Journal of the Egyptian Mathematical Society (2016) 24, 361-366

Journal of the Egyptian Mathematical Society

Egyptian Mathematical Society

Wwww.etms-eg.org
www.elsevier.com/locate/joems

Original Article

Some constraints of hypergeometric functions to

@ CrossMark

belong to certain subclasses of analytic functions

M.K. Aouf?, A.O. Mostafa *, H.M. Zayed **

@ Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt
b Department of Mathematics, Faculty of Science, Menofia University, Shebin Elkom 32511, Egypt

Received 4 July 2015; revised 3 November 2015; accepted 21 December 2015

Available online 3 February 2016

Keywords

The purpose of this paper is to introduce sufficient conditions for (Gaussian) hypergeo-
metric functions to be in various subclasses of analytic functions. Also, we investigate several mapping

Abstract
Starlike;
Convex; properties involving these subclasses.
k-Starlike;

k-Uniformly convex;
Hypergeometric function;
Hohlov operator

2010 Mathematics Subject Classification:

30C45; 30A20; 34A40

Copyright 2016, Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let A denote the class of functions of the form:

f(2) =Z+ZanZ”, 1
n=2
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which are analytic and univalent in the open unit disc U = {z :
ze€ Cand |z| < 1}. For g(z) € A of the form:

g(Z) =z+ Zg,,z”, (2)

n=2

the Hadamard product (or convolution) of two power series f{(z)
and g(z) is given by (see [1]):

(f*9@) =2+ gz = (g [)). &)

n=2

We recall some definitions which will be used in our paper.

Definition 1.1. For two functions f(z) and g(z), analytic in U, we
say that the function f{z)is subordinate to g(z) in U, and writ-
ten f(z)=<g(z), if there exists a Schwarz function w(z), analytic
in U with w(0) =0 and |w(z)| < 1 such that f(z) = g(w(z))
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(z € U). Furthermore, if the function g(z)is univalent in U,
then we have the following equivalence (see [2]):

J(2) <g(2) < f(0) =g(0) and f(U) C g(U).

Definition 1.2. A function f(z) € A is called starlike of order
a (denoted by S*(«)), if f(z) satisfies the following condition:
zf'(2)
Re
7o

}>a(0§a<1;zeU). 4)

Also, a function f'(z) € A is called convex of order « (denoted
by K()), if f(z) satisfies the following condition:

zf"(2)
S
The classes S*(«) and K(«) were studied by MacGregor [3],

Schild [4], Pinchuk [5] and others. From (4) and (5) we can see
that

Re{1+ }>a(0§a<1;zeU). ®))

f(2) e K(a) < zf'(z) € S*(a). (6)

We denote by S* = §*(0) and £ = K£(0), where §* and K are
the classes of starlike and convex functions, respectively, (see
Robertson [6]).

Definition 1.3. A function f(z) € A is said to be k-uniformly
convex function (denoted by k — UCV), if

()
Jz
=M7o

(k>0; zeU). (7)

Re{l + Zf//(z)}

(@)

Also, a function f(z) € A is said to be k -starlike function (de-
noted by k — ST), if

()
Re{ 7@ }Zk

zf'(2)
/@

—1‘(kZO;Z€U). ®)

The classes of k-uniformly convex functions and k-starlike func-
tions were introduced by Kanas and Wisniowska (see [7,8]).

Definition 1.4 [9, with p=1]. For —1 <4 <B<1, |Al <
% and 0 < o < 1, we say that a function f(z) € A is in the class

R*(A, B, @) if it satisfies the subordination condition:

et f(z) < cosA|:(1 —a)l Az +a] +isin . )

+
1+ Bz
Using the principle of subordination, f{(z) € R*(4, B, «)if
and only if there exists function w(z) satisfying w(0) =
0 and |w(z)| < 1 (z € U) such that

1+ Aw(z)

ir g7 _ _
e"f'(z) = cosk[(l a)il B

+ a] +isinA,
or, equivalently,

(2= 1D

‘Bei*f’(z) "B + A—B)d —ayeosa]| GV (0

For suitable choices of 4, Band «, we obtain the following
subclasses:

(i) R*(—-1,1,a) = R*(«) (0 <« < 1) (see Kanas and Sri-
vastava [10]);
(i) R“(4, B,0) = R*(4, B) (—1 <A<B<l, |\l < %)
(see Shukla and Dashrath [11]);
(iii) R°(—p, B,0) = D(B) the class of functions f(z) € A sat-
isfying the condition

/(@) -1

W‘<ﬂ(0<ﬂflizem),

introduced and studied by Padmanabhan [12] and later
Caplinger and Causey [13];

(iv) R°(—B, B,a) = R(a, B) the class of functions f(z) e
A satisfying the condition

S -1

z — 0

studied by Junenja and Mogra [14].

Also, we note that:
R)\(_:B7 ﬂs (1) = Rk(a’ ﬁ) =
Sz =1
f(z) —14+2(1 —a)e™*cos A

{f(z)eA:

'<l3(|?»|
T
<5;O§a<1;0<ﬂ§1;zeU)}.

The (Gaussian) hypergeometric function , Fi(a, b; c; z) is de-
fined by

o0

n bn
2Fi(a, b; c; z):; Ej;nélinz” (zeU; ¢c#0,-1,-2,...),
where
1 ifn=0,
=1y +D+2)
o y+n—-1) ifneN={1,2 ..}

We note that » Fi(a, b; ¢; 1) converges for Re(¢c — a — b) > 0 and
is related to gamma function by

r'e)l'(c—a—>b)

2F(a,bye; 1) = m~

(11)

Using the (Gaussian) hypergeometric function, consider the
functions

gla,byciz) =z,F(a,b;c;2) (ze V), (12)

hy(a, by c;z) = (1 = wg(a, b; c; 2)]

+pzlgla, by ¢; 2)] (zeU; p=0), (13)

and
Jus(a, by c; 2)=(1 — p+8)lgla, b; ¢; 2)]+(n — 8)zlg(a, b; ¢; 2)]
+udgla, b ;)] (zeU; u,8>0; u=8). (14)

The mapping properties of functions 4, (a, b; ¢; z)and J, s(a,
b; ¢; z)were studied by Shukla and Shukla [15] and Tang and
Deng [16, with p = 1], respectively.



Some constraints of hypergeometric functions to belong to certain subclasses of analytic functions 363

For a function f(z) € A belonging to the class & -uniformly
convex functions, denoted by k — UCV, the following holds (see

[7D:

ja = P2 2 2) (15)

where P, = P, (k) is the coefficient of z in the function

@) =14 P, (16)

n=1

which is the extremal function for the class P(px) related to the
class k — UCV by the range of the expression 1 + ‘f (‘) (z e ).
Similarly, if f(z) € A belongs to the class k- starhke functions
denoted by kK — ST, then (see [8]):

(P1)n-1 (n> 2) (17)

Ianlf( =

Using the Gaussian hypergeometric function ,F(a, b; ¢; z),

Hohlov (see [17]) defined the linear operator 7,5, : A — A by
the convolution
ap (D)) = 2B (@, b ¢;2) % f(2) (f € A). (18)

2. Main results

Unless otherwise mentioned, we assume throughout this pa-
b

per that C\{0} =C*, -1 <4 <B<1, |Al < E’O <a < Lk

>0,u,8>0and pu > 6.

To establish our results, we need the following lemmas.

Lemma 2.1 /9, Theorem 4, with p =1]. A sufficient condition
for f(z) defined by (1.1) to be in the class R*(A, B, o) is

oo

Y _n(+1BDla,| < (B~ A)(1 —a)cosi. (19

n=2

Lemma 2.2 /9, Theorem 1, with p=1]. Let the function
fz)defined by (1.1) be in the class R*(A, B, &), then

] < (B_A)(ln_“)co“ (n=2). (20)

Lemma 2.3 /7]. Let f(z) € A. If for some k, the following in-
equality

oo

1
>_ntn=Dlal = . @1

n=2

holds, then [ € k — UCYV. The number %ﬂ cannot be increased.

Lemma 2.4 /8/. Let f(z) € A. If for some k,the following in-
equality

D+ k(= Dlla,| <1, (22)
n=2

holds, then f € k — ST.

Theorem 2.1. Let a, b € C* and ¢ be a real number such that ¢ >
la| + |b] + 1. Then the sufficient condition for g(a, b; c; z) to be in
the class R*(A, B, ) is that

() (¢ — |al — |b]) [1 |ab] ]
(c—lal =16l =1)

I'(c—laDT'(c — |b])
(B—A)(1 —a)cosr
1
= [ STy ]

(23)

Proof. Since

n bn
g(a,b;C;Z)=Z+Z% 7' (zel),

According to Lemma 2.1, we need only to show that

Zn(l—HBl) ( )n l( )n 1

B— A (1 — A. 24
@ty | = B A —ajcos %)

Since

[(d)nl = (1) (25)

then, the left hand side of (24) is less than or equal to

(|a|)n 1(|b|)n 1
1 B =T.
Z(“')()nl(l)nl ‘
So, we obtain
o (aD -1 (Bt o= (aDn—1 (16D 0
Ty = (1 B
= ')[Z O T <c>n_1<1)n_z}

n=2 n=2

(O (e — al — [bl)
- (1+'B')[r< “lahT (e — 1B])
@ C'(c+ DHI(c—|al—|b| = 1) _ j|
¢ T(c—|aDT(c—|B)
F(C)F(c la] — Ibl)[1 n |ab }
@t T et - - D

= +1B)
—(I+ |B|)~

But this last expression is bounded above by (B—
A)(1 —a)cosir if (23) holds. This completes the proof of
Theorem 2.1. O

Theorem 2.2. Let a, b € C* and ¢ be a real number such that ¢ >
la| + |b| + 2. Then the sufficient condition for h,(a, b; c; z) to be
in the class R*(A, B, ) is that

(T (e — lal - 16])
1 142
r(c—|a|>r<c—|b|>[ 20
(1D (1B) ]
e lal— b= 3
(B—A)(l—a)cosk]
1 .
[ s

|abl
(c—lal —=1bl = 1)

=

(26)

Proof. Clearly h,(a, b; c; z) has the series representation

o (@1 (D,
hu<a,b;c;z)=z+n§[1+u<n—1>]m (zel).
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by Lemma 2.1, it is enough to show that

o0

(a)n—l(b)nfl
1+ [BD|[1 - D]—mF—
;"( +| |>‘[ e = DI

< (B—A)(1 —a)cosA. (27)

Using (25), the left hand side of (27), is less than or equal to

- (IaDn-1(161)n-1
14+ |BD[1 - )]—mF——="1.
;"( 1B + pln = DI = T
Now
= (lal)u1 (1B
Th=0+|B 1 -]—mF——
= (1+] |>L§[ + e = DIZ=
. (a1 (1)1
1 - ]—m7F——
UL e r }

(a1 (1B)n-1
=(1+|B o
e ')LZ; ©n 1D

o]

+(1+2u )Z (an-1(bDn-1 Z (a1 (15D~ 1}

( )n l(l)n 2 3 C)n l(l)n 3
l"(C)F(C— lal — 1b])
={(+|B
(= ')[ laDT (e = 1BD)
2 )@F(c+l)l"(c—|a| b — 1)

I'(c — laDT"(c — 1b])

4 QD2 (18); P+ DT e = lal = b =2) _ 1]
(¢)2 I'(c — |aDT (c — [b])
r(c)F(c lal — 1B])
= (1 B 1 1+2
= d+IBDT |a|)r<c—|b|)[ A
|ab| (lal)> (b)), ]
— (1 B)),
e—lal—16=D) T4 e ja = =2y, U HIED

and this last expression is bounded above by (B— 4)(1 —
a) cos A if (26) holds. This ends the proof of Theorem 2.2. [

Theorem 2.3. Let a, b € C* and ¢ be a real number such that ¢ >
|a|l + |b] + 3. Then the sufficient condition for J,, s(a, b; c; z) to be
in the class R*(A, B, ) is that

I'(e)l'(c — lal — |b])
['(c— laDT(c — |b])
|ab|

[1+(1+2u—26+4u8)

- —8+5u8
X(c—|a|—|b|—1)+('u + 5u8)
(lah)>(161), (lal); (165 ]
X M
(¢ —lal —|b] = 2), (c—lal —|b| = 3);

5[1+

Proof. By means of (14), we obtain

(B—A)(1 —a)cosA:|

28
(I+1BI) @9

Jus(abicizy=z+4 Y [1+ (n—1)(—8+nus)]
n=2
(a)n l(b)n 1 ,1(

_ e V).
Ot Dy )

From Lemma 2.1, we need only to prove that

oo

(@)p—1(b)n-1
Ty = 1+ 1B)|[1 4 (2 = 1) (i — 84+nps) ]| Lt
3 gn( +| |)‘[ + (n—1)(u —5+nus)| O

< (B—A)(1 —a)cosAh. (29)

Using (25), we have

Ty < ) n(l+BD[1 + (1 — 1) (1 = 8)
n=2

(a1 (1B
= Drd= s O

(Ial)n71(|b|)n—l
= R — -1 -4
( +|B|)|:;2n O (Do +n22n(” ) (1 )

SCISICISEN Sy

(lal)n—l(lbDn—l
(c)n 1(1)n 1 n—2

(C)nfl (1 )nfl

.\ (lal)u i (1B
=1+ |B|)|:Z 70?!;”_1‘(('1)'")_1 L (14200 — 25+ 4pu8)
n=2

= (|a|)n 1(|b|)n 1
— 384+ 5ué
L T, T

S (laD) -1 (161 >~ (al) -1 (1B
; L)n l(l)n 3 24 c)n l(l)n 4 :|
T(O)T(c — lal — b))
=(1+|B
(| ')[F(c—|a|)r(c—|b|)

lab| T(¢c+ D)I'(¢c — |a| —

1
(4 20— 26 + 4us) b= 1)

I'(c = laDT'(c — [b])

(laD)» (1B T(c + 2)T(c — |al — [b] - 2)
+ — 8+ 5ué
G "0, T'(c— la)T(c — [B])
40D 0hD; T(e+ (e — lal = [b = 3) _ 1]
()3 I'(c — |a])T"(c — |b])
r<c>r<c lal — 15])
= (1 1 1420 —28 +4us
= (1 +1B) |a|)r()_|b|)[+(+u +4us)
|ab| (la) (1B
_— -5+ 5u8) —mM3M@M@MX =
el - =D T T e - o,
(al)s (1)s ]
§— == [ —(1 B).
e = =3y, | U HIED

The proof now follows by (29). O

Theorem 2.4. Let a, b € C* and ¢ be a real number such that ¢ >
la| + |b| + 2. If the following inequality
I'(e)l'(¢c — lal — |b]) [ 3lab
I'(c = laDT(c — |b]) (¢c—lal = 1b| =1)
(laD)2 (161> }
(c—lal —|b| = 2),
(B—A)(1 — a)cos)\:|

1

[ M YT

<

(30)

holds, then [1,. . (N)(z) maps the class S* to the class R*(4, B, a).

Proof. Since
Uobe(N)](2) = z2F1(a, b ¢; 2) * f(2)

—Z+Z (Cl),, l(b)n 1

z" ).
i (D, e GV
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It suffices to show that

. (@1 (B)n-1
T, = n(l +|B))|—————|la,| < (B—A4)(1 —a)cosA.
/ ; A+ 1BD| =y el < B =)l - )
(31
By making use of (25) and the fact that f'(z) € S* (i.e., |a,| <

nif f(z) € A) (see [1]), we get

(IaDn-1(16Dn-1

2
T D m (4 IB) =t ™

n=2

o0

(|a|)n—1(|b|)n 1
={(+|B
e D[;" @1 (Dys

(|a|)n—1(|b|)n—l
(C)nfl (] )nfl

(|LZ|),1 l(|b|)n 1
(c)n—l (1)n—2

=2
>~ (a1 (1Bt =
=(1+|B
( | |)|:n23: (C)n—l(l)n—3 22:
(lal)n 1(|b|)n 1
+Z (C)n l(l)n 1 :|
_ (|a|>2(|b|)2 (lal + 2), (18] +2),
_(H'B')[ Z 1 2.,

labl ~ (lal + D, (1l + 1) = (laDn(16]),
37
> (c+ D,(1), anl <c>n(1>n}

n=0
(laD)> (1B T(c + T (e — [a] — [b] - 2)
—(1+|B
(] ')[ ©: I'(c — Ja)T(c — |Bl)
3|a7b|F(c+l)F(c—|a| |b| — 1)
¢ T(c—lahT(c— b
M@= lal— 1) 1]
I(c — T (c — 1B])
F@ﬂYc—lm—ﬂbD[ 3lab
= (1 B 1
B e —apre—mn ' T e=fal = 16— D)
(al)> (b)), ]
— = = | —(1 B)).
= lal— b2, ) I TIED

It is easy to see that the last expression is bounded above by
(B—A)(1 —a)cosAif (30) holds. [

Theorem 2.5. Let a,be C* and cbe a real number such
that ¢ > |a| + |b| + 1. If the inequality (23) satisfied, then
[L.. 5. (NI(2) maps the class K to the class R*(A, B, ).

Proof. It suffices to prove that

(a)n—l (b)n—l

O Dy la,) < (B—A)(1 —a)cosir. (32)

> n(1+1Bl)
n=2

By inequality (25) and the fact that f(z) e K (e, |a,| <
1if f(z) € A) (see [1]), we obtain the required result. [J

Theorem 2.6. Let a, b € C* and c be a real number. If, for some
k, the following inequality

(33)

B—A)(1 — A
35(|a|,|b|,Pl;c,1;1>s[1+( )(1 = ) cos ]

1+ |B|

is true, then [I,  [(f))(z) maps the class k —UCV to the class
R4, B, a).

Proof. We need to prove that

o0

Zn(l + |B|) (a)n—l (b)n—l a,

2. O (Dot < (B—A)(1 —a)cosA. (34)

The left hand side of (34), by (25) and the sufficient condition
(15), is less than or equal to

St 4y 4D 0D Poocr _

n=2 (c)rlfl(])nfl n!

Now

_ o (laDu1 (16Dt (P)n-1
T= 41D ) =D D

= (1+|BD[3E(al, bl Pi; ¢, 1; 1) — 1].

From (34), we obtain the required result. [

Theorem 2.7. Let a,b € C* and cbe a real number. If, for some
k, the following inequality

ab| P;
| c' L B+ 116+ LR e+ 1,251)

+3B(lal, 1bl, Py e, 15 1)
(B—A)(1 —a)cosk]
< |1+ )
- [ 1+ B

(35)

satisfied, then [, . ()|(z) maps the class k — ST to the class
R4, B, a).

Proof. It is enough to show that

> n(1+1B)) @Dt gy —aycosr.  (36)
n=2 (C)nfl(l)n—l

The left hand side of (36), by (25) and the sufficient condition
(17), is less than or equal to

= (aD)ur (1D n-1 (P1)n-i
1+|B =T,
2 B -1 =
and
o (JaD)u—1 (16]) 1 (P)ni
Ts = (1 B
= D[; @1 Dt (D2

>~ (a1 (D)1 (P
D By }

i (a1 (1D st (Pt
(C)n-H (l)n (2)11

= (1+|BI)[

n=0
+365(al, D], Pric, 15 1) — 1:|

<1+|B|)'“' !

+(1+ |B|)[3Fz(|a|, Ibl, P e, 1 1) — 1].

sB(lal+ 1,161+ 1, P+ 1;¢+1,2; 1)

Now, the proof of Theorem 2.7 is completed. [
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Theorem 2.8. Let a, b € C* and c be a real number such that ¢ >
la| + |b| + 1. If, for some k, the following inequality

lab|T" ()T (¢ — |a| — |b] — 1) _ 1
I'(c—laDT(c — |b]) T (k+2)’
(37)

(B—A)(1 —a)cosi

satisfied, then [1, p, (f)](z) maps the class R*(A, B, &) to the class
k—UCY.

Proof. By the sufficient condition (21), we need to show that

o0

Zn(n— 1)

n=2

1

(a)n—l (b)n—] <
~(k+2)

n 38
Ot Dy (38)

The left hand side of (38), by (25) and the sufficient condition
(20), is less than or equal to

o0

(lal)u-1 (16D -1 (B — A)(1 — a)cosr
E nn—1)
(@111 n

n=2
(lal) -1 (DD n-1
(c)n—l(l)n—l
|ab| T'(c + T (c — |a| — |b] — 1)
(B—A)(1 —a)cos)»? e —lahFc = 1o)
lab|T" ()T (¢ — |a| — |b] — 1)
I'(c — laDT(c — |b])

(B— A1 — a)cosAZ(n -1
n=2

(B—A)(1 —a)cosr

L if

We note that the last expression is bounded above by o)

(37) holds. O

Theorem 2.9. Let a,b e C* (lal # 1, |b| # 1) and cbe a real
number such that ¢ > max {0, |a| + |b| — 1}. If, for some k, the
following inequality

I'(e)C(c—lal — Ibl)[ k(c— lal —1bl) ]
k+1)— —m78M
Tie—tarie— oy Xt T Qe — b
k(1 —c¢)
S B Hi—weosr T Ga-np—n

satisfied, then [1, . (f)(z) maps the class R*(A, B, &) to the class
k—ST.
Proof. Making use of the sufficient condition (22), it is enough

to prove that

o0

> [+ k) — k]

n=2

(a)nfl (b)nfl

——a, 1. 40
©na (D | = “40)

The left hand side of (40), by (25) and the sufficient condition
(20), is less than or equal to

Z[”(l k) — k](lal)nq(lbl)m (B—A)(1 —a)cosir
n=2 (C)n—l(l)n—l n
_ (@)1 (1)
=B-41-a)1 +k)cos)\; O
> (|a|)n—1(|b|)n—l
—k(B— A)1 —a)coskgm

(a))n-1(16D)n-1
(C)nfl (1),,,1

(B—A)(1 —a)(1 +k)coshy
n=2

—k(B—A)(1 —a)cos)»#(llb)l_l)

5 go (|a|(:i);§,|i|l;1 Do, _ Ul —(;)_(|f>)| - 1)}
= (B0 =)o

: :(1 LR |1[;|(|;||l:|)1>]

—(B-4){1 —a)cos,\[l - %}

By a simplification, we see that the last expression is bounded
above by 1if (39) holds. [

Remark. By specializing 4, Band « in the above theorems, we
will obtain new results for different classes mentioned in the in-
troduction.
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