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Keywords Abstract  In this paper, we improve the extended trial equation method to construct the exact so-
Nonlinear partial differen- lutions for nonlinear coupled system of partial differential equations in mathematical physics. We
tial equations; use the extended trial equation method to find some different types of exact solutions such as the
Extend trial equation Jacobi elliptic function solutions, soliton solutions, trigonometric function solutions and rational, ex-
methoFl; ) act solutions to the nonlinear coupled Schrodinger Boussinesq equations when the balance number
Traveling wave solutions; is a positive integer. The performance of this method is reliable, effective and powerful for solving

Soliton solutions;

e . more complicated nonlinear partial differential equations in mathematical physics. The balance num-
Jacobi elliptic functions

ber of this method is not constant as we have in other methods. This method allows us to construct
many new types of exact solutions. By using the Maple software package we show that all obtained
solutions satisfy the original partial differential equations.
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1. Introduction

The effort in finding exact solutions to nonlinear differential
equations is important for the understanding of most nonlinear

* Tel.: 00966595374598. physical phenomena. For instance, the nonlinear wave phenom-
E-mail address: kagepreel@yahoo.com ena observed in fluid dynamics, plasma and optical fibers are
Peer review under responsibility of Egyptian Mathematical Society. often modeled by the bell shaped sech solutions and the kink

shaped tanh solutions. In recent years, the exact solutions of
nonlinear PDEs have been investigated by many authors (see
for example [1-30]) who are interested in non-linear physical
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phenomena. Many powerful methods have been presented
by those authors such as the inverse scattering transform
[1], the Backlund transform [2], Darboux transform [3], the
generalized Riccati equation [4,5], the Jacobi elliptic function
expansion method [6,7], Painlevé expansionsmethod [8], the
extended tanh-function method [9,10], the F-expansion method
[11,12], the exp-function expansion method [13,14], the
sub-ODE method [15,16], the extended sinh—cosh and
sine—cosine methods [17.18], the (G'/G)-expansion method
[19,20] and so on. Also, there are many methods for finding the
analytic approximate solutions for nonlinear partial differential
equations such as the homotopy perturbation method [21,22],
Adomain decomposition method [23,24], Variation iteration
and homotopy analysis method [27,28]. There are many other
methods for solving the nonlinear partial differential equations
(see for example [29-37]). Recently Khan et al. [38-43] imple-
mented the modified simple equation method and enhanced
(G'/G) expansion method to construct the traveling wave
solutions for nonlinear evolution equations in mathematics
physics. Also Khan and Akbar [44] and Akter et al. [45] used
the exp(—¢(&)) expansion method to find exact solutions for
nonlinear partial differential equations. More recently Gurefe
et al. [46] have presented a direct method, namely the extended
trial equation method for solving the nonlinear partial differ-
ential equations. The main objective of this paper is to modify
the extended trial equation method to construct a series of
some new analytic exact solutions for some nonlinear partial
differential equations in mathematical physics via nonlinear
coupled Schrodinger Boussinesq equations. In this present
paper, we will construct the exact solutions in many different
types of the roots of the trial equation. We will obtain many
different kinds of exact solutions in hyperbolic function solu-
tions, trigonometric function solutions, Jacobi elliptic functions
solutions and rational solutions.

2. Description of the extended trial equation method

Suppose that we have a nonlinear partial differential equation
in the following form:

) =0, 2.1

Fu, uy, e, Uy, Uy, Uy, ..

where u = u(x, ) is an unknown function, F is a polynomial
in u=u(x, t) and its partial derivatives, in which the highest
order derivatives and nonlinear terms are involved. Let us now
give the main steps for solving Eq. (2.1) using the extended trial
equation method as [46-48]:

Step 1. The traveling wave variable
ulx, t) =u), &=x-—ot, (2.2)
where w is a nonzero constant, the transformation (2.2) permits
us reducing Eq. (2.1) to an ODE for u = u(¢) in the following
form

P, —oi, v, o™, —tt’, u",...) =0, (2.3)

where P is a polynomial of u = u(&) and its total derivatives.

Step 2. Suppose the trial solution is of the form:

)
u@) =Yy ny’, (2.4)

where Y satisfies the following nonlinear auxiliary equation:

0 971 ...
(Y)Y = A(Y) = (YY) _ EY H+E YT+ -+ EY +E
W(Y) LY 4o Yel++0Y 44
2.5)

where 7;, &, {; are constants to be determined later. Using (2.4)
and (2.5), we have

Y (YV)W(Y) — DY)V (Y) [ 4>
E iY'
<1 0

u'§) = 22T

oY) i
won(zj (i—DgY ) (2.6)

where ©(Y), W(Y) are polynomials in Y.

Step 3. Balancing the highest derivative term with the nonlin-
ear term we can find the relations between §, # and ¢. We can
calculate some values of 8, 6 and «.

Step 4. Substituting Eqs. (2.4)—(2.6) into (2.3) yields a polyno-
mial Q(y) as follows

Q) =p Y+

Step 5. Setting the coefficients of the polynomial ©(y) yield to
be zero, and then we have a set of algebraic equations

+0Y+p=0 2.7)

=0, i=0,...,s (2.8)

Solving this system of algebraic equations to determine
the values of &, &_1,..., &, &, & , Ce—1,-.., &1, §o and
Tsy Tg—1y-+-5 T1, T

Step 6. Reduce Eq. (2.5) in the elemental integral form:

th
A@ /‘ ®0, (2.9)

where 7y is an arbitrary constant. Using a complete discrimi-
nation system for the polynomial to classify the roots of ®(Y),
we solve (2.9) with the help of software packages such as Maple
or Mathematica and classify the exact solutions to Eq. (2.3).
In addition, we can write the exact traveling wave solutions to

@2.1).

(& —mo) =

3. Extended trial equation method for nonlinear coupled
Schrodinger Boussinesq equations

We consider the coupled nonlinear Schrodinger Boussinesq
equations

iE,+E.+pBE—-NE=0, G.0)
3Ntt - Nxx,\'x + 3(N2)xx + ﬂZNxx - (|E|2)xx =0, '
where By, B, are real constants and N(x, t) is a real function
while E(x, t) is a complex function. The system (3.1) is known
to describe various physical processes in Laser and plasma, such
as formation, Langmuir field amplitude and intense electromag-
netic waves and modulation instabilities [49,50]. The traveling
wave variable

E(x,t) =u(x,)e", n=kx+ct+c 3.2)
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where u(x, t) is a real function and &, ¢, ¢y are real arbitrary con-
stants, permits us to convert (3.1) into the following nonlinear
system of partial differential equations:

u, + 2ku, =0, (3.3)

Upy — (c+ k> — Bu— Nu=0, (3.4)
3Ntt - nw+3(N2)W+132N>c\ (uz)xx =0, (35)

We suppose that the solutions of the system (3.3)—(3.5) has the
form:

u=¢E), N=y(§), §&=x-—2k, (3.6)
where ¢, i are arbitrary functions of &. The transformations
(3.6) lead to write Egs. (3.3)—(3.5) in the following form:

¢" = (c+K — B¢ — oy =0, (3.7

—y" + (1262 + B)Y +3y? — > + A =0. (3.8)

Suppose that the exact solutions of Egs. (3.7) and (3.8) can
be rewritten in the form:

5 )
&) =) Y, yE =) LY, (3.9)
i=l i=0

where t;, 7; are arbitrary constants to be determined later, YV
satisfies the auxiliary Eq. (2.5) and §;, 8, are arbitrary positive
integers. Balancing the highest order derivative terms with the
nonlinear terms in (3.7) and (3.8), we get the relations between
81, 82,0 and ¢ as follows
6]252:0—8—2 (310)

Eq. (3.10) has infinity solutions, consequently we suppose some
of these solutions as follows:

Case 1. If 6 =3 and ¢ = 0, we get §; = 8, = 1. In this case we

have:

&) =n+ut,
R(EY +EY 6T + &)

@) = o , (3.11)
o = 1362 +26Y +&)
- 28 '
and
vE)=Th+T 7Y,
2 3 2
W) = T (&Y +§2; +$1Y+§0)7 3.12)
1//// _ 7—1(353},2 +2$2Y +§1)
B 2% ’

Substituting Eqgs. (3.11, (3.12) into Egs. (3.7), (3.8) and setting
the coefficients of Y to be zero, we get a system of algebraic
equations which can be solved by using the Maple software
package to obtain the following results:

297 9 6 6 1
A= -2+ g — o)+ (32— 282
st < 2572+ 55 25“)+25(ﬂ‘ £2)

1 3
+ Eﬂz(ﬂl -+ EC(C —2B1),

Ty = 10;2 [4css — 4Bitg + 16K705 — 56 + Paty ]
T = Lr
1 = \/E 1y
NG
Ty = — 1002 [ — 6k7¢5 — 5& + 6cty — 6155 — Pats ]
0
V2
& = TTI 5
& = 75¢ 1{.32 + [(12k* — 12¢) + 128, ]B>+3667
+ (72k> — 72¢) 81 — 52 + (36k*+36¢* — 72k*c)} (3.13)

()

where ¢, & and t; are arbitrary constants. Substituting Eqs.
(3.13) into Egs. (2.5) and (2.9), we have

+(@E —no) = (3.14)

/‘\/Y3+$’Y2+5[Y+§o

where L = \/gz
3

To integrate Eq. (3.14), we must discuss the following
families:

Family 1. If Y3 + SZ Y2+ 5‘ Y+ ¢ E“ , can be written in the follow-

ing form:
Y+ 3;?{? Y? ;;/; {,B + [(126% = 12¢) + 128,]B2 + 368}
+ (72k* = 72¢) By — 52 +36¢% — 72k2c)}Y
0
+32;/I§i2° =Y —a)’ (3.15)

where «; is an arbitrary nonzero constant.

From equating the coefficients of Y in both sides of Eq.
(3.15), we get a system of algebraic equations in &, &, ¢, T and
¢, which can be solved by using the Maple software package to
get the following results:

1 3V2
c=pi+k+ gﬂb & =—ail, &=-3wl, T = -
(3.16)
Egs. (3.16), (3.13) and (3.14) lead to get:
1 3
A= —Eﬁg — 12k* = 2B,k%, Ty = —2k* — 7/32 o,
3 3J§a
T=3 &=30 &=h w=-—" (3.17)
where ¢ is an arbitrary constant and
dY -2
+ (£ — = = . 3.18
(S 770) / (Y —a|)3/2 m ( )
or
4
Y=o+ ———. (3.19)
(x — 2kt — no)
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Substituting Egs. (3.16), (3.17) and (3.19) into (3.11) and (3.12),
we deduce that exact solutions of Egs. (3.7) and (3.8) have the
following form:

6+/2
$&) = m, (3.20)

and

1
V(&) =2 — cht (3.21)

(x — 2kt —no)*

Hence the exact solutions of nonlinear Schrodinger Boussinesq
equations (3.1) take the following form:

6+/2 ei[kx+(/91+k2+%ﬁg>t+vo]’

E(x ()= ——— 3.22
=0 (x — 2kt — ny)? (3.22)
and
1
N(x, 1) = =2k> — - [ — 3.23
(x, 1) 6/32 + 2kt — ) (3.23)

Family 2. If Y3 + %YZ + El LY + ¢ 5“ , can be written in the follow-
ing form: ‘

Yy W26, 32
21, 8¢ 501:2

{ﬂ22+[(12k2—12c) + 12B1]> + 367

Sz

0

+(72K> = 72¢)B) —

3v2%
21’1 ;02

+ (36k* + 36¢% — 72k%¢) } Y

+

=Y —a)’(Y —a) (3.24)
where «; and o, are arbitrary nonzero constants. From equat-
ing the coefficients of Y in both sides of Eq. (3.24), we get a
system of algebraic equations in &, &, ¢,, 71 and ¢ which can be
solved by using the Maple software package to get the following
results:

2, ] 5 2
c=pi+k +6ﬂ2+6(<¥2—0€1), & = —ajando,
3v2
& = 20180 — @280, T = - (3.25)
Egs. (3.13), (3.14) and (3.25) lead to get:
1

A= E(a% +a?) — con — 12/3 12k* — 2.k,

1 3 5 3
To=—gﬂz—2k2—ial—gazy T1=§,

V2
& = Golar +2m)a1, & =08, T= —7(011 + 2a5),
(3.26)

where ¢ is an arbitrary constant and if @, > «;, we have

£6 - = [ ar R
(Y —a)JY —ar Jor— o

X|:«/Y—Ol2

Vo, —ap

:|, ay > Q. (3.27)

or

A/ Oy — O
2

Y=az+(az—a1)tan2[ (E—no)], a > a.

(3.28)

Substituting Egs. (3.28), (3.26) and (3.25) into (3.11) and (3.12),
we get the exact solutions of Egs. (3.7) and (3.8) take the form:

$E) = —i(al + 20) + M
x {a2 + (ay — aﬂtan{@(x — 2kt — no)] }
(3.29)
and
VE) = —éﬂz -2 - %al - gdz + %
x {0[2 T (o — a.)tanz[%(x — 2kt — no)] }

(3.30)

Hence the exact solutions of nonlinear Schrodinger Boussinesq
equations (3.1) take the following form:

E(x,t) = {—\2[2(051 + 2a,) + 2{otz + (o — ay)tan’®

2
X [70[22_0“ (x—2kt—770):| }ei[k"*(ﬁ”kz%ﬁz)’*‘“] },
(3.31)
and
1 3 5
N(.X, Z):_gﬂQ - 2k2 - Eal - 50{2

3 Vrr———
+ f{az + (0 — o{l)‘[an2 [%

> (x—2kt—n0)]}.

(3.32)

Also, when o) > a,, we have

Y = o] + (O{] — Otz)CSCh2

A — 0
#(E —no) |, a1 >as.

(3.33)

Substituting Egs. (3.33), (3.26) and (3.25) into (3.11) and (3.12),
we get the exact solutions of Eqs. (3.7) and (3.8) take the form:

3
P(€) = —i(al +2ay) + i

=]

x{oq + (a0 — a2)esch?
(3.34)
and

&) ;

— 2k2 — <] — E(Xz

1
6 2
71 (%‘ - ”()) }.

3
+ E{Ot] =+ (O(] — ()lz)CSCh2
(3.35)
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Hence the exact solutions of coupled nonlinear Schrodinger
Boussinesq equations (3.1) take the form:

E(x,t) = {—\f(a] + 2a,) + 3\/E{oq + (a; — a)csch?

2
« [valz— o) (x — 2kt — 770)] }ei[k.v+(ﬂ1+/c2+%ﬁ2)l+co]}’
(3.36)
and
1 3 5
NG, ==cpr— p) 70— 5@

3
=+ = {O{] +(Ot1 — O{z)CSCh2

|:~/0t1 —
2 2

(x — 2kt — ;70):| }
(3.37)

Family 3. 1f Y3 + %Yz + E‘ Y +: E" , can be written in the follow-
ing form: »

W26 5 32
21,83 5077

Y+ {/53 + [(12k* — 12¢) + 12B,] B> + 367

+ (712k* = 72¢) 1 — 52 + (36k* + 36> — 72k2c)}y
0
3V2
+ fs; = (Y —a)(Y —a)(Y —a3) (3.38)
2‘[1 {0

where o, apande; are nonzero arbitrary constants. Equating
the coefficients of Y in both sides of Eq. (3.38), we get a system
of algebraic equations in &, &, ¢, 7; and ¢ which can be solved
by using the Maple software package to get the following re-
sults:

c=Di(i=1,2), & =—ojaaslo,
32
7

where D;(i = 1, 2)are the roots of equation

(3.39)

& = —afo — o — a3y, T =

36Z% + (— 72B1 — 12, — 12k*) Z + 25013
+ 25a103 + 250 0z + 3687 + 36k* — 2507 — 250F — 2503
+ 12l By + B3 4 128, B2 + 12K B = 0, (3.40)

which take the following form

1
=B+ Bt K+ 2yfal +ag el —mas — e — o,
1 5
=p+ 6/32 + k= 3 o + 03 + o3 — ooy — o3 — .
(3.41)
Egs. (3.39), (3.13) and (3.14) lead to get:
=—12k* — 28,k* — —ﬂz T3 (@20 + s + )
(“1 +0‘2 +“3)
2 8 1 1 3
To=—=Di+ Zpi— k> — = —— B Ti=2,
0 5 +5,31 5 2(0!1+0l2+053) 10,32 =3
&= (maz +ajaz + ), & = &,
V2,
T = _ﬁ(_6k + 5(a) + o +a3) +6D; — 68, — ), (3.42)

where ¢ is an arbitrary constant and

dYy 2
+ (6§ — = —
&= m) /J(Y—al)(Y—aaxY—aa) Vo —ar
Lo Q) — o
Elllptth[m \/(x1 — a3:| (3.43)
or
Y =ay + (ar — ay)sn? [ ( —10), 7{13] (3.44)

Substituting Eqs. (3.39), (3.42) and (3.44) into (3.11) and (3.12),
we get the exact solutions of Egs. (3.7) and (3.8) take the form:

V2 32

¢(s)=—ﬁ(—6k2+5(al+a2+a3>+61),-—6ﬂ| B+ =
x{a1+(a2—a1>sn[V & — o). —Zj}
(3.45)
and

N zD k2 1 1 3
() = + ﬂl = —5(0114—0624-063)—%/324-5
x {a1+(az—al)sn2[7““32_“‘<s — o). | _“2]},

o] — o3
(3.46)

Hence the exact solutions of the nonlinear Schrodinger Boussi-
nesq equations (3.1) have the following form:

2
E(x, 1) = {—\lg(—@(z + 5 +ay+a3) +6D; — 66 — B

32 Joz—
+\Tf{a1+(az—a1)snz[%(>€—2/€l—770),
(&1 — 012] }ei[k,x+D,t+co], (3.47)
o] — o3
and
N(x,1) = 2D+2;3 82 1( +a +a3) 1;3
X,—51515 20!1 o+ a3 0P

3
+ f{al + (o — ay)si® (x — 2kt — no),

2
o — o
o —as )
Family 4. If Y° + ¢ 2 Y2 + S‘ Y+ ¢ E“ , can be written in the follow-
ing form:

3\/5 ";:2 Y2 _ 3\/i
2ugy 507}
+128118, + 3687 + (72k* — 72¢) )

2% + (36k* + 36¢% — T2K*0)}Y + 3‘@’?
Zo 27 &

= —a)(Y — (N1 +iN)(Y — (N, —iN,)

Yoo
2

(3.48)

Y4+ (B3 +[(12K* — 12¢)

(3.49)

where «y, Ny, N, are nonzero real numbers. From equating the
coefficients of Y in both sides of Eq. (3.49), we get a sys-
tem of algebraic equations in &, &, ¢,, 71 and ¢ which can be
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solved by using the Maple software package to get the following
results:

c=Di(i=1,2), & =—-a1i(N;+N3),
32

& = —a18) —2Nig, T = — (3.50)
where D;(i = 1, 2) are the roots of equation
3622 + (=728 — 128, — 12k3) Z + T2N? + 50a; N,

—25N? + 3687 + 36k* + 12k°B,

+ B2 — 2502 + T2Kk2B1 + 12818, = O, (3.51)
which take the following form:

1 2 5 2 2 2
D] zﬂl + gﬁ2+k + 6 oy +N1 —3N3 —20[1N1,
1 2 5 2 2 2
Dy=pi+ fot - 8\/051 +N?—3N2—2aN,.  (3.52)
Egs. (3.50), (3.13) and (3.14) lead to get:
A= —1zk4—2ﬂzk2—iﬂ2—1N2—1a1N1+iN2 + 1o
1272 4% 6 127t
2 2 8 1 1
Ty =—=Di+ =B — =k* — —a1 — N} — — o,
0 5 +5,31 5 ok 1 10/32
3
=3 & = (N7 + 2Ny + N}, & = &,
2

T) = —%(—@c2 + 51 + 10N 4 6D; — 68, — B2), (3.53)

where ¢, is an arbitrary constant. With the help of Maple soft-
ware package the integration of Eq. (3.14) in this family takes
the following form:

dY
£ - = [
JO —an (2 2Ny + N+ N3)
2 .
= —— EllipticF
VN + 1IN, — )
JY = N — iN, —
x I g TR )
N] —lNz—O[l N1+1N2—Ot]
or
. Ni +IN, —
Y =a+ (N —iN, —al)snz[#@ —10),
Ny — IN, —
M ) (3.55)
Ni+iNy, —ay

Substituting Egs. (3.50), (3.53) and (3.55) into (3.11) and (3.12),
we get the exact solutions of Egs. (3.7) and (3.8) take the form:

2
HE) = 7%(—618 + 51 + 10N, + 6D; — 681 — B2)
3.2 VNI +iNy —ar
T f{al + (N — Ny - al)snz[M
2 2
N] - 1N2 — o)
x (& —no), m} } (3.56)

and

8

P LR !
V&) = =D+ TP ok

— _N _
7% 1 1052

q/N] + lNz — ]

3
+—{a1 + (N —iNz—al)snz[ 5

2

N] —iNz—O{l
x(§ _UO)"/NI +iN2—oz1:|}'

Hence the exact solutions of nonlinear Schrodinger Boussinesq
equations (3.1) take the following form:

(3.57)

2
E(x, 1) = {—\lg(—6k2 + Sa; + 10N, + 6D; — 6B — B)
342 VN +iIN, —
+i o + (N) — iN, —al)snz M
2 2
N1 - lN2 — ] p e
— 2kt — , i[kx+Djt+cy]
x(x i) VN1+iN2—Ol1i|}e
(3.58)
and
2 2 8 1 1
N, )= =D+ — -k — —a; — N} — —
(x, 1) 3 + 5/31 5 2(11 1 10ﬂ2
3 VN +iN, —
+ E{Oh + (N —iN; — 061)5712[#

x (x — 2kt — ng), (3.59)

N1 — lN2 — ]

N1 +iN2 — ’
Case 2. If e =0 and 0 = 4, we get §; = §; = 2. In this case, we
have

PE) =t +1Y +0,Y7
@) = OF2VPEY Y LY H A Y 1 &)
%o ’
¢ = (46 Y3 +36Y2 +26Y + &)
2%
+?(6$4Y4 + 55 +46Y2 +35Y +35)  (3.60)
0

and

YE) =T+ Y + Y2,

2 (T +2LY )V EYH 4+ &Y+ 6Y + 6 +&)
YE) = o ,
TV (4E,Y3 + 36 Y2+ 25Y + &)

28

T
+?2(6§“Y4 + 56 Y3 +46 Y7 4+ 35 Y +35&), (3.61)
0

v'(€) =

Substituting Egs. (3.60), (3.61) into Egs. (3.7), (3.8) and setting
the coeflicient Y to be zero, we get a system of algebraic equa-
tions which can be solved to obtain the following results:

297, (4. 6. 6N\ 1 .
A= -5k +k< S5hrt 55h 25c>+25(3ﬂ1 262)

1 3
+£ﬂ2(ﬂl -0+ EC(C - 2B1),

V21 V2 V2
Ty = 7T0_§(,31+I32_C+11k2)s Tl=71’1, T2=7f27
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1
50 = 1500

—i—61:1 Bt + 36t12ﬂ1r2 — 36r12w

572
[;0< 30v212 110 + Tf ot + 36kt T
288k 7)t? — 28887077
+288ctot2 4 12027372 — 48‘[0‘522/32)],

5V2

El = 1202 TAn 2 |:f1§0(30ff210 — T — 36k2f2 - 6/32‘[2

—36/31‘[2 + 36CT2)],

1 5
52 = — {0 [ 10[1’2‘[0 - 12k Ty — 2ﬂ21’2
407, 2
—IZﬂITZ + 1261’2)],
V2
& = 5 T é §a= T 2o (3.62)

where ¢y, 7o, 71 and tp are arbitrary constants. Substituting
these results (3.62) into Egs. (2.5) and (2.9), we have

dY

/ . (3.63)
Jri+eyriaayipay o

(@G —m) =L

%o

where L = e To integrate Eq. (3.63), we must discuss the fol-

lowing families:
Family 5. If Y* + %Y3 + %YZ + %Y + g can be written in the
following form:

Moy g

Y4
+ T 201’22

3ﬁ[<5f

P 10[‘[210

—12i%t, — 2Bt — 128115 + 12crz>] Y?

2 54/2
+— V2 |:‘E1 (30[1210 — Tfrl — 36k, —

T 6627

2 5+4/2
W\f“ |:<—30x/§r12r2r0 + Tfrf‘

T + 61’1 ﬁzl’z + 361’1 ,31‘[2 — 36‘[1 Cy —

—36B811, + 36crz>] Y +

+36k*t} 288k 19t}

—288B, 7972 + 288ctor? 4 120821217 — 4810122;82)]

= (Y —a)h. (3.64)
where « is an arbitrary constant. From equating the coefficients
of Y in both sides of Eq. (3.64), we get a system of algebraic
equations in ¢, 7, 71, To and ¢ which can be solved by using the
Maple software package to get the following results:

c=pi+k+ éﬂz, 7 = 67202,

7 = —1220;, ©=6V2. (3.65)
Egs. (3.65), (3.62) and (3.63) lead to get:

A= —%522 — 12k = 2B,Kk>,  Ty=—2k>— éﬁz + 607,

Ty =—120;, Th=6 & =bo!, & =—450;,

£ =600a], & =—40ar, & =, (3.66)

where ¢ is an arbitrary constant and

(1 —1m0) —/ (Y—al) = Y__lal, (3.67)

or

Yoy (3.68)
(x — 2kt — no)

Substituting (3.68), (3.66) and (3.65) into (3.60) and (3.61), we
get the exact solutions of Egs. (3.7) and (3.8) take the form:

632
$&) = m, (3.69)
and
yEO =W lpp & (3.70)
6 (x — 2kt — o)’

Hence the exact solutions of nonlinear Schrodinger Boussinesq
equations (3.1) have the following form:

E(x, 1) = 62 zei[kx+<ﬁ|+k2+%ﬂz>t+co], (3.71)
(x = 2kt — o)
1 6
N(x, )= =2k — — B+ ———, 3.72
(. 1) R yr—— (3.72)

Note that the solutions (3.71) and (3.72) are the same solutions
(3.22) and (3.23) in Family 1.

Family 6. If Y* +
following form:

53 Y3+ 52 Y2+ 51 Y+ 5" can be written in the

n

3V2T[ /5
Yi+ =Y+ V2 f — 10v2019 — 12k%1,
1) 2022 |\ 2
2 5v2
- 2,32‘[2 - 12,31 T+ 126“[2>:| Y2+ 2\0/>,; |:‘L'1 <30ﬁ‘[210 - Tfff
7

— 36k*1T, — 621, — 36B1T> + 36crz>:| Y
V2 5V2
8073 [( 30210 ot + 0 } 4 36k i
+ 6‘[12/32‘[2 + 36r12,31r2 — 36r12cz
— 288k tyt} — 28881977 + 288¢T)T?

+

+ 120827212 — 4870r22,32)] = —a)*(¥Y —a)? (3.73)

where a1, o, are arbitrary constants and «; # «,. From equat-
ing the coefficients of Y in both sides of Eq. (3.73), we get a
system of algebraic equations in ¢,, 72, 71, 7o and ¢ which can be
solved by using the Maple software package to get the following
results:

1 5
c=p+k+ gﬂz + 8(062 —a)? 1 =6v2wa,

Ty = 6\/§
Egs. (3.74), (3.62) and (3.63) lead to get:

7 = —6v2(c + o), (3.74)

1
2B)k* + E(Olz —a)’,
17

— oo,

6

_ l 4
A= p 12k

1
—a3 +

To 6

1 1
—2k2 - gﬂz + 60{% +
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T\ = —6(a1+ ), Tr=6, & =qajas,
£ = 21001 +a2)8o, & = Colaf + oy +af),
& = 20 (a1 +@2), & = o, (3.75)
where ¢ is an arbitrary constant and
1 Y —
+(5 — 1n‘ 2,
(Y—al)(Y—az) ai—ay | Y -
(3.76)
or

_ (o =) ()

o + are 0

Y = . (3.77)
—1 + eF e

Substituting (3.77), (3.75) and (3.74) into (3.60) and (3.61), we
get the exact solutions of Eqs. (3.7) and (3.8) take the form:

P(E) = 6520100 — 6v/2(a +Ot2)|: IR —

—a; + e e :|

2
—ap + apeT T Ey
+6v2 [ T } : (3.78)
and
1 1 1 17
V(E) = =2 — =Bt o + con + o — 6(ar + a2)

—a) + apeT T Ey
x £
—1 + eF ey

(o —ag) 2
—ay + e Y(E=ng)
+6 .

—1 4+ eF ey

(3.79)

Hence the exact solutions of nonlinear Schrodinger Boussinesq
equations (3.1) have the following form:

E(x, 1)
= {6*/50[10(2 — 6\/5(()(1 +Olz)|:_al + e

1+ ei(a]*QE)l.\‘fzkl—r/O)

(0 =) (x—2ki—1¢) ]

o] s
+

F (@] =) (x—2kt—ng)) 2
e (2K

Xei[kx+(ﬂ1+kz+%ﬁ2+%(olz—al)2)r+q,]}’ (380)
and
1 1 1 17
N(x,t) = -2k — 8'32 + 60512 + 80{% + Zotza] —6(a; + ar)

—a + apeT T2k
x +
“14e (o) —02) (x—2kt—g))

_ F (=) —y) 72
+6[ o+ e ’ ] . (3.81)

14+ ei(dl —0) (x~2kt 1)

Family 7. If Y* + gY3 + %Yz + %Y + g can be written in the
following form:

2
TDyig — 10v207 — 12K21,

Y4
+ T 20‘[22

3V2 [(s;f

—2/321.'2 — 12,31‘[2 + 1261’2)] Y2

2 5V2
+ 2‘0[ |:rl (30f2mo ‘2[ 2 36kt

—6/32'[2 — 36/311’2 + 366'[2)] Y

2 54/2
+L4 < — 30«51,212% + — f
807,

+36‘C12/31 T —

rl + 36k°? T+ 6r1 Brtr

361’126’2 — 288k2r0r22

—288B1 7072 + 288ctots 4 120821217 — 4810122ﬂ2>}

=¥ —a)(¥ —a)(Y —o3)(Y — ) (3.82)

where o), a, o3, a4 are arbitrary different constants. From
equating the coefficients of Y in both sides of Eq. (3.82), we
get a system of algebraic equations in ¢, 12, 71, Tp and ¢ which
can be solved by using the Maple software package to get the
following results:

c=D;,(=12), aj=a+a3—ay,

2
= —%(—20053054 + 200 — 20204 — 30c203
—Sa3 — pr — 6k* — Sa3 + 6D; — 6 By),

7= —6v2(r +03), T =632, (3.83)

where

1 5
Di =B +k + 7ﬁ2 + 7(012‘ —daday + 160 — 32003

420003 — dayad + af — 32asa] + 14adal + 203l

—28a,40 + 560307 — 28atstsal)' (3.84)

Egs. (3.62), (3.63) and (3.83) lead to get:
1 4 8
Eﬂf — 12k* — 2Bk + gaf -3+ )
+§a2 az—l—az—l—Eaa —la (3403 +Ta302 +Tar0?)
34T 27Ty 300 3 403 T 30y 0ty

(ot3 +of + l4aiad),
2 8

Ty=—3Di~ <K~ I—Oﬁz - g/31 + 20304 — 205 + 20004
1 1
+30r03 + Ea% + Eai,
Ti = —6(a+a3), Th=06, & = (oarazay(ar+ a3 —ay),
& = —(wzaq — oti + o + ara3) (a2 + @3) 40,

& = {o(Bonas + aro + a3 + oz — o + a3),

& = =20 (ax +3), & =&, (3.85)

where ¢ is an arbitrary constant and

+(& —no)
dY

- / VO =t —aa) (¥ —a) (¥ —an) (¥ — o)

2 . (ar —ag)(Y —ay)
=————7F F
(o P [\/ (@ a5 — 200 (¥ —az)’

\/(062 —a3)(ay + a3 — 2014)}

(3.86)

(a4 — a2)?
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or

- 2
ad — oy + (a3 + of — 203a4)sn>( L (ar — ag) (& — 1), [t 2a)
(ag—an)
Y= ( ) (apt+a3—2ay4)
1 o) —a a o3 — L2,
@ = o + (@ + o5 = 2a)9m2((Hon — ) (6 — o), | [T e )

Substituting (3.83), (3.87) and (3.85) into (3.60) and (3.61), we get the exact solutions of Egs. (3.7) and (3.8) take the following
form:

(3.87)

2
() = —%(—200{3054 + 200 — 20204 — 300203 — 503 — B2 — 6k* — 5a3 + 6D; — 6 f)

of — oo + (cro3 + 0 — 2a3a4)sn2<%(0tz —ag) (€ — o), \/%
— 6\6(0!2 + 3) ] (0 —o3) (a3 —20tg)
s —ar+ (o + a3 — 2(x4)sn2(§(a2 —a4)(E —no), %)
2
A oF — anay + (a0 + oF — 2043054)‘9;12(%(012 —ag)(E — o), W)
+6v2 5[ 1 (ar—a3) (ar+a3—2ay4) (388)
ay — oy + (0 + a3 — 204)sn? (5 (a2 — &) (€ — o), S a—

and
2 8 1 1 2 1 1
V() = _gDi - gkz - ﬁﬁz + ﬁﬁz + gﬁl + 203004 — 205 + 20004 + 3203 + 5015 + 50!%
of — apas + (a3 +0F — 20{3044)sn2(%(a2 —ag)(E — o),/ 7((127(1?;(012;0;372%) )
—6(ax +a3) —

1 (p—a3) (a3 —2a4)
@s = + (@ + ay — 2ag)9n( (@ — @) € — o), DTG )

2
= -
af — aray + (03 + 03 — 2a3a4)sn2(%(az — o) (§ — 1), [t ta) )
6 (@q—a3) (3 89)
1 —a3) (@r a2 '
oy — o+ (0 + a3 — 20!4)S”2<§(0t2 —ay)(E — o),/ W )

Family 8. If Y* + 2Y3 + %Yz + 51 Y + EO can be written in the following form:

+

2 32
vhe Syl g “C f — 10V2101 — 12K%1) — 28215 — 128115 + 12¢1, | | V2
53 2075 2

2 2
+ 2“.( [ (30f Ty — “zf — 36kt — 6212 — 368172 + 36crz>i| Y

2 52
8‘( {( 30+ 2171079 + ‘Tfrl +36k> )T, + 6T oty + 36T 1T, — 3617, — 288K7 7T}
— 288817972 + 288cTyz2 + 12027272 — 4810122/32)}

=Y = N1 +iN))(Y — (N — iN2))(Y = (N3 + iNy) (Y — (N3 — iNy)), (3.90)

where N;, (i = 1, 2, 3, 4) are arbitrary constants. From equating the coefficients of Y in both sides of Eq. (3.90), we get a system of
algebraic equations in ¢, 72, 71, To and ¢ which can be solved by using the Maple software package to get the following results:

Cc = D,‘, (l= 1,2), N] =N3,
_ Q > n 4 4 4
T = 0 (B + 6B + 6k 6D; +20(3N; + N, + N5)),

7 = —12V2N;, 1 =6V2, (3.91)

where D; = {8y + B + k2 £ 2 [N} + Nj — N7N;. Egs. (3.91), (3.62) and (3.63) lead to get:

1 4 4 4
A= ——ﬂzz — 12/ — 28,k — N2N2+ 3N4+ 3N4
8
Ty = fﬁl fk- - —ﬂz +20GN; + N; + N;). & = ¢,

T, = —12N3, Ty =6, & =C(NIN} 4+ NiN7 + NiN? +Ny),
& = —2(2N; + Nj + N))Nsgo, & = (6N3 + N + N5)¢o, & = —4Ns¢o, (3.92)
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where ¢ is an arbitrary constant and
dy
£ - = [
JOP=2N;Y 4 N2 4 NH(Y2 = 2NY + N} + N))
2 N>, — Ny) (=Y + N- i N, N>, + N,
= 2 Eiipiricp| [L2=NOCY Ny V) - (N + Na) (3.93)
(Ny — Ny) (N2 + Ng)(=Y + N3 —iNy) (N2 — Ny)
or
(Ni = Na)(Ns + iNo) + (N + Na) (N — iNjysn® (L (V> = Ny & — ), Q2881 on
(Ng = N2) + (Na + Noysn? (5 (s = Nop(& = no). (922080 )

Substituting (3.94), (3.92) and (3.91) into (3.60) and (3.61), we get the exact solutions of Egs. (3.7) and (3.8) have the form:

2
$E) = l—fowz +6 B + 6k — 6D; + 203N} + N} + N2))

— 122N,

(N2—Ny)

(Ny = N2) (N + iNg) + (Ny £ N2) (N = iNg)s (3 (V2 = Na) (6 = m0). 5242 )

(Ng = N2) + (Ne + No)or? (5 (N2 = Na)(& = m0), 5255 )

(Ng = N2) (N3 + iNy) + (Ny + N2 (N5 = N (5 (N = Ny) (6 = mo), 52538 )

> (N2—Ng)

+6v2 — Rl (3.95)
(Ns = No) + (N + Noysr (L (N2 = No) € = o). S282)
and
2 2 8 1
— g _Zp _2p2_ 2 (3N2 2 2
V() = TP — TDi— K = 5B+ 20N+ N+ VD)
[ N+ ) N N s — N (1(V2 = No) (& = no). 23 )
- 3
(Ng = Na) + (Na + N2y (S (Vs = No) (€ = no), 525 )
(Ng = N2)(Ns + iNa) + (Na + N2) (Vs — iNysn? (5 (N = N & = mo), 32544
+6 (3.96)

(Na — No) + (Ns + Nz)Snz(%(Nz — Na)(E — o) (N2+N4)>

4. Conclusion

In this paper, we used the extended trial equation method to
construct a series of some new analytic exact solutions for some
nonlinear partial differential equations in mathematical physics
when the balance number is a positive integer. We constructed
the exact solutions in many different functions such as hyper-
bolic function solutions, trigonometric function solutions, Ja-
cobi elliptic functions solutions and rational solutions for the
nonlinear coupled nonlinear Schrodinger Boussinesq equations.
This method is more powerful than other method for solving
the nonlinear partial differential equations. This method can be
used to solve many nonlinear partial differential equations in
mathematical physics.
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