with single atom, Opt.
Commun. 211 (2002) 225.

[41] M. Abdel-Aty, M.S. Abdalla, A.S.-F. Obada, Uncertainty relation
and information entropy of a time-dependent bimodel two-level
system, J. Phys. B: At. Mol. Opt. Phys. 35 (2002) 4773.

[42] M.S. Abdalla, M. Abdel-Aty, A.S.-F. Obada, Degree of entan-
glement for anisotropic coupled oscillators interacting with a
single atom, J. Opt. Quantum Semiclassical Opt. B 4 (2002)
396.

[43] A.A.-O. Faisal, J. Pefina, J. Pefinova, M.S. Abdalla, Evolution of
cat-states in a dissipative parametric amplifier: decoherence and en-
tanglements, Eur. Phys. J. D 22 (2003) 141.

[44] M.S. Abdalla, M.M.A. Ahmed, E.M. Khalil, A.-S. F. Obada, Dy-
namics of an adiabatically effective two-level atom interacting with
a star-like system, Prog. Theor. Exp. Phys. 2014 (2014) 073A02.

[45] G.P. Agrawal, C.L. Mehta, Dynamics of parametric processes with
a trilinear hamiltonian, J. Phys. A: Math. Gen. 7 (1974) 607.

[46] J. Tucker, D.F. Walls, Quantum theory of parametric frequency
conversion, Ann. Phys. 52 (1969) 1.

[47] C.L. Tang, Spontaneous emission in the frequency up-conversion
process in nonlinear optics, Phys. Rev. 182 (1969) 367.

[48] J. Tucker, D.F. Walls, Quantum theory of the traveling-wave fre-
quency converter, Phys. Rev. 178 (1969) 2036.

[49] D.E. Walls, R. Barakat, Quantum-mechanical amplification and
frequency conversion with a trilinear hamiltonian, Phys. Rev. A 1
(1970) 446.

[50] E.T. Jayness, EW. cumming, Comparison of quantum and semi-
classical radiation theories with application to the beam maser,
Proc. IEEE 51 (1963) 89.

[51] M.S. Abdalla, M.M.A. Ahamed, Some statistical properties for the
interaction between SU(1, 1) and SU(2) quantum systems, J. Phys.
B: At. Mol. Opt. Phys. 43 (2010) 155503.

[52] M.S. Abdalla, M.M.A. Ahmed, Some statistical properties for
a spin-(1/2) particle coupled to two spirals, Opt. Commun. 285
(2012) 3578.

[53] M. Abdel-Aty, Influence of second-order correction to Rayleigh
scattering on pancharatnam phase in a three-level atom, Mod.
Phys. Lett. B 16 (2002) 319.


http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0001
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0001
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0001
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0002
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0002
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0002
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0005
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0005
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0005
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0006
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0006
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0007
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0007
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0007
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0008
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0008
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0008
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0009
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0009
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0009
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0010
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0010
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0011
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0011
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0012
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0012
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0014
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0014
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0014
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0015
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0015
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0015
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0015
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0016
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0016
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0016
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0017
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0017
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0017
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0019
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0019
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0019
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0021
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0021
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0021
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0022
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0022
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0023
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0023
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0025
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0025
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0025
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0034
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0034
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0034
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0035
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0035
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0035
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0035
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0036
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0036
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0036
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0036
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0038
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0038
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0038
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0038
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0038
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0039
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0039
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0040
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0040
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0040
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0040
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0041
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0041
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0041
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0041
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0042
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0042
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0042
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0042
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0043
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0043
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0043
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0043
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0043
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0044
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0044
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0044
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0044
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0044
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0045
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0045
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0045
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0046
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0046
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0046
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0047
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0047
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0048
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0048
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0048
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0049
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0049
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0049
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0050
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0050
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0050
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0051
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0051
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0051
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0052
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0052
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0052
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0053
http://refhub.elsevier.com/S1110-256X(15)00081-4/sbref0053

	Some studies of the interaction between N-two level atoms and three level atom
	1 Introduction
	2 The model
	3 The atomic inversion and the purity
	4 Conclusion
	 Acknowledgments
	 References


