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1. Introduction 

Problems with nonlocal conditions have been extensively stud-
ied by several authors in the last two decades. The reader is re-
ferred to [1–5] and [6–13] and references therein. 

Consider the two nonlinear differential equations 

dx (t) 
dt 

= f 
(

t , x (t ) , 
dx (t ) 

dt 

)
, t ∈ (0 , T ] , (1)

and 
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dx (t) 
dt 

= g 
(

t , x (t ) , 
dx (t ) 

dt 

)
, a.e.t ∈ (0 , T ] , (2)

with the nonlocal condition 

m ∑ 

k =1 

a k x (τk ) = x o , τk ∈ (0 , T ) . (3)

Our aim here is to study the existence of solutions for the two
problems (1) with the nonlocal condition (3) and (2) with the
nonlocal condition (3) . Moreover, the continuous dependence
of the solutions of the above two problems on x 0 and the non-
local coefficients a k will be studied. 

2. Functional integral equations 

Lemma 2.1. Let 
∑ m 

k =1 a k � = 0 . The solution of the nonlocal prob-
lem (1) and (3) can be expressed by the integral equation 
oduction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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 (t) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

∫ t 

0 
y (s ) ds, 

A = 

( 

m ∑ 

k =1 

a k 

) −1 

, (4) 

here y is the solution of the functional integral equation 

 (t) = f 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 

0 
y (s ) ds, y (t) 

) 

, 

t ∈ [0 , T ] . (5) 

roof. Let dx (t) 
dt = y (t) in Eq. (1) , then we obtain 

 (t) = f (t , x (t ) , y (t )) 

here 

 (t) = x (0) + 

∫ t 

0 
y (s ) ds. (6) 

etting t = τk in (6) , we obtain 

m 

 

k =1 

a k x (τk ) = 

m ∑ 

k =1 

a k x (0) + 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds. (7)

hen 

 (0) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

(8) 

here A = ( 
∑ m 

k =1 a k ) 
−1 . 

And we obtain 

 (t) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

∫ t 

0 
y (s ) ds, 

here y is the solution of the functional integral equation 

 (t) = f 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 

0 
y (s ) ds, y (t) 

) 

, 

t ∈ [0 , T ] . 

By similar way, the following lemma can be proved. �

emma 2.2. Let 
∑ m 

k =1 a k � = 0 . The solution of the nonlocal prob-
em (2) and (3) can be expressed by the integral equation 

 (t) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

∫ t 

0 
y (s ) ds, 

A = 

( 

m ∑ 

k =1 

a k 

) −1 

, (9) 

here y is the solution of the functional integral equation 

 (t) = g 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 

0 
y (s ) ds, y (t) 

) 

, 

t ∈ [0 , T ] . (10) 
.1. Existence of solutions 

onsider the functional integral equations (5) and (10) with the 
ollowing assumptions: 

(i) f : [0, T ] × R × R → R is continuous and satisfies Lipschitz
condition 

| f (t, u 1 , u 2 ) − f (t, v 1 , v 2 ) | ≤ M 1 ( | u 1 − v 1 | + | u 2 − v 2 | ) , 

(ii) g : [0, T ] × R × R → R is measurable in t ∈ [0, T ] for any
( u 1 , u 2 ) ∈ R × R and satisfies Lipschitz condition 

| g(t, u 1 , u 2 ) − g(t, v 1 , v 2 ) | ≤ M 2 ( | u 1 − v 1 | + | u 2 − v 2 | ) , 

and ∫ t 

0 
| g(t, 0 , 0) | dt ≤ N 

(iii) M 

∗ = M 1 (2 T + 1) < 1 
(iv) M 

∗∗ = M 2 (2 T + 1) < 1 . 

Now we have the following theorem 

heorem 2.1. Let the assumptions (i) and (iii) be satisfied. Then
he functional integral equation (5) has a unique solution y ∈
 [0, T ] . 

roof. Define the operator H by 

 y (t) = f 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 

0 
y (s ) ds, y (t) 

) 

, 

t ∈ [0 , T ] . (11)

et y ∈ C [0, T ], then 

 H y (t 2 ) − H y (t 1 ) | 

= 

∣∣∣∣ f 

( 

t 2 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 2 

0 
y (s ) ds, y (t 2 ) 

) 

− f 

( 

t 2 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 2 

0 
y (s ) ds, y (t 1 ) 

) ∣∣∣∣
+ 

∣∣∣∣ f 

( 

t 2 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 2 

0 
y (s ) ds, y (t 1 ) 

) 

− f 

( 

t 2 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 1 

0 
y (s ) ds, y (t 1 ) 

) ∣∣∣∣
+ 

∣∣∣∣ f 

( 

t 2 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 1 

0 
y (s ) ds, y (t 1 ) 

) 

− f 

( 

t 1 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 1 

0 
y (s ) ds, y (t 1 ) 

) ∣∣∣∣
≤ M 1 

∫ t 2 

t 1 

| y (s ) | ds + M 1 | y ( t 2 ) − y ( t 1 ) | 

+ 

∣∣∣∣ f 

( 

t 2 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 1 

0 
y (s ) ds, y (t 1 ) 

) 

− f 

( 

t 1 , Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 1 

0 
y (s ) ds, y (t 1 ) 

) ∣∣∣∣
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which implies that the operator H maps C [0, T ] into itself, i.e.
H : C [0, T ] → C [0, T ]. 

Now, let u, v ∈ C[0 , T ] then we have 

H u (t) − H v (t) 

= f 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
u (s ) ds + 

∫ t 

0 
u (s ) ds, u (t) 

) 

− f 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
v (s ) ds + 

∫ t 

0 
v (s ) ds, v (t) 

) 

and 

| H u (t) − H v (t) | ≤ M 1 | A | 
∣∣∣∣ m ∑ 

k =1 

a k 

∣∣∣∣ ∫ τk 

0 
| u (s ) − v (s ) | ds 

+ M 1 

∫ t 

0 
| u (s ) − v (s ) | ds + M 1 | u (t) − v (t) | ,

then 

|| H u (t) − H v (t) || ≤ M 1 (2 T + 1) || u − v || 
= M 

∗|| u − v || . 
And M 

∗ < 1, which proves that the operator H : C [0, T ] → C [0,
T ] is contraction. 

Applying Banach contraction fixed point [14] , then the func-
tional equation (5) has a unique fixed point y ∈ C [0, T ]. 

Now, consider the nonlocal problem (1) and (3) . �

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied.
Then the nonlocal problem (1) and (3) has a unique solution x ∈
C 

1 [0, T ] . 

Proof. From Lemma 2.1 and Theorem 2.1 , the solution of the
problem (1) and (3) is given by (4) where y is given by (5) . To
complete the proof, we prove that the integral equation (5) sat-
isfies nonlocal problem (1) and (3) . 

Differentiating (4) , we get 

dx 

dt 
= y (t) = f 

(
t, x (t) , 

dx 

dt 

)
Let t = τk in (4) , we get 

m ∑ 

k =1 

a k x (τk ) = 

m ∑ 

k =1 

a k A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

= x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

= x 0 . 

This completes the proof. �

Now we have the following theorem: 

Theorem 2.3. Let the assumptions (ii) and (iv) be satisfied. Then
the functional integral equation (10) has a unique solution y ∈
L 1 [0, T ] . 

Proof. Define the operator G by 

Gy (t) = g 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds + 

∫ t 

0 
y (s ) ds, y (t) 

) 

, 

t ∈ [0 , T ] . (12)

 

Let y ∈ L 1 [0, T ], then 

|| Gy || L 1 = 

∫ T 

0 
| (Gy )(t) | dt 

≤ M 2 

∫ T 

0 

(∣∣∣∣Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

+ 

∫ t 

0 
y (s ) ds 

∣∣∣∣ + | y (t) | 
)

dt + 

∫ T 

0 
| g(t, 0 , 0) | dt. (13)

From condition (ii) we have 

| g(t, u, v ) | −| g(t, 0 , 0) | ≤ | g(t, u, v ) − g(t, 0 , 0) | ≤ M 2 (| u | + | v | ) ,

then 

| g(t, u, v ) | ≤ M 2 ( | u | + | v | ) + | g(t, 0 , 0) | . 

Substitute into (13) , we get 

|| Gy || L 1 ≤ M 2 T | A | x 0 + N T + M 2 (2 T + 1) || y || L 1 . 
Then || Gy || L 1 ∈ L 1 , which implies that the operator G maps
L 1 [0, T ] into itself, i.e. G : L 1 [0, T ] → L 1 [0, T ]. 

Now, let u, v ∈ L 1 [0 , T ] then we have 

Gu (t) − Gv (t) 

= g 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
u (s ) ds + 

∫ t 

0 
u (s ) ds, u (t) 

) 

−g 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
v (s ) ds + 

∫ t 

0 
v (s ) ds, v (t) 

) 

and 

| Gu (t) − Gv (t) | ≤ M 2 

∣∣∣∣ − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
(u (s ) − v (s )) ds 

+ 

∫ t 

0 
(u (s ) − v (s )) ds 

∣∣∣∣ + M 2 | u (t) − v (t) | 

≤ M 2 | A | 
∣∣∣∣ m ∑ 

k =1 

a k 

∣∣∣∣ ∫ τk 

0 
| u (s ) − v (s ) | ds 

+ M 2 

∫ t 

0 
| u (s ) − v (s ) | ds + M 2 | u (t) − v (t) | , 

then 

|| Gu (t) − Gv (t) || L 1 ≤ (M 2 T + M 2 T + M 2 ) || u − v || L 1 
≤ M 2 (2 T + 1) || u − v || L 1 
= M 

∗∗|| u − v || L 1 . 
And M 

∗∗ < 1, which proves that the operator G : L 1 [0, T ] →
L 1 [0, T ] is contraction. 

Applying Banach contraction fixed point [14] , then the func-
tional equation (10) has a unique fixed point y ∈ L 1 [0, T ] such
that y (t) = g(t , x (t ) , y (t )) , a.e.t ∈ (0 , T ] . 

Now, consider the nonlocal problem (2) and (3) . �

Theorem 2.4. Let the assumptions of Theorem 2.3 be satisfied.
Then the nonlocal problem (2) and (3) has a unique absolutely
continuous solution x ∈ AC [0, T ] . 

Proof. From Lemma 2.2 and Theorem 2.3 , we deduce that there
exists a unique absolutely continuous solution x ∈ AC [0, T ] of
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he integral equation (10) . To complete the proof, we prove that
he integral equation (10) satisfies the nonlocal problem (2) and 

3) . 
Differentiating (9) , we get 

dx 

dt 
= y (t) = g 

(
t, x (t) , 

dx 

dt 

)
et t = τk in (9) ,we get 

m 

 

k =1 

a k x (τk ) = x 0 . 

his completes the proof. 
This implies that there exists a unique absolutely continuous 

olution x ∈ AC [0, T ] of the non local problem (2) and (3) . �

. Continuous dependence 

ere we study the continuous dependence of the solution of the 
roblem (1) and (3) 

efinition 1. The solution x ∈ C 

1 [0, T ] of the problem (1) and
3) is called continuously dependent on x 0 if, for every ε > 0 
here exists δ( ε) > 0 such that | x 0 − ˜ x 0 | < δ implies || x − ˜ x || < ε

here x, ̃  x are the solutions of the problems (1) with the condi-
ion (3) and (1) with the condition 

m 

 

k =1 

a k x (τk ) = ̃

 x o , τk ∈ (0 , T ) . (14)

heorem 3.1. Let the assumptions of Theorem 2.1 be satisfied. 
hen the solution of the problem (1) and (3) depends continu- 
usly on x 0 . 

roof. Since the solution of the problem (1) and (3) is the solu-
ion of the integral equation 

 (t) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

∫ t 

0 
y (s ) ds 

nd the solution of the problem (1) and (14) is the solution of
he integral equation 

 

 (t) = A 

( ˜ x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
˜ y (s ) ds 

) 

+ 

∫ t 

0 
˜ y (s ) ds. 

hen, for the two corresponding solutions x and ̃

 x we have 

 x (t) − ˜ x (t) | ≤ | A || x 0 − ˜ x 0 | + | A | 
∣∣∣∣ m ∑ 

k =1 

a k 

∣∣∣∣ ∫ τk 

0 
| y (s ) − ˜ y (s ) | ds 

+ 

∫ t 

0 
| y (s ) − ˜ y (s ) | ds. 

ence 

| x (t) − ˜ x (t) || ≤ | A || x 0 − ˜ x 0 | + T | A | 
∣∣∣∣ m ∑ 

k =1 

a k 

∣∣∣∣|| y − ˜ y || 

+ T || y − ˜ y || 
≤ | A || x 0 − ˜ x 0 | + 2 T || y − ˜ y || . (15) 
ut 

| y (t) − ˜ y (t) || ≤ M 1 | A || x 0 − ˜ x 0 | + M 1 (1 + 2 T ) || y − ˜ y || 
≤ M 1 | A | 

1 − (1 + 2 T ) M 1 
| x 0 − ˜ x 0 | . 

ubstitute in (15) , we get 

| x (t) − ˜ x (t) || ≤ | A || x 0 − ˜ x 0 | + 

2 T M 1 | A | 
1 − (1 + 2 T ) M 1 

| x 0 − ˜ x 0 | 

≤ 1 − M 1 

1 − (1 + 2 T ) M 1 
| A || x 0 − ˜ x 0 | 

ence 

| x (t) − ˜ x (t) || ≤ (1 − M 1 )(1 − M 

∗) −1 | A | δ = ε. 

hich completes the proof of the theorem. �

efinition 2. The solution x ∈ C 

1 [0, T ] of the problem (1) and
3) is called continuously dependent on the coefficients 

∑ m 

k =1 a k 
f, for every ε > 0 there exists δ( ε) > 0 such that 

∑ m 

k =1 | a k − ˜ a k | <
implies || x − ˜ x || < ε where x and 

˜ x are the solutions of the
roblems (1) with the condition (3) and (1) with the condition 

m 

 

k =1 ̃

 a k x (τk ) = x o , τk ∈ (0 , T ) . (16)

heorem 3.2. Let the assumptions of Theorem 2.1 be satisfied. 
hen the solution of the problem (1) and (3) depends continu-
usly on the coefficients 

∑ m 

k =1 a k . 

roof. Since the solution of the problem (1) and (3) is the solu-
ion of the integral equation 

 (t) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

∫ t 

0 
y (s ) ds 

nd the solution of the problem (1) and (16) is the solution of
he integral equation 

 

 (t) = 

˜ A (x 0 −
m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds ) + 

∫ t 

0 
˜ y (s ) ds 

hen, for the two corresponding solution x and ̃

 x we have 

 (t) − ˜ x (t) = (A − ˜ A ) x 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

+ ̃

 A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds + 

∫ t 

0 
(y (s ) − ˜ y (s )) ds. 

(17) 

ince 

 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

− ˜ A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds = A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

− A 

m ∑ 

k =1 

a k 

∫ τk 

0 
˜ y (s ) ds + A 

m ∑ 

k =1 

a k 

∫ τk 

0 
˜ y (s ) ds 
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− A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds + A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds 

− ˜ A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds 

= A 

m ∑ 

k =1 

a k 

∫ τk 

0 
(y (s ) − ˜ y (s )) ds 

+ A 

m ∑ 

k =1 

( a k − ˜ a k ) 
∫ τk 

0 
˜ y (s ) ds 

+ (A − ˜ A ) 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds. (18)

Substitute from (18) in (17) , we obtain 

x (t) − ˜ x (t) = (A − ˜ A ) x 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
(y (s ) − ˜ y (s )) ds 

− A 

m ∑ 

k =1 

( a k − ˜ a k ) 
∫ τk 

0 
˜ y (s ) ds 

− (A − ˜ A ) 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds 

+ 

∫ t 

0 
(y (s ) − ˜ y (s )) ds. 

Then 

|| x (t) − ˜ x (t) || 

≤ | A − ˜ A || x 0 | + T || y − ˜ y || + T | A 

∣∣∣∣ m ∑ 

k =1 

∣∣∣∣a k − ˜ a k ||| ̃  y || 

+ T | A − ˜ A | 
∣∣∣∣ m ∑ 

k =1 

˜ a k 

∣∣∣∣|| ̃  y || + T || y − ˜ y || 

≤ | A − ˜ A || x 0 | + T || ̃  y || 
( 

| A 

∣∣∣∣ m ∑ 

k =1 

∣∣∣∣a k − ˜ a k | + | A − ˜ A | 
∣∣∣∣ m ∑ 

k =1 

˜ a k 

∣∣∣∣
) 

+ 2 T || y − ˜ y || 

≤ | A | . | ̃  A 

∣∣∣∣ m ∑ 

k =1 

∣∣∣∣a k − ˜ a k || x 0 | + T | A 

∣∣∣∣ m ∑ 

k =1 

∣∣∣∣a k − ˜ a k ||| ̃  y || 

+ T | A | . | ̃  A | 
∣∣∣∣ m ∑ 

k =1 

˜ a k 

∣∣∣∣ m ∑ 

k =1 

| a k − ˜ a k ||| ̃  y || + 2 T || y − ˜ y || 

≤ | A 

∣∣∣∣ m ∑ 

k =1 

∣∣∣∣a k − ˜ a k | (| ̃  A || x 0 | + 2 T || ̃  y || ) + 2 T || y − ˜ y || . (19)

Now 

y (t) − ˜ y (t) = f 

( 

t, Ax 0 − A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

+ 

∫ t 

0 
y (s ) ds, y (t) 

) 

− f 

( 

t, ̃  A x 0 − ˜ A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds 

+ 

∫ t 

0 
˜ y (s ) ds, ̃  y (t) 

) 
and 
| y (t) − ˜ y (t) | ≤ M 1 | A − ˜ A || x 0 | + M 1 

∣∣∣∣A 

m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

− ˜ A 

m ∑ 

k =1 

˜ a k 

∫ τk 

0 
˜ y (s ) ds 

∣∣∣∣
+ M 1 T | y (s ) − ˜ y (s ) | + M 1 | y (s ) − ˜ y (s ) | . (20)

Substitute from (18) into (20) , we get 

| y (t) − ˜ y (t) | ≤ M 1 | A − ˜ A || x 0 | 

+ M 1 | A | 
∣∣∣∣ m ∑ 

k =1 

a k 

∣∣∣∣ ∫ τk 

0 
| y (s ) − ˜ y (s ) | ds 

+ M 1 | A | 
m ∑ 

k =1 

| a k − ˜ a k | 
∫ τk 

0 
| ̃  y (s ) | ds 

+ M 1 | A − ˜ A | 
∣∣∣∣ m ∑ 

k =1 

˜ a k 

∣∣∣∣ ∫ τk 

0 
| ̃  y (s ) | ds 

+ M 1 T | y (s ) − ˜ y (s ) | + M 1 | y (s ) − ˜ y (s ) | . 
Then 

|| y (t) − ˜ y (t) || ≤ M 1 | A − ˜ A || x 0 | + M 1 T || ̃  y || 

×
( 

| A | 
m ∑ 

k =1 

| a k − ˜ a k | + | A − ˜ A | 
∣∣∣∣ m ∑ 

k =1 

˜ a k 

∣∣∣∣
) 

+ 2 M 1 T || y − ˜ y || + M 1 || y − ˜ y || . 
Hence 

|| y (t) − ˜ y (t) || ≤ M 1 | A | 
1 − (1 + 2 T ) M 1 

×
m ∑ 

k =1 

| a k − ˜ a k | (| ̃  A || x 0 | + 2 T || ̃  y || ) . (21)

Substitute from (21) into (19) ,we get 

|| x (t) − ˜ x (t) || ≤ | A | 
m ∑ 

k =1 

| a k − ˜ a k | (| ̃  A || x 0 | + 2 T || ̃  y || ) 

+ 

2 T M 1 | A | 
1 − (1 + 2 T ) M 1 

m ∑ 

k =1 

| a k − ˜ a k | (| ̃  A || x 0 | + 2 T || ̃  y || ) 

≤ (1 − M 1 ) | A | 
1 − (1 + 2 T ) M 1 

(| ̃  A || x 0 | + 2 T || ̃  y || ) 
m ∑ 

k =1 

| a k − ˜ a k | 

Hence 

|| x (t) − ˜ x (t) || ≤ (1 − M 1 )(1 − M 

∗) −1 | A | 
× (| ̃  A || x 0 | + 2 T || ̃  y || ) δ = ε. 

which completes the proof of the theorem. �

Now for the continuous dependence of the solution of the
problem (2) and (3) with respect to x 0 and the coefficients∑ m 

k =1 a k we have the following 

Theorem 3.3. Let the assumptions of Theorem 2.3 be satisfied.
Then the solution of the problem (2) and (3) depends continu-
ously on x 0 . 

Proof. Since the solution of the problem (2) and (3) is the solu-
tion of the integral equation 
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[  

[  
 (t) = A 

( 

x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
y (s ) ds 

) 

+ 

∫ t 

0 
y (s ) ds 

nd the solution of the problem (2) and (14) is the solution of
he integral equation 

 

 (t) = A 

( ˜ x 0 −
m ∑ 

k =1 

a k 

∫ τk 

0 
˜ y (s ) ds 

) 

+ 

∫ t 

0 
˜ y (s ) ds. 

hen 

| x (t) − ˜ x (t) || ≤ | A || x 0 − ˜ x 0 | 

+ | A | 
m ∑ 

k =1 

| a k ||| y − ˜ y || L 1 + || y − ˜ y || L 1 
≤ | A || x 0 − ˜ x 0 | + 2 || y − ˜ y || L 1 . (22) 

nd 

| y (t) − ˜ y (t) || L 1 ≤ M 2 T | A || x 0 − ˜ x 0 | + M 2 (1 + 2 T ) || y − ˜ y || L 1 
≤ M 2 T | A | 

1 − (1 + 2 T ) M 2 
| x 0 − ˜ x 0 | . 

ubstitute in (22) , we get 

| x (t) − ˜ x (t) || ≤ | A || x 0 − ˜ x 0 | + 

2 T M 2 | A | 
1 − (1 + 2 T ) M 2 

| x 0 − ˜ x 0 | 

≤ 1 − M 2 

1 − (1 + 2 T ) M 2 
| A || x 0 − ˜ x 0 | . 

ence 

| x (t) − ˜ x (t) || ≤ (1 − M 2 )(1 − M 

∗∗) −1 | A | δ = ε. 

hich completes the proof of the theorem. �

heorem 3.4. Let the assumptions of Theorem 2.3 be satisfied. 
hen the solution of the problem (2) and (3) depends continu- 
usly on the coefficients 

∑ m 

k =1 a k . 

roof. The proof straights forward as the proof of 
heorem 3.2 . �
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