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In this paper we study the existence of solutions of two Cauchy problems of two nonlinear
differential equations with nonlocal condition. The continuous dependence of the solutions on the
coeflicients of the nonlocal condition will be studied.
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1. Introduction

Problems with nonlocal conditions have been extensively stud-
ied by several authors in the last two decades. The reader is re-
ferred to [1-5] and [6-13] and references therein.

Consider the two nonlinear differential equations

dx(t) dx(1)
T f(t, x(1), 7) te(0,T], 1)

and
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d’;(tt) = g(z, x(1), d);(ll)>, a.et € (0, T, @

with the nonlocal condition

Yoax(m) =x, we 7). 3)

k=1

Our aim here is to study the existence of solutions for the two
problems (1) with the nonlocal condition (3) and (2) with the
nonlocal condition (3). Moreover, the continuous dependence
of the solutions of the above two problems on x, and the non-
local coefficients a; will be studied.

2. Functional integral equations

Lemma 2.1. Let Y ;" | a; # 0. The solution of the nonlocal prob-
lem (1) and (3) can be expressed by the integral equation
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x(t) = A(xo - Zakfrky(s)ds) +/ y(s)ds,
0 0

A= (Z ak> N (4)
where y is the solution of the functional integral equation
m % t
) = f(r, A=Y a [ ywds+ [ s y(t)),
k=t 70 0

e[o, 7. ()

Proof. Let d’:}(t’) = y(¢) in Eq. (1), then we obtain

y(@) = f(t,x(0), y(1))

where
x(t) = x(0) —l—/ y(s)ds. (6)
0

Letting t = 7;in (6), we obtain

m

Z aex(t) = Y axx(0) + Z a / y(s)ds. @)

k=1

Then
x(0) = (xo Zak/ (s)ds) ®)
where 4 = (O, ar) ™"

And we obtain

x(t) = A<x0 - Zak /rk y(s)ds) +/ y(s)ds,
k=1 V0 0

where y is the solution of the functional integral equation

y(t) = f(t Axy — AZak/ (9)d9+/ (s)ds,y(t)),
te[0,T].
By similar way, the following lemma can be proved. O

Lemma 2.2. Let Y ;" ax # 0. The solution of the nonlocal prob-
lem (2) and (3) can be expressed by the integral equation

x(t) = A(xo - Zak-/rky(s)ds) +/ y(s)ds,
0 0

A= (Z ak) N (9)

where y is the solution of the functional integral equation

m i t
) = g<t, Axo— A Zak/ y(s)ds +/ y(S)ds,y(t)>,
J=1 0 0

1[0, T]. (10)

2.1. Existence of solutions

Consider the functional integral equations (5) and (10) with the
following assumptions:

(1) f:[0, T]1 x R x R— Ris continuous and satisfies Lipschitz
condition

[f(t ur, un) — f (v, v)| < My(lug — vil + [z — ),

(ii) g:[0, 7] x R x R — R is measurable in 7 € [0, 7] for any
(u1, u2) € R x R and satisfies Lipschitz condition

lg(t, uy, up) — g(t, vi, v2)| < My(luy — vi| + |uz — v2l),
and
t
/ lg(7,0,0)|dt < N
0

(iii) M*
(iv) M*

=M QT +1) <1
= M>QT + 1) < 1.

Now we have the following theorem

Theorem 2.1. Let the assumptions (i) and (iii) be satisfied. Then
the functional integral equation (5) has a unique solution y €

Clo, 7.
Proof. Define the operator H by

m T t
Hy() = f<t, Axo— A4 Zak/ y(s)ds + / y(s) ds. y(l)>,
k=1 Y0 0
telo, T). (11)
Let y € ([0, T], then

[Hy(12) — Hy(11)]

m \
= ’f(tz,Axo—AZak/O y(S)ds—l—/ y(s)ds, y(lz))
—f(tQ,Axo AZak/ (s)dc+/ y(s) ds, y(t1)>'
(zz Axo — AZakf y(s)ds—f—/ y(s)ds, y(t1)>
Aiak [ yods+ / ¥(5) ds, y(h))'
+’f(r Axp — AZaA / y(s)ds+ / "y ds, y(ll))

m fn
f(tl,Axo AZak/ y(s)a's—{—/ y(s)ds, y(11)>'

<M, /'|y(s)|ds+M1|y<t2)—y(t1)|
n
m Tk 1
+’f stAXO_AZak/ y(s) ds+/ y(s)ds, y(t)
_ 0 0
m I
_f<t1,Ax0 AZak/ y(s)a's—{—/ y(s) ds, y(t.))‘

f(zaAYo
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which implies that the operator H maps C[0, 7] into itself, i.e.
H: ([0, T — C[0, T].
Now, let u, v € C[0, T'] then we have

Hu(t) — Hv(t)

:f(t,Axo — AZak/Tk u(s) ds—i—/ u(s) ds,u(t))
k=1 0 0
m T t
— ,Axg — A . d +/ ds,
f(t X0 k;al‘/o v(s)ds | v(s)ds v(t))

and

m

§ Ay

k=1

[Hu(t) — Hv(t)] = M,]4]

/Tk lu(s) — v(s)|ds
0

+ M, / [u(s) — v()lds + Milu@) — v(1)l,
0

then
[[Hu(t) — Hv(@)|| < My QT + Du—v||
= M*||u—v|l.

And M* < 1, which proves that the operator H: C[0, 7] — CJ0,
T] is contraction.

Applying Banach contraction fixed point [14], then the func-
tional equation (5) has a unique fixed point y € C[0, T7.

Now, consider the nonlocal problem (1) and (3). O

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied.
Then the nonlocal problem (1) and (3) has a unique solution x €

c'o, 1.

Proof. From Lemma 2.1 and Theorem 2.1, the solution of the
problem (1) and (3) is given by (4) where y is given by (5). To
complete the proof, we prove that the integral equation (5) sat-
isfies nonlocal problem (1) and (3).

Differentiating (4), we get

dx _ (t)—f<t () @>
a P A

Let 1 = 7 in (4), we get

m m m T
Z a, x(t) = Z ap A <x0 - Zak/ y(s)ds)
k=1 k=1 k=1 0
m 7%
S [
k=1 0

m A m 7%
=X — Zak/ y)ds+y ak/ y(s)ds
k=1 0 k=l 0
= Xp.
This completes the proof. [
Now we have the following theorem:

Theorem 2.3. Let the assumptions (ii) and (iv) be satisfied. Then
the functional integral equation (10) has a unique solution y €

Ly[0, T1.
Proof. Define the operator G by

m T t
Gy(t) =g|t,Axg— A Zak/ y(s) ds—|—/ y(s)ds, y(t) |,
k=1 0 0

telo,T]. (12)

Let y € L,[0, 7], then

T
||Gy||L1=/ (G (D)dr
0
T m 7%
§M2/ (Axo—AZak/ y(s)ds
0 k=1 0

+f y(s)ds
0

T
+|J’(l)|)dt+/ lg(z,0,0)|dt. (13)
0

From condition (ii) we have

g, u, v)|—=1g(1,0,0)| < g, u, v) — g(t,0,0)| < Ma(Jul + [v]),
then

lg(t, u, )| = M> (Jul + V) +1g(z, 0, 0)].

Substitute into (13), we get

Gyl < MaT|Alxg+ N T + M> QT + DIyl

Then ||Gyl|,, € L, which implies that the operator G maps
L,[0, T]into itself, i.e. G: L{[0, T] — L4[0, T].
Now, let u, v € L]0, T] then we have

Gu(t) — Gv(t)

= g(t, Axg— A Zak/qk u(s)ds +/ u(s) ds, u(l))
= 0 0
_g(t, Axg— A Zak /Ik v(s)ds+ / v(s)ds, v(t))
k=1 0 0

and

m

—4Ya /rk (u(s) — v(s)) ds
k=1 0

+/ (u(s) —v(s))ds
0

m

>a

k=1

|Gu(t) — Gv()| = M,

+ Ma|u(r) — v(0)]

= M>|A|

/ " u(s) = v(s)lds
0

+M> / [u(s) — v()lds + Malu(r) — v(1)],
0

then

Gu(t) — GvDllr, = Mo T + Mo T + Mo)||u— i,
= My 2T + Dllu— vy,

=M™ Ju— v,

And M*™ < 1, which proves that the operator G: L[0, 7] —
L,[0, T is contraction.

Applying Banach contraction fixed point [14], then the func-
tional equation (10) has a unique fixed point y € L;[0, 7] such
that y(¢) = g(t, x(t), y(t)), a.e.t € (0, T].

Now, consider the nonlocal problem (2) and (3). O

Theorem 2.4. Let the assumptions of Theorem 2.3 be satisfied.
Then the nonlocal problem (2) and (3) has a unique absolutely
continuous solution x € AC|0, T).

Proof. From Lemma 2.2 and Theorem 2.3, we deduce that there
exists a unique absolutely continuous solution x € AC[0, 7] of
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the integral equation (10). To complete the proof, we prove that
the integral equation (10) satisfies the nonlocal problem (2) and
(3).

Differentiating (9), we get

@— (1) = (l (1) ﬂ)
ar 2= E\ LMDy

Let t = 7, in (9) ,we get

m

D aex(n) = x.

k=1

This completes the proof.
This implies that there exists a unique absolutely continuous
solution x € AC[0, 7] of the non local problem (2) and (3). O

3. Continuous dependence

Here we study the continuous dependence of the solution of the
problem (1) and (3)

Definition 1. The solution x € C'[0, 7] of the problem (1) and
(3) is called continuously dependent on x if, for every € > 0
there exists §(e) > 0 such that |xy — Xo| < § implies ||x — X|| < €
where x, X are the solutions of the problems (1) with the condi-
tion (3) and (1) with the condition

Z arx(ty) =%, 1€ 0, T). (14)
k=1

Theorem 3.1. Let the assumptions of Theorem 2.1 be satisfied.
Then the solution of the problem (1) and (3) depends continu-
ously on x.

Proof. Since the solution of the problem (1) and (3) is the solu-
tion of the integral equation

x(t)=A4 (xo - Zak /Tk y(s) ds) +/ y(s)ds
pa 0 0

and the solution of the problem (1) and (14) is the solution of
the integral equation

() =4 (520 - Zak / ’ F(s) ds> + / F(s)ds.
J=1 0 0

Then, for the two corresponding solutions x and X we have

m

E aj

k=1

t
+ fo ¥(s) = F(s)lds.

Ix() = X(0)] < |4l|xo — %ol + |4]

/0 [y(s) —y(s)lds

Hence

llx(t) = XOII = |Allxo — Xo| + T'14] Iy = ¥l

m
2 a
k=1

+ Tlly — 7
< |Allxo — Xol + 2 T|ly — JlI. (15)

But

A

ly(@) =yl = MilAllxo — Yol + My (1 +2T)]ly — ¥l
M,|4]

< X0 — X0
< 1—(1—|—2T)M1|x0 Xol
Substitute in (15), we get
() = FO)1] < 14110 — Fol + — M4 %
X — X Xo — X — | X — X
=< o=l Ty, e
1 - M, ~
Allxo — %ol

< - - @
T 1-0+4+2T)M,

Hence
x(t) = XOIl < (1= M )(1—M*)7A|s =e.

which completes the proof of the theorem. [

Definition 2. The solution x € C'[0, 7] of the problem (1) and
(3) is called continuously dependent on the coefficients Y ;" ax
if, for every € > 0 there exists §(¢) > 0 such that Y /" | |ax — ax| <
8 implies ||x — X|| < € where x and X are the solutions of the
problems (1) with the condition (3) and (1) with the condition

m

Y @x(w) =x, weT). (16)
k=1

Theorem 3.2. Let the assumptions of Theorem 2.1 be satisfied.
Then the solution of the problem (1) and (3) depends continu-
ously on the coefficients Y ;| ax.

Proof. Since the solution of the problem (1) and (3) is the solu-
tion of the integral equation

x(t) = A<x0 - Zak/ ' y(s) ds) +/ y(s)ds
= 0 0

and the solution of the problem (1) and (16) is the solution of
the integral equation

o m T t
() = A4 (xp — Z ar / () ds) + / Fs) ds
k=1 0 0

Then, for the two corresponding solution x and X we have

x(t) = X)) = (4— Z) xo— A Z a /Tk y(s)ds
k=1 0

o T t
+A4 Z ax f y(s)ds + / (s) — y(s))ds.
o 0 0
(17)

Since

Ay a |
k=1
_m i m i
—AZak/O y(s)ds:AZak/O y(s)ds
k=1 k=1

m

Tk m Tk
—AZak/O y(s)ds+ A Zakfo Y(s)ds
k=1 k=1

Tk

y(s)ds
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m 7 m Tk
—AZ@A,%MHAZ@Ajmm
k=1 k=1

m

_ZZ ax /Tk V(s)ds
k=1 0

m t’(
—AY [0 -Fends
k=1 0

m

+4 (ak—c’fw/k F(s) ds
1 0

+m—%§:@/kﬂmm (18)
k=1 0

Substitute from (18) in (17), we obtain

m

~ ~ Tk ~
X=X =U-A)xg -4 a / ((s) = 5(s)) ds
k=1 0

m 7
— 4 Z(ak—iw/ (s) ds
k=1 0
_om 7
—m—mZ@/jmw
k=1 0
+ [ 0w =Fons

Then
[1x(2) = X(0)||

<14 = Allxol + Tlly =yl + T4 ar — al|[yl|

m
k=1

+ T4 — A

[P+ Ty = ¥l

m
k=1

m
3 a
k=1

ax — il + 14 — A

<14 — Al|x0| + T||?||<|A

)

m
2
k=1

+2Tlly -5l
- m m
< ALA| Y e — dillxol + T14| D |ax — alli7|
k=1 k=1
- m m
+TIALIAIY @ Y la = @lllFl + 2 Ty = 7l
k=1 k=1
m o
<IA4| Y |ax — @l Alxol + 2 TIFID +2 1y 51l (19)
k=1
Now

m 7%
() =y(@) = f(f,Axo _Azak/ y(s)ds
k=1 0
+/ J’(S)dS,J/(l))
0
_f<z,Zx0 —4 Za}/rk V(s)ds
k=1 0

+Ai®w&m>

and

ly(t) = F(0)] < My|A — Al|xo| + M,

m 7%
A Z ak/ y(s)ds
k=1 0
_m 7%
—A4 Z &7(/ y(s)ds
k=1 0

+M T1y(s) = V()| + Mily(s) = ¥(s)l.  (20)

Substitute from (18) into (20), we get

(1) — 5(1)] < My A — Al|xo|

m

>a

k=1

m T
+M1|A|Z|ak—a~k|f 5(s)Ids
k=1 0
Y a

/ 5 (s)lds
k=1 0
+ My Tp(s) — )| + Mi|y(s) — Fs)I.

+ M| 4|

%
/ () = y($)lds
0

m

+My|4 - A

Then

() = Tl < Mi|A — Allxo] + M, T|[7]]
x<|A|Z|ak—ch|+|A—Z|

m
2 a
k=1 k=1

+2M Tlly =yl + Milly = Il

)

Hence
v — 5o = ——AL_
—1-04+2T)M,
x Y lax = @il (|4]1x0] + 2 T|7)). @1

k=1

Substitute from (21) into (19),we get

llx(1) = )l < 141 ) lax — a) (1411l + 2 T1[71])
k=1

2T M |A| “ -~ ~
: D lax — @l (1 Allxol + 2 TIIFI)
k=1

1 —(1+2T) M,

(1-Mpl4l ~ e ~
— (|4 2T : —
< T o (Al + ||y||)k§m x|

Hence

llx(@) =X < (1 = M)(1 = M*)7'14]
x (|Allxol + 2T 17118 = €.

which completes the proof of the theorem. [J

Now for the continuous dependence of the solution of the
problem (2) and (3) with respect to x, and the coefficients
Y i, ar we have the following

Theorem 3.3. Let the assumptions of Theorem 2.3 be satisfied.
Then the solution of the problem (2) and (3) depends continu-
ously on xy.

Proof. Since the solution of the problem (2) and (3) is the solu-
tion of the integral equation
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x(t) = A(xo — Zak /tk y(s) ds) +/ y(s)ds
k=1 Y0 0

and the solution of the problem (2) and (14) is the solution of
the integral equation

m T t

X() = A(fo — Zak/ () ds) +/ y(s)ds.
o= 0 0

Then

l1x(t) = X(0)|| < |4]]x0 — Xol

m
141 lallly = Fl, + 11y = Flle,

k=1
< |Allxo — Xol + 211y — ¥l - (22)
and
y(t) =Y (Ollr, < My T)Allxo — Xol + M2 (1 +2T)|ly — Yz,
M, T|A| | ~|
—————— | X — Xp|-
S1—d+2n)M, 0
Substitute in (22), we get
x() = 01| < Allxo — Fol + ——2 ML 5
X — X Xog — X ———— | X — X
= 0 0 I—(+27)M, 0 0
1-M -
2 |Allxo — Fol.

< —_ -
“1—-(1+2T)M,

Hence

A

X)) =Xl < (1 = Ma)(1 = M™)714]5 = e.

which completes the proof of the theorem. [

Theorem 3.4. Let the assumptions of Theorem 2.3 be satisfied.
Then the solution of the problem (2) and (3) depends continu-
ously on the coefficientsy ;.| ay.

Proof. The proof forward as the

Theorem 3.2. O

straights proof of
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