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1. Introduction 

Investigation on boundary-layer flow and heat transfer in a qui-
escent fluid driven by a continuous stretching sheet have been
extensively investigated during the past decades owing to its
importance in industrial and engineering applications. Exam-
ples are heat treatment of materials manufactured in an ex-
trusion process and a casting process of materials. Cooling of
stretching sheets is needed to assure the best quality of the ma-
terial and requires dedicated control of the temperature and,
therefore, knowledge of flow and heat transfer in such systems.
Motivated by the process of polymer extrusion, in which the
oduction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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Nomenclature 

a, b, c prescribed constants 
A 

∗ space-dependent heat source/sink parameter 
B 

∗ temperature-dependent heat source/sink 

parameter 
B 0 magnetic induction 

C f x local friction coefficient 
c p specific heat at constant pressure 
f dimensionless stream velocity 
k thermal conductivity 
M magnetic parameter 
N u x local Nusselt number 
Pr Prandtl number 
q ′′′ non-uniform heat source/sink 

q w surface heat flux 
Re x local Reynolds number 
T fluid temperature 

T ∞ 

ambient temperature 
u velocity of the fluid in the x -direction 

u e velocity of the ambient fluid 

u w velocity of the stretching/shrinking sheet 
v velocity of the fluid in the y -direction 

x, y axial and normal coordinates 

Greek symbols 

η similarity variable 
θ dimensionless temperature 
λ velocity ratio parameter 
λc critical value of velocity ratio parameter 
μ dynamic viscosity 
ψ stream function 

ν kinematic viscosity 
ρ fluid density 
σ electric conductivity 
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xtrudate emerges from a narrow slit, Crane [1] was the first 
o give a similarity solution in a closed analytical form for 
he two-dimensional flow caused by a stretching plate. Sub- 
equently; various aspects of the flow and heat transfer over 
 stretching surface have been examined by several investiga- 
ors [2–7] . It is known that the properties of the final prod-
ct depend greatly on the rate of cooling involved in manu- 
acturing processes. It would be beneficial to have a controlled 

ooling system for these processes. An electrically conducting 
nd heat generating/absorbing fluids seems to be a good candi- 
ate for some industrial applications such as in polymer tech- 
ology and metallurgy because the flow can be regulated by 
xternal means through a magnetic field. The applied mag- 
etic field may play an important role in controlling momen- 
um and heat transfers in the boundary layer flow of different 
uids over a stretching sheet. The use of magnetic fields has 
een also used in the process of purification of molten metals 
rom non-metallic inclusions. Many works have been reported 

n flow and heat transfer of electrically conducting fluids over 
 stretched surface in the presence of magnetic field (see for in-
tance, Chakrabarti and Gupta [8] , Andersson [9] , Chiam [10] , 

ahmoud [11] , Abo-Eldahab and Abd El-Aziz [12,13] , Abd 

l-Aziz and Salem [14] and Abd El-Aziz [15,16] ). In recent 
imes, the problem of flow and heat transfer over a shrinking 
heet is relatively a new consideration in the laminar bound- 
ry layer flow. The surface velocity on the boundary towards 
 fixed point is known as a shrinking phenomenon. Shrinking 
heet is a surface which decreases in size to a certain area due
o an imposed suction or external heat. The flow induced by 
hrinking sheet exhibits quite distinct physical phenomena from 

he forward stretching flow. A search on the literature about 
his flow showed a few publications on the subject since it is
uite a new type of flow. A steady boundary layer flow over
 shrinking sheet is not possible as the vorticity generated in 

his case is not confined within the boundary layer. To maintain 

oundary layer structure the flow needs a certain amount of ex- 
ernal suction at the porous sheet. Wang [17] first brought in 

he concept of the flow developed due to shrinking sheet while 
tudying the behavior of liquid film on an unsteady stretching 
heet. The existence and uniqueness of the similarity solution 
f the equation for the flow due to a shrinking sheet with suc-
ion were established by Miklav ̌ci ̌c and Wang [18] . The flow
nduced by a shrinking sheet with constant or power-law ve- 
ocity distribution was investigated recently by Fang [19] and 

ang et al. [20] .Wang [21] studied the stagnation flow towards a
hrinking sheet and found that solutions do not exist for larger
hrinking rates and may be non-unique in the two-dimensional 
ase. The flow over an unsteady shrinking sheet was studied 

y Fang et al. [22] and the solution is an exact solution of
he unsteady Navier–Stokes equations. Yacob et al. [23] inves- 
igated the heat transfer characteristics occurring during the 
elting process due to a stretching/shrinking sheet in a microp- 

lar fluid. Bhattacharyya [24] analyzed the effects of partial slip 

n steady boundary layer stagnation-point flow of an incom- 
ressible fluid and heat transfer towards a shrinking sheet. The 
roblem of a steady mixed convection flow on a moving plate

n nanofluids has been investigated numerically by Subhashini 
nd Sumathi [25] . Ro ̧s ca and Pop [26] analyzed the problem
f unsteady viscous flow over a curved stretching/shrinking 
urface with mass suction. The study of the boundary layer 
agnetohydrodynamic (MHD) flow towards a shrinking sheet 

as gained considerable attention of many researchers because 
f its frequent occurrence in industrial technology, geothermal 
pplications, and high temperature plasmas applicable to nu- 
lear fusion energy conversion, liquid metal fluids and MHD 

ower generation systems. Shrinking problem can also be ap- 
lied to study the capillary effects in smaller pores, the shrink-
ell behavior and the hydraulic properties of agricultural clay 

oils since associated changes in hydraulic and mechanical prop- 
rties of such soils will seriously hamper predictions of the 
ow and transport processes which are essential for agricultural 
evelopment and environmental management strategies. Also, 
hrinking film is one of the common applications of shrinking 
roblems in industries. The shrinking film is very useful in pack-
ging of bulk products since it can be unwrapped easily with
dequate heat. Muhaimina et al. [27] studied the effect of chem-
cal reaction, heat and mass transfer on nonlinear boundary 
ayer past a porous shrinking sheet in the presence of suction.
 series solution of three-dimensional MHD and rotating flow 

ver a porous shrinking sheet was obtained by Hayat et al. [28]



Dual solutions in hydromagnetic stagnation point flow and heat transfer towards a stretching/shrinking sheet 481 

Fig. 1 A sketch of the physical model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

using HAM method. Fang and Zhang [29] obtained a closed-
form analytical solution for steady MHD flow over a porous
shrinking sheet subjected to applied suction. Recently, Noor et
al. [30] obtained a series solution of MHD viscous flow due to
a shrinking sheet by applying Adomian decomposition method
(ADM). Recently, the boundary layer stagnation-point flow of
Carreau fluid model toward a Shrinking sheet with MHD is
investigated by Akbara et al. [31] . Very recently, Abbas et al.
[32] studied the effect of homogeneous-heterogeneous reactions
on an electrically conducting viscous fluid near the stagnation-
point past a permeable stretching/shrinking sheet with uniform
suction and generalized slip condition. However, the effects of
internal heat generation/absorption on the flow and heat trans-
fer towards a shrinking sheet were not analyzed in the previous
investigations [17–32] . When there is an appreciable difference
between the surface and the ambient fluid, one need to consider
the temperature dependent heat source or sink which may ex-
ert strong influence on the heat transfer characteristics. Also,
the study of heat generation or absorption in moving fluids is
important in view of several physical problems such fluids un-
dergoing exother mic or endother mic chemical reactions dealing
with chemical reactions and those concerned with dissociating
fluids. Heat generation effects may alter the temperature distri-
bution; consequently, the particle deposition rate in nuclear re-
actors, electronic chips and semiconductor wafers. Although ex-
act modeling of internal heat generation or absorption is quite
difficult, some simple mathematical models can express its av-
erage behavior for most physical situations. Heat generation or
absorption has been assumed to be constant, space-dependent
or temperature-dependent (see for instance, Crepeau and Clark-
sean [33] , Abo-Eldahab and Abd El-Aziz [12,13] and Salem and
Abd El-Aziz [34] ). 

Motivated by the above investigations and applications, we
intend to investigate the influence of a uniform magnetic field
and non-uniform internal heat source/sink on the behavior of
the stagnation-point flow and thermal transport of an electri-
cally conducting heat generating/absorbing fluid over a shrink-
ing sheet. The governing partial differential equations are con-
verted into ordinary differential equations by similarity trans-
formation, before being solved numerically using the shooting
method. Effects of different governing parameters on the mo-
mentum and heat transfer characteristics under prescribed sur-
face heat flux (PST) boundary conditions are explored and dis-
cussed in detail. 
 

2. Mathematical formulation 

We consider the steady two-dimensional stagnation-point flow
of an incompressible, electrically conducting heat generat-
ing/absorbing fluid towards a horizontal linearly stretching/
shrinking sheet in its own plane with a velocity proportional to
the distance from the stagnation-point. The x -axis being along
the stretching/shrinking sheet and the y -axis is normal to it. A
uniform magnetic field of strength B 0 is assumed to be applied
in the positive y -direction (see Fig. 1 ). The magnetic Reynolds
number of the flow is taken to be small enough so that the in-
duced magnetic field is negligible. It is assumed that the velocity
of the flow outside the boundary layer is u e (x ) = a x and the
velocity of the stretching/shrinking sheet is u w (x ) = c x , where
a is a positive constant, while c is a positive (stretching sheet)
or a negative (shrinking sheet) constant. It is also assumed that
the ambient fluid temperature is maintained at a uniform tem-
perature T ∞ 

and the sheet is subjected to a heat flux of the form
q w (x ) = b x , where b is constant. In addition, there is no applied
electric field and the Hall effect, Joule heating and viscous dissi-
pation are all neglected in this work. With the usual boundary
layer approximations the problem is governed by the following
equations 

∂u 
∂x 

+ 

∂v 
∂y 

= 0 (1)

u 
∂u 
∂x 

+ v 
∂u 
∂y 

= u e 
d u e 
dx 

+ ν
∂ 2 u 
∂ y 2 

+ 

σB 

2 
0 

ρ
( u − u e ) (2)

u 
∂T 

∂x 

+ v 
∂T 

∂y 
= 

k 

ρc p 

∂ 2 T 

∂ y 2 
+ 

1 
ρc p 

q ′′′ (3)

The appropriate boundary conditions for the velocity com-
ponents and temperature are given by 

u = u w ( x ) = c x, v = 0 , k 

(
∂T 

∂y 

)
= − q w ( x ) = −bx at y = 0 

u → u e ( x ) = a x, T → T ∞ 

as y → ∞ (4)

The non-uniform heat source/sink q ′′′ for the prescribed sur-
face heat flux (PST) case is modeled as follows 

q ′′′ = 

k u e ( x ) 

νx 

[ 

A 

∗
(q w 

k 

)(
νx 

u e 

)1 / 2 

exp 

(
−y 

√ 

u e 
νx 

)
+ B 

∗( T − T ∞ 

) 

] 

, 

(5)
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here A 

∗ and B 

∗, are the coefficients of space and temperature-
ependent heat source/sink, respectively. It is to be noted that 
he case A 

∗ > 0 and B 

∗> 0 corresponds to internal heat source
nd that A 

∗< 0 and B 

∗ < 0 corresponds to internal heat sink. 
To obtain similarity solutions for the system of Eqs. (1) –( 3 ),

e introduce the following similarity variables 

= 

√ 

u e 
νx 

y, f ( η) = 

ψ √ 

ν u e x 

, T = T ∞ 

+ 

q w 
k 

√ 

ν x 

u e 
θ ( η) 

(6) 

here ψ is the stream function defined in the usual way as
 = ∂ψ / ∂y and v = −∂ψ / ∂x , which automatically satisfies the 
ontinuity Eq. (1) . The velocity components are readily ob- 
ained as: 

 = a x f ′ ( η) , v = −√ 

ν a f ( η) (7) 

Substituting Eq. (6) into Eqs. (2) and ( 3 ) give the following
on-linear ordinary differential equations: 

f ′′′ + f f ′′ − f ′ 2 + M 

(
1 − f ′ 

) + 1 = 0 (8)

1 
Pr 

θ ′′ + f θ ′ − f ′ θ + 

1 
Pr 

(
A 

∗e −η + B 

∗θ
) = 0 (9) 

nd 

f ( 0 ) = 0 , f ′ ( 0 ) = λ, θ ′ ( 0 ) = −1 (10) 

f ′ ( ∞ ) → 1 , θ ( ∞ ) → 0 (11) 

here prime denotes ordinary differentiation with respect to η, 
 = σB 

2 
0 / ρ a is the magnetic field parameter, Pr = μ c p /k is the 

randtl number and λ = c/a is the stretching parameter when 

> 0 and shrinking parameter when λ < 0 while, λ = 0 is the
lanar stagnation flow towards a stationary sheet. Moreover, 
= 1 ( u e = u w ) corresponds to the flow with no boundary layer.

From the engineering point of view, the most important 
haracteristics of the flow are the local skin-friction coefficient 
 f x and the local Nusselt Nu x which are, respectively, defined 

y 

C f x = 

2 μ( ∂u / ∂y ) y =0 

ρ u 2 w 
= 2 Re −1 / 2 

x f ′′ ( 0 ) and 

N u x = − x 

T w − T ∞ 

(
∂T 

∂y 

)
y =0 

= 

Re 1 / 2 x 

θ ( 0 ) 
(12) 
Table 1 Comparison of values of the skin friction coeffi

λ Present study 

First solution Second soluti

−0.25 1 .4022408 
−0.50 1 .4956698 
−0.75 1 .4892983 
−1.00 1 .3288169 0 
−1.10 1 .1866804 0 .0492289 
−1.15 1 .0822314 0 .1167021 
−1.20 0 .9324740 0 .2336497 
−1.2465 0 .5842915 0 .5542856 
−1.24657 0 .5745290 0 .5542954 
−1.2465798 0 .5692646 
. Numerical solution 

he set of non-linear differential Eqs. (8) and ( 9 ) subject to
he boundary conditions ( 10 ) and ( 11 ) constitute a two-point
oundary value problem. In order to solve these equations nu- 
erically we follow most efficient numerical shooting technique 
ith fifth-order Runge–Kutta–Fehlberg integration scheme. In 

his method it is most important to choose the appropriate finite
alues of η → ∞ . To select η∞ 

we begin with some initial guess
alue and solve the problem with some particular set of param-
ters to obtain f ′′ (0) and θ (0) . The solution process is repeated
ith another large value of η∞ 

until two successive values of 
f ′′ (0) and θ (0) differ only after desired digit signifying the limit
f the boundary along η. The last value of η∞ 

is chosen as ap-
ropriate value of the limit η → ∞ for that particular set of
arameters. The two ordinary differential Eqs. (8) and ( 9 ) were
rst formulated as a set of fiv e first-or der simultaneous equa-
ions of fiv e unknowns following the method of superposition
35] . Thus, we set y 1 = f , y 2 = f ′ , y 3 = f ′′ , y 4 = θ , y 5 = θ ′ , Eqs.
8) and ( 9 ) then reduced into a system of ordinary differential
quations: 

y ′ 1 = y 2 , y 1 ( 0 ) = 0 , y ′ 2 = y 3 , y 2 ( 0 ) = λ, 

y ′ 3 = y 2 2 − y 1 y 3 − M ( 1 − y 2 ) − 1 , y 3 ( 0 ) = δ1 , 

y ′ 4 = y 5 , y 4 ( 0 ) = δ2 , y ′ 5 = Pr ( y 2 y 4 − y 1 y 5 ) − A 

∗e −η − B 

∗y 4 ,

y 5 ( 0 ) = −1 , 

here δ1 and δ2 are determined such that it satisfies y 2 (∞ ) =
 and y 4 (∞ ) = 0 . The shooting method is used to guess δ1 

nd δ2 until the boundary conditions y 2 (∞ ) = 1 and y 4 (∞ ) =
 are satisfied. Then the resulting differential equations can 

e integrated by fifth-order Runge–Kutta–Fehlberg integration 

cheme. The above procedure is repeated until we get the results
p to the desired degree of accuracy 10 −6 . 

. Results and discussion 

or validation of the numerical method used in this study, re-
ults for the skin friction coefficient f ′′ (0) were compared with
hose reported by Wang [21] , Bhattacharyya [36] and Bachok 

t al. [37] for hydrodynamic ( M = 0) stagnation point flow to-
ard a shrinking/stretching sheet in the absence of heat source/ 

ink ( A 

∗= B 

∗= 0). The quantitative comparison is shown in
ables 1–3 and it is found to be in excellent agreement. 
cient f ′′ (0) for M with previously published data. 

Wang [21] 

on First solution Second solution 

1 .40224 
1 .49567 
1 .48930 
1 .32882 0 

1 .08223 0 .116702 

0 .55430 
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Table 2 Comparison of values of the skin friction coefficient f ′′ (0) for M with previously pub- 
lished data. 

λ Present study K. Bhattacharyya [36] 

First solution Second solution First solution Second solution 

−0.25 1 .4022408 1 .40224 
−0.50 1 .4956698 1 .49567 
−0.75 1 .4892983 1 .48930 
−1.00 1 .3288169 0 1 .32882 0 
−1.10 1 .1866804 0 .0492289 
−1.15 1 .0822314 0 .1167021 1 .08223 0 .116702 
−1.20 0 .9324740 0 .2336497 
−1.2465 0 .5842915 0 .5542856 0 .55430 
−1.24657 0 .5745290 0 .5542954 
−1.2465798 0 .5692646 

Table 3 Comparison of values of the skin friction coefficient f ′′ (0) for M with previously pub- 
lished data. 

λ Present study N. Bachok et al. [37] 

First solution Second solution First solution Second solution 

−0.25 1 .4022408 1 .4022408 
−0.50 1 .4956698 1 .4956698 
−0.75 1 .4892983 1 .4892983 
−1.00 1 .3288169 0 1 .3288170 0 
−1.10 1 .1866804 0 .0492289 1 .1866805 0 .0492290 
−1.15 1 .0822314 0 .1167021 1 .0822315 0 .1167022 
−1.20 0 .9324740 0 .2336497 0 .9324739 0 .2336497 
−1.2465 0 .5842915 0 .5542856 0 .5842956 0 .5542825 
−1.24657 0 .5745290 0 .5542954 0 .5639733 
−1.2465798 0 .5692646 

Fig. 2 Skin friction coefficient of f ′′ (0) with λ for several values 
of M when A 

∗= B 

∗= 0.1 and Pr = 0.72. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3 Surface temperature θ (0) with λ for several values of M 

when A 

∗= B 

∗= 0.1 and Pr = 0.72. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 displays the variation of the skin friction coefficient in
terms of f ′′ (0) with the velocity ratio parameter λ for Pr = 0.72
and various values of the magnetic field parameter. The results
in Fig. 2 show that the existence and uniqueness of solution de-
pend on the velocity ratio parameter λ as reported by Wang
[21] who studied the hydrodynamic stagnation-point flow to-
wards a shrinking sheet in the absence of magnetic field and
heat source/sink. According to our computations in this prob-
lem, it is clear from Fig. 2 that there are regions of unique solu-
tion ( λ > –1 when M = 0 , λ > –1.5 when M = 0 . 5 and λ > –2
when M = 1 ), dual solutions ( −1 . 24658 ≤ λ ≤ −1 when
M = 0 , −1 . 69568 ≤ λ ≤ −1 . 5 when M = 0 . 5 and −2 . 15995 ≤
λ ≤ −2 when M = 1 ) and no solutions for λ > λc where
λc = –1.24658, –1.69568 and –2.15995 for M = 0, 0.5 and 1,
respectively. Accordingly, the solutions exist up to the critical
value λ = λc < 0 beyond which the boundary layer separates
from the surface and the solution based upon the boundary
layer approximations are not possible. Further, it can be ob-
served that the magnitude of the critical values λc ( λc < 0) of
the velocity ratio parameter λ for which the solution exists in-
creases as the magnetic parameter M increases, i.e. introducing
the magnetic effect enlarges the range of λ for which the solution
exists. 

Fig. 3 shows that the dual nature still stands in the case of
thermal field for the same values of λ stated before. Further, for
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Fig. 4 Velocity profiles for various values of M and λ when A 

∗= 

B 

∗= 0.1 and Pr = 0.72. 

Fig. 5 Temperature profiles for various values of M and λ when 
A 

∗= B 

∗= 0.1 and Pr = 0.72. 
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Fig. 6 Temperature profiles for various values of A 

∗ when M = 

0.5, B 

∗= 0.1 and Pr = 0.72. 

Fig. 7 Temperature profiles for various values of B 

∗ when M = 

0.5, A 

∗= 0.1 and Pr = 0.72. 

b  

t
s  

(  

t  

h  

p
t
s  

t  

t  

t
a  

e
o
t
p
t
B  

t  

t
a  

0  

b
 

θ  

M  

s
i
w  

fi  
he stretching case ( λ > 0 ) Fig. 3 shows that the effect of mag-
etic field M on the wall temperature θ (0) is insensible due to
he fact that Eqs. (8) and ( 9 ) are uncoupled and the thermal
eld is not affected by the flow field while for the shrinking case
 λ < 0 ), an interesting result occurs that is the magnetic field
 has a strong effect on the wall temperature θ (0) in spite of

he flow and thermal fields are uncoupled. From this result we 
an conclude for the shrinking case that the parameters of the 
ow field can affect the thermal field even though the flow and
hermal fields are uncoupled. On the other hand, for given M 

s λ decreases the wall temperature θ (0) for the first solution 

ncreases monotonically, reaching a maximum value, then de- 
reases rapidly to a minimum value and then increases quickly 
eing equal θc (0) where θc (0) is the value of wall temperature 
orresponding to λc while for the second solution the wall tem- 
erature increases slowly with λ from λ = λc reaching a max- 

mum value when λ → λ0 
− where λ0 = −1 , −1 . 5 and −2 for

 = 0 , 0 . 5 and 1 , respectively. 
Figs. 4 and 5 , respectively show the effect of magnetic param-

ter M on the velocity and temperature characteristics inside the 
oundary layer for two shrinking cases ( λ = −1 . 6 and −2 . 15 )
hen A 

∗= B 

∗= 0.1 and Pr = 0.72. For the first solution, it is ob-
erved from these figures that the momentum and the thermal 
oundary layer thicknesses increase with increasing M values, 
hile the opposite behavior is noticed for the second solution. 
urther as stated before the magnetic field has a remarkable ef- 

ect on the fluid temperature θ (η) in the case of shrinking sheet.
The effect of space-dependent and temperature-dependent 

nternal heat source/sink parameter A 

∗ and B 

∗ on the temper- 
ture profile is illustrated in Figs. 6 and 7 , respectively for the
hrinking case ( λ = −1 . 6 ) when M = 0.5 and Pr = 0.72. For
oth the first and second solutions, the profiles in Fig. 5 reveals
hat the dimensionless fluid temperature θ (η) is increased (in ab- 
olute sense) with a positive A 

∗(heat source) while it is decreased
in absolute sense) with a negative A 

∗(heat sink) as compared to
he case of no heat source/sink ( A 

∗= 0). This means that the
eat transfer rate from the surface to the fluid is reduced with
ositive A 

∗ values but increases with negative A 

∗ values. Also, 
he thermal boundary layer thickness for the first solutions is 
maller than that of the second solutions. Further, Fig. 5 shows
hat the maximum effect of A 

∗ for the first solutions occurs in
he vicinity of the sheet surface while that of the second solu-
ions occurs inside the boundary layer at a distance somewhat 
way from the sheet. Fig. 6 shows for the first solutions that the
ffect of temperature-dependent heat source/sink parameter B 

∗

n the dimensionless fluid temperature θ (η) in the first solu- 
ions is opposite to that of space-dependent heat source/sink 

arameter A 

∗ but with markedly increasing magnitude, namely 
he temperature decreases (in absolute sense) with a positive 
 

∗(heat source) but increases (in absolute sense) with a nega-
ive B 

∗(heat sink). On the other hand, for the second solutions
he temperature θ (η) decreases with a positive B 

∗(heat source) 
nd increases with a negative B 

∗(heat sink) near the sheet where
 ≤ η < η0 

∼= 

2 whereas for η > η0 , the opposite trend is noticed
efore it dies out at the end of the boundary layer. 

Figs 8 and 9 depict the variation of the wall temperature
(η) with λ for various values of A 

∗ and B 

∗, respectively when
 = 0.5 and Pr = 0.72. It is observed for both the first and

econd solutions that the magnitude of wall temperature | θ (0) | 
ncreases with positive values of A 

∗ (heat source) but decreases 
ith negative values of A 

∗(heat sink). Also, Fig. 8 shows for the
rst solution and for all values of A 

∗ that the wall temperature
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Fig. 8 Surface temperature θ (0) with λ for several values of A 

∗

when M = 0.5, B 

∗= 0.1 and Pr = 0.72. 

Fig. 9 Surface temperature θ (0) with λ for several values of B 

∗

when M = 0.5, A 

∗= 0.1 and Pr = 0.72. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

θ (η) increases gradually with λ reaching a maximum profile
for λ = −1 , then decreases greatly reaching a minimum pro-
file for λ = −1 . 25 and then increases again for λ < −1 . 25 being
equal θc (0) ( θc (0) = −0 . 748212 , −0 . 619206 and −0 . 490202 for
A = 0 . 2 , 0 . 0 and −0 . 2 , respectively) when λ = λc = −1 . 69568 .
On the other hand, for the second solution the wall temperature
increases gradually with λ from λ = λc approaching a maximum
value θmax (0) ( θmax (0) = 0 . 0545322 , 0 . 10939 and 0 . 164248 for
A = 0 . 2 , 0 . 0 and −0 . 2 , respectively) when λ → λ0 where λ0 =
−1 . 5 . From Fig. 9 it is observed that the effect of B 

∗ on the
wall temperature θ (0) is similar to that of A 

∗ but with θc (0) =
−0 . 52623 , −0 . 873807 and −1 . 43176 for the first solution and
θmax (0) = 0 . 0545322 , 0 . 10939 and 0 . 164248 for the second solu-
tion. From Figs. 8 and 9 it is interesting to note that the change
in the values of the wall temperature θ (0) from positive to neg-
ative indicates that the heat transfer process is reversed. i.e., the
heat flow directed from the shrinking wall surface to the am-
bient fluid (positive values of θ (0) ) and then reversed from the
ambient fluid to the shrinking wall surface (negative values of
θ (0) ). 

Finally, it is worth mentioning here that both the profiles of
the first and second solution in Figs. 4–7 satisfy the far field
boundary conditions asymptotically, thus support the validity
of the numerical results obtained, besides supporting the dual
nature of the solutions presented in Figs. 2 and 3 . 

5. Conclusion 

In this paper, the problem of a steady MHD stagnation point
flow towards a stretching/shrinking sheet with a prescribed
surface heat flux immersed in a viscous, electrically conduct-
ing and heat generating/absorbing fluid in the presence of
a uniform transverse magnetic field and non-uniform heat
source/sink was studied numerically. The governing partial dif-
ferential equations were first transformed into a system of or-
dinary differential equations using a similarity transformation,
before being solved numerically by the Runge–Kutta–Fehlberg
method with shooting technique. The internal heat genera-
tion/absorption term is modeled according to the prescribed
surface heat flux (PHF) case. The effects of the velocity ratio
parameter λ, the magnetic field parameter M and the coefficient
of space and temperature-dependent heat source/sink A 

∗ and
B 

∗, respectively on the fluid flow and heat transfer characteris-
tics were obtained and discussed. 

As a summary, we can conclude that: 

1. For the shrinking case, the magnetic field has a marked effect
on the temperature and heat transfer even though the flow
and thermal fields are uncoupled. 

2. For the stretching case ( λ > 0 ), the solutions for velocity and
temperature distributions are unique and exist for all values
of λ, whereas the dual solutions were found to exist only for
a certain range of λ < 0 , up to a certain critical value λc < 0
(depends on the values of M ) for the shrinking case. 

3. Increasing the values of the magnetic field is to increase the
range of λ for which the solution exists. 

4. The momentum and thermal boundary layer thickness for
first solutions are always thinner than that of the second so-
lution. 

5. For both the first and second solutions, the temperature-
dependent heat source/sink parameter B 

∗ demonstrates a
more significant influence on the surface temperature than
that of space-dependent heat source/sink parameter B 

∗. 

Acknowledgments 

The author is very thankful to the reviewers for their encour-
aging comments and constructive suggestions to improve the
presentation of this manuscript. 

References 

[1] L.J. Crane , Flow past a stretching plane, Z. Angew. Math. Phys. 21
(1970) 645–647 . 

[2] C.-K. Chen , M.-I. Char , Heat transfer of a continuous stretching
surface with suction or blowing, J. Math. Anal. Appl. 135 (1988)
568–580 . 

[3] P.S. Datti , K.V. Prasad , M.S. Abel , A. Joshi , MHD viscoelastic
fluid over a non-isothermal stretching sheet, Int. J. Eng. Sci. 42
(2004) 935–946 . 

[4] A. Ishak , R. Nazar , I. Pop , Mixed convection stagnation point
flow of a micropolar fluid towards a stretching sheet, Meccanica
43 (2008) 411–418 . 

[5] M. Abd El-Aziz , Radiation effect on the flow and heat transfer over
an unsteady stretching sheet, Int. Commun. Heat Mass Transfer 36
(2009) 521–524 . 

[6] T. Hayat , Z. Abbas , M. Sajid , Stagnation point flow of an upper
convected Maxwell fluid over a stretching surface, Chaos Solitons
Fract. 39 (2009) 840–848 . 

[7] M. Abd El-Aziz , Flow and heat transfer over an unsteady stretch-
ing surface with Hall effect, Meccanica 45 (2010) 97–109 . 

[8] A. Chakrabarti , A.S. Gupta , Hydromagnetic flow and heat transfer
over a stretching sheet, Q. Appl. Math. 37 (1979) 73–78 . 

http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0001
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0001
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0002
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0002
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0002
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0003
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0004
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0005
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0005
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0006
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0006
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0006
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0006
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0007
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0007
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0008
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0008
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0008


486 M. Abd El-Aziz 

[

[

[  

[

[

[

[

[

[  

[  

[  

[

[  

[  

[  

[  

 

[  

[  

 

[  

 

[  

[  

 

[  

[  

[  

[  

[

[

[  
[9] H.I. Andersson , MHD flow of a viscoelastic fluid past a stretching 
surface, ActaMech. 95 (1992) 227–230 . 

10] T.C. Chiam , Hydromagnetic flow over a surface stretching with a 
power-law velocity, Int. J. Eng. Sci. 33 (1995) 429–435 . 

11] M.A.A. Mahmoud , Thermal radiation effects on MHD flow of 
a micropolar fluid over a stretching surface with variable thermal 
conductivity, Physica A 375 (2007) 401–410 . 

12] E.M. Abo-Eldahab , M. Abd El-Aziz , Flow and heat transfer in
a micropolar fluid past a stretching surface embedded in a non- 
Darcian porous medium with uniform free stream, Appl. Math. 
Comput. 162 (2005) 881–899 . 

13] E.M. Abo-Eldahab , M. Abd El-Aziz , Blowing/suction effect 
on hydromagnetic heat transfer by mixed convection from 

an inclined continuously stretching surface with internal heat 
generation/absorption, Int. J. Thermal. Sci. 43 (2004) 709–
719 . 

14] M. Abd El-Aziz , A.M. Salem , MHD-mixed convection and mass 
transfer from a vertical stretching sheet with diffusion of chemically 
reactive species and space or temperature dependent heat source, 
Can. J. Phys. 85 (4) (2007) 359–373 . 

15] M. Abd El-Aziz , Thermal radiation effects on magnetohydrody- 
namic mixed convection flow of a micropolar fluid past a contin- 
uously moving semi-infinite plate for high temperature differences, 
Acta Mech. 187 (2006) 113–127 . 

16] M. Abd El-Aziz , Thermal-diffusion and diffusion-thermo effects 
on combined heat and mass transfer by hydromagnetic three- 
dimensional free convection over a permeable stretching surface 
with radiation, Phys. Lett. A 372 (3) (2007) 263–272 . 

17] C.Y. Wang , Liquid film on an unsteady stretching sheet, Q. Appl. 
Math. 48 (1990) 601–610 . 

18] M. Miklav ̌ci ̌c , C.Y. Wang , Viscous flow due to a shrinking sheet,
Q. Appl. Math. 228 64 (2006) 283–290 . 

19] T. Fang , Boundary layer flow over a shrinking sheet with power-law
velocity, Int. J. Heat Mass Transf. 51 (2008) 5838–5843 . 

20] T. Fang , W. Liang , C.F. Lee , A new solution branch for the Bla-
sius equation -a shrinking sheet problem, Comput. Math. Appl. 56 
(2008) 3088–3095 . 

21] C.Y. Wang , Stagnation flow towards a shrinking sheet, Int. J. Non 
Linear Mech. 43 (2008) 377–382 . 

22] T. Fang , J. Zhang , S.-S. Yao , Viscous flow over an unsteady shrink-
ing sheet with mass 236 transfer, Chin. Phys. Lett. 26 (2009) 
014703-1 . 

23] N.A. Yacob , A. Ishak , I. Pop , Melting heat transfer in boundary
layer stagnation-point flow towards a stretching/shrinking sheet in 
a micropolar fluid, Comput. Fluids 47 (2011) 16–21 . 
24] K. Bhattacharyya , S. Mukhopadhyay , G.C. Layek , Slip effects on
boundary layer stagnation-point flow and heat transfer towards a 
shrinking sheet, Int. J. Heat Mass Transf. 54 (2011) 308–313 . 

25] S.V. Subhashini , R. Sumathi , Dual solutions of a mixed convection
flow of nanofluids over a moving vertical plate, Int. J. Heat Mass
Transf. 71 (2014) 117–124 . 

26] N.C. Ro ̧s ca , I. Pop , Unsteady boundary layer flow over a perme-
able curved stretching/shrinking surface, Eur. J. Mech. - B/Fluids 
51 (2015) 61–67 . 

27] Muhaimina , R. Kandasamy , I. Hashim , Effect of chemical reac-
tion, heat and mass transfer on nonlinear boundary layer past a 
porous shrinking sheet in the presence of suction, Nucl. Eng. De-
sign 240 (2010) 933–939 . 

28] T. Hayat , Z. Abbas , T. Javed , M. Sajid , Three-dimensional rotat-
ing flow induced by a shrinking sheet for suction, Chaos Solitons
Fract. 39 (2009) 1615–1626 . 

29] T. Fang , J. Zhang , Closed-form exact solution of MHD viscous
flow over a shrinking sheet, Commun. Nonlinear Sci. Numer. 
Simul. 14 (2009) 2853–2857 . 

30] N.F.M. Noor , S.A. Kechil , I. Hashim , Simple non-perturbative so-
lution for MHD viscous flow due to a shrinking sheet, Commun.
Nonlinear Sci. Numer. Simul. 15 (2010) 144–148 . 

31] N.S. Akbara , S. Nadeemb , R. Ul Haqb , S. Ye , MHD stagnation
point flow of Carreau fluid toward a permeable shrinking sheet: 
dual solutions, Ain Shams Eng. J. 5 (2014) 1233–1239 . 

32] Z. Abbas , M. Sheikh , I. Pop , Stagnation-point flow of a hydromag-
netic viscous fluid over stretching/shrinking sheet with generalized 
slip condition in the presence of homogeneous-heterogeneous re- 
actions, J. Taiwan Inst. Chem. Eng. 55 (2015) 69–75 . 

33] J.C. Crepeau , R. Clarksean , Similarity solutions of natural con-
vection with internal heat generation, J. Heat Transf. 119 (1997) 
183–185 . 

34] A.M. Salem , M. Abd El-Aziz , Effect of Hall currents and chemical
reaction on hydromagnetic flow of a stretching vertical surface with 
internal heat generation/absorption, Appl. Math. Model. 32 (7) 
(2008) 1236–1254 . 

35] T Y Na , Computational Methods in Engineering Boundary Value 
Problems, Academic Press, New York, 1979 . 

36] K. Bhattacharyya , Dual solutions in boundary layer stagnation- 
point flow and mass transfer with chemical reaction past a stretch- 
ing/shrinking sheet, Int. J. Heat Mass Transf. 38 (7) (2011) 917–
922 . 

37] N. Bachok , A. Ishak , I. Pop , Melting heat transfer in boundary
layer stagnation-point flow towards a stretching/shrinking sheet, 
Phys. Lett. A 374 (2010) 4075–4079 . 

http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0009
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0009
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0010
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0010
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0011
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0011
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0012
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0012
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0012
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0013
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0014
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0014
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0014
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0015
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0015
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0016
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0016
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0017
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0017
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0018
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0019
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0019
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0020
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0021
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0021
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0022
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0022
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0022
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0022
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0023
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0023
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0023
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0023
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0024
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0025
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0025
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0025
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0026
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0027
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0028
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0029
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0030
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0031
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0032
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0033
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0034
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0034
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0034
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0035
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0035
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0036
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0036
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0037
http://refhub.elsevier.com/S1110-256X(15)00079-6/sbref0037

	Dual solutions in hydromagnetic stagnation point flow and heat transfer towards a stretching/shrinking sheet with non-uniform heat source/sink and variable surface heat flux
	1 Introduction
	2 Mathematical formulation
	3 Numerical solution
	4 Results and discussion
	5 Conclusion
	 Acknowledgments
	 References


