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1. Introduction

Let A denote the class of the functions of the form

f@ =24 a, (1.1)
k=2
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which are analytic and univalent in the open unit disc U =
{z:]z] < 1}. Let f € Abe given by (1.1) and g be given by

g(z) =z+ Zbkzk. (1.2)

k=2

Definition 1. Let a function f'defined by (1.1) and g defined by
(1.2), the Hadamard product (or convolution) (f*g) is defined
by

(f*9@) =2+ ahi = (g% /)(2). (1.3)
k=2

Definition 2 ([1]). A function f(z) € A is in S”(«), the class

of y-spirallike functions of order & (0 <« < 1, |y| < %), if and

only if

Re{e"y%} >acosy (zeU). (1.4)

We note that S” (0) = S” (the class of y -spirallike functions)
was introduced by Spacek [2] (also see [3]) and S°(0) = S* (see
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Silverman [4]). Further, a function f{z) belonging to A is said to
be in the class C”(«) if and only if

NEAE)
Re{ < 7

We note that C”(0) = C7, the class of functions f(z), for
which zf'(z) is y -spirallike in U introduced by Robertson [5]
and the class C”(«) was introduced and studied by Chichra [6]
and Sizuk [7]. From (1.4) and (1.5) it follows that:

>}>acosy (ze U). (1.5)

f(2) e (a) & zf'(z) € S (a).

Definition 3 [8]. (Subordination Principle). For two functions
f(z) and F(z), analytic in U, we say that f(z) is subordinate to
F(z), written symbolically as follows:

f<FinUor f(z) < F(z)(z e U),

if there exists a Schwarz function w(z), which is analytic in U
with

w(0) =0and |w(z)| < 1(z € U)
such that
f(@

Indeed it is known that

=F(w(z))(zeU).

J@) <F(@)(zeU)= f(0)

In particular, if the function F(z) is univalent in U, we have the
following equivalence

= F(0)and f(U) C F(U).

f(2) < F()(zeU) < f(0)=F(@)and f(U) C F(U).

Dziok and Srivastava [9] defined a linear operator H, (o) :
A — A as follows:

Hyy (o) f(2) =24 ) Dilen)az,

(1.6)
k=2
where
(@1 )k—1--- (g i1 1
r = . k>2).
) = B (D 27

The linear operator H, ((c;)includes (as its special cases)
various other linear operators for example Carlson and Shaf-
fer [10], Ruscheweyh [11] and others.

Forfixed4,B(-1<B<A4<1),0<i<land|y| < 7, we
define the subclass S} (f, g; 4, B) of A consisting of functions /
of the form (1.1) and functions g is given by (1.2), with b, > 0
as follows:

o 2E (f.9)2) 1+ 4z

EfoG) Vg Timy (1.7)
where
2F (. 9)(2) = 2(f %) (2) + 22 (f % 8) (),
and

E(f, () =0-0)(f* @) +rz(f g (2)
From (1.7) and the definition of subordination, we obtain

WEU9E) _ 14400

E(, 9= Vm+ismy,w(z)eg

and hence
HUOE)
F(/.9)()
—| < 1. (1.8)
B gj{ 22 —[B+ (4 — B)cosye ]
We note that:
1) Putting g(z) = 1= and A =0, we have
S§(f. 5 4,B) = SV(A B) (see Aouf[12], with a = 0);
(ii) Putting g(z) 7=:A=0,4=1 and B=—1, we have
Sy(fs =51, 1) = S” (see Spacek [2]);

(iii) Putting g(z) —,A=0, A =1-20(0<a<1) and
B= -1, we have S (fs 71 =20, —1) = 87 (a) (see
Libera [1] and Kwon and Owa [13]);

(iv) Putting g(z) “—,A=1,A=1 and B=—1, we have
ST(f, = 1) = C7 (see Robertson [5]);

(v) Putting g(z) . r=1, A =1-20(0<a<1) and
B=—-1, we thC SV( - = C7(a) (see
Chichra [6] and Sizuk [7])

(vi) Putting g2)=F,2=0,4=(1-2a)8 and
B=-B80<a<l, 0<ﬂ§ 1), we have S” (f, 1= (1 —
2a)B, —B) = S7 («, /3),

(vii) Putting g(z) =
B j—
2a)pB, ﬂ) = Cy(Ol B).

Also we note that:

A_IA_(I—Za)/S and

(i) Putting g(z) =z + Y 00, Ti(a))z*, we have SV (f,z+
k=2 s
Z}c‘iz Fk(al)zk; A, B) = S;: (fs Hq.x(al); A, B)

2(Hy (@) f(2)) 4 22° (Hy (1) f (2)"
(I = M) (Hys (1) f(2)) + Az(Hys (1) f(2))

:{fe A e

+ A4z .
< cosym +isiny,ze Uy,
where H, (o) is given by (1.6);
(ii) Putting g@)=z+ 5 2(”@1&" LGl ym ok where
§ > 0, ¢ > 0 and meNy, we have S/'(f,z+

S (D 4, B) = S (f. 15 AL B)

1+¢

- {f c Aoir FURS@) + A2 U5 f @)
(I =0 U f (@) + rzUffy (o) f(2))
+ A4z .
< cosy T B +isiny,z € U},

where [/} is Catas operator (see [14]);
(iii) Putting g(z) =z+ > 4o, (k+271)zk, where n > —1, we
have S (f,z+ Y5, (k+;’—1)zk; A, B) = S/ (f,D"; 4, B)

2(D"f(2)) + 4222 (D f(2))
(I =)D f(2) + rz(D" f(2))

={feA:eiV

c +Az + isin eU
< cos isiny,z ,
Y148z v
where D" is Ruscheweyh derivative [11] defined by

@ ey oz
D"f(z) = 0l = =y

(iv) Putting g(z) =z+ ) o, k"z¢, where n e N;, we have
SY(f z+ Y2, k"zk A, B) = ST (f. D"; A, B)
(D" f(2)) + 122 (D" f(2))"
(I =2)(D"f(2)) + rz(D" f(2))

* f(2);

={f€A:eiV
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A s _ _ —iy g
ccosy LA iy e U}, <IBE/(f.8)(z) = [(A — B)cosye™ + BIE.(f.£)(2)|
1 + Bz o)

_ _ _ k

where D" is Salagean operator [15] defined by - kX_;(l b Moy (ke = Daybyz

D'f(z) =z+ Zk”akzk; —|—[(4—B)cosye "]z + Z[Bk(l — )+ MO ]aghy ZF

k=2 k=2

(v) Putting  g(z)=z+> 2, (%)mzk, where me N
and ¢ > 0 we have SV(f,z+ Y 1o, (ﬁf)mz";A,B) =
SY(f. 1" 4, B)

2 f(2)) + 2211 (2)"
(1= f@) +2z( f ()

={feA:eiV

Az + isi elU
< —_— in
cosy g, tisiny.z ,
where I" is Cho and Kim operator [16], defined by

oo k—’—g m
Ié"f(z) :Z-}-Z(*) aka.
P 1+¢

Definition 4 [17]. (Subordination Factor Sequence). A sequence
{ck}re, of complex numbers is said to be subordinating factor
sequence if, whenever f(z) of the form (1.1) is analytic, univalent
and convex in U, we have the subordination is given by

Yoaas < [z e Usar = 1).
k=1

(1.9)

2. Main results

To prove our main results we need the following lemmas.

Lemma 1 [17]. The sequence {c};=, is subordinating factor se-
quence if and only if

Re{l+2chzk}>0 (zeU).

k=1

Now, we prove the following lemma which gives a sufficient
condition for functions belonging to the class S} (f, g A, B).

Lemma 2. A function f(z) of the form (1.1) is in the class
SY(f.g A B)if

> (= x4+ M)tk = 1)(1 = B) + (4 — B) cos yla]|by|
k=2

< (A—-B)cosy, 2.1

where =1 < B <A <1,0<x =< 1,ly| < % and by > by(k = 2).

Proof. From (1.7), we obtain
» 2B (f,8)()

e — =
FE(f,8)()

which implies that

ZE (.9 - E(/.9 ()
BE/(f.8)(z) —[B+ (4 — B)cosye 7]E(f,8)(2)

we have

1zF/ (/. &) (2) — E.(f, 8) (2]

1+ Aw(z)

" 4isiny,we
YT+ B T1S0Y-@

<1,

— > (1= A+ 104 — Bycosye™ + Blaghiz"|
k=2

<Y (I=x+ )k — 1) — Bk
k=2
+ (A4 —B)cosy + Bllai|by — (A — B)cosy <0

> (0 =+ MOltk = 1)(1 = B) + (4 — B) cos yl|a|by
k=2
< (A—-B)cosy,

and hence the proof of Lemma 2 is completed. [
Remark 1.

(i) Putting g(z) = =, A =0,4=1and B= —1in Lemma 2,
we obtain the result obtained by Silverman [18] (see also
Singh [3]);

(ii) Putting g(z) = =,2=0,4=1-20(0 <a < 1) and B=
—1in Lemma 2, we obtain the result obtained by Kwon and
Owa [13], Theorem 2.3].

Let us denote by S;”(f,g; 4, B), the class of functions
f(z) € Awhose coefficients satisfy the inequality (2.1). We note
that S;" (f, g A, B) C S (f, & A4, B).

Employing the technique used earlier by Attiya [19] and Sri-
vastava and Attiya [20], we prove:

Theorem 1. Let f(z) € A satisfies the inequality (2.1), and K
denote the class of the convex univalent functions in U. Then for
every h € K, we have

[1 =B+ (A —B)cosy](1+A1)b,
2{[1—B+ (4 —B)cosy|(1 + A)by + (4 — B)cosy}

x (fxh)(z) < h(z)(ze U), (2.2)

and
[1—B+(A4—B)cosy](1+1r)b,+ (A— B)cosy
Re(/(2) >~ [1— B+ (Ad—B)cosy](1+ )b :
zeU). 2.3)
The constant factor [—BE(A=B) cosyl(1+2)by in the

2([1—B+(A—B)cos y1(14+2)by+(A—B) cos y}
subordination result (2.2) can not be replaced by any larger one.

Proof. Let f(z) € S}"(f,g A4,B) and let h(z)=:z+
>, di2* € K. Then we have

1—B+(A4—B)cosy](1+1)b i

[ ( ) cos y1( )by f + 1))

2{[l = B+ (A — B)cosy](1 +1)b, + (A — B)cos y}
B [1—B+ (4 —B)cosy](1+ 1)b,
T 2{[1 =B+ (A — B)cosy](1 + A)b, + (4 — B)cosy)

X (z + Z akdkzk>.

k=2

2.4)

Thus, by Definition 3, the subordination result (2.2) will hold
true if the sequence

{ [1 =B+ (4—B)cosyl(1 +1)b, aA}oo
1

2{[1 — B+ (A — B)cosy](1 +A)by + (A4 — B) cos y (2:3)

k=1
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is a subordinating factor sequence, with a; = 1. In view of
Lemma 1, this is equivalence to the following inequality:

> [l = B+ (4 — B)cosy](1 +1)b, I
Refl +2k§ 21— B+ (A—B)cosy](1 + Mb> + (4 — Bycos y) ¥*
>0(z e U). (2.6)

Now, since
W(k) = (1 — A+ M)[(k — 1)(1 = B) + (4 — B) cos y1bx

is an increasing function of k(k > 2), we have

> [I =B+ (4 — B)cosy](1 4+ 1)b, p
Re{l + ; {1=B+ (4 —B)cosy](1+ Mbr + (4 — Bycosy} ¥* }

[1—=B+(A4—B)cosy](l +r)b,
{[l—B+ (4—B)cosyl(1+x1)by + (4 — B)cosy}z

1
+ {[l =B+ (4 — B)cosyl(1 +1)by + (4 — B)cos y}

:Re{1+

x Y [l =B+ (4 - B)cosyl(l +A)b2akzk}
k=2
_— [1—=B+(A—B)cosy](l +r)b, .
- {1—=B+ (A —B)cosy](1 +Ar)bs + (A — B)cosy}
1
T {1=B+ (A—B)cosy](1 + 1)bs + (4 — B)ycos y}

x Y [1 = B+ (4 — B)cos y](1 + )by lax|r*
k=2
B [1 =B+ (4 — B)cosy]l(1 + A)b,
(= B+ (A—B)cosyl(1+ Mb>+ (A— Bycosy]
_ (A —B)cosy )
{[1 =B+ (A—B)cosy](1 +A)bs + (A — B)cosy}’

>1

g

>0(|z\ =r<l1,|lyl < 3)
where we have also made use of assertion (2.1) of Lemma 2.
Thus (2.6) holds true in U. This proves the inequality (2.2). The
inequality (2.3) follows from (2.2) by taking the convex function
h(z) == =z+ > 5, z5. To prove the sharpness of the con-
p [1=B+(4—B) cosy](1+1)b>
stant 2{[1—=B+(A—B) cos y](14+1)by+(A—B) cos y}

fo(2) € S (f, g A, B) is given by

, we consider the function

(A — B)cosy )

S &) = 2 B A= Beosy [ 110k @7
Thus from the relation (2.2) we obtain
[1 =B+ (A — B)cosy]|(1+1)b, )@
2[1 — B+ (A — B)cos y](1 + A)bs + (A — B)cos y} °
< liz(ze U). (2.8)
It can easily be verified that
min Re{ 21 -8 +[1<; fJigr)(cAos_ yf()lcisxy)]lle : (A/ibi Bycosy) "’)(z)}
_ _%, (2.9)
This shows that the constant

[1—B+(A—B) cos y1(14+1)by . . .
BB oy [T oh T A-Bieoy] 1S the best possible. This

completes the proof of Theorem 1. [

Remark 2.

(i) Putting g(z) =7=,2=0,4=1 and B=-1 in
Theorem 1, we obtain the result obtained by Singh
[[3], Theorem 2.1];

(ii) Putting g(z) ==, 2 =0,4=1-2a(0 <a <1) and
B = —1in Theorem 1, we obtain the result obtained by
Kwon and Owa [[13], Theorem 2.4].

Also, we establish subordination results for the as-
sociated subclasses, C*,C*7(«a), S (a,pB), C7(a,p),
S;(f Hys(en): A, B),  S7(f. I A, B), S;(f. D" A, B),
S (f, D' A, B),S (f,I"; 4, B).

Putting g(z) = =,A =4 =1 and B= —1 in Theorem 1,

we obtain the following corollary
Corollary 1. Let the function f(z) defined by (1.1) be in the class
¥

and suppose that h(z) € K. Then

1+ secy
and
) 3+ 2secy
Re(f(2)) > —m, (zeU).
14secy

The constant factor in the subordination result (2.10)

is the best possible.
Putting g(z) = =, A =1, A=1-2a(0<a <1) and B =

—1in Theorem 1, we obtain the following corollary

34+2secy

Corollary 2. Let the function f(z) defined by (1.1) be in the class
C7 (@)
and suppose that h(z) € K. Then

(1 —a)+secy
m(}‘* h)(z) < h(z)(z € U), (2.11)
and
Re(f(z))>_3(1—a)+25ecy’ e

2[(1 —a) +secy]

(1—a)+secy
The constant factor T a)i2sey

(2.11) is the best possible.

Putting g(z) = =, 2 =0,4= (1 = 2a)p and B= —p(0 <
a < 1,0 < B <1),in Theorem 1, we obtain the following corol-
lary.

in the subordination result

Corollary 3. Let the function f(z) defined by (1.1) be in the class
S (a, B)
and suppose that h(z) € K. Then

1+B8+4+28(1 —a)cosy
2[1+B+4B(1 —a)cosy]

(fxh)(z) < h(z)(ze U), (2.12)

and

1+B84+48(1 —a)cosy

TTT 1280 —ayeosy YU

Re(f(2) >

g 14+B4+28(1—at) cos y
The constant factor A 4B ) cony]

sult (2.12) is the best possible.
Putting g(z) = =, A =1, 4= (1 —2a)p and B=—p(0 <

a<1,0< B <), in Theorem 1, we obtain the following corol-
lary.

in the subordination re-
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Corollary 4. Let the function f(z) defined by (1.1) be in the class
C7(a, B)
and suppose that h(z) € K. Then
14+84+28(1 —a)cosy
2[1+B+38(1 —a)cosy]

and

(2.13)

(f xh)(2) < h(z)(z € U),

14+8+38(1 —a)cosy

Re(f(2) > T1+8+28(1—a)cosy’

(zeU).

. _1+B+2B(1—a)cosy
The constant factor A T38(0a) cosy]

sult (2.13) is the best possible.

Putting g(z) =2+ >0, Thla)zk, () =
w (l)k 1 (k>2), in Theorem 1, we obtain the
following corollary.
Corollary 5. Let the function f(z) defined by (1.1) be in the class
S;ty (fs Hq.s(al); A, B)

and suppose that h(z) € K. Then

[1 =B+ (4—B)cosyl(l+1)Ia(ay)
2{[1—B+ (4 —B)cosy](1 + M)Ty(xy) + (A4 — B)cosy}
X (fxh)(z) < h(z),
(zeU),

in the subordination re-

where

(2.14)
and

Re(f(2))
B [1 =B+ (A—B)cosy](1+ 1) (a;)+ (A — B)cosy
[1 =B+ (4—B)cosy](1+1)I(ar)

’

(zeU).

[1-B+(A—B) cos y](1+1)T (@)
The constant factor z— B+(A-B) cos y](1+ 1)1 (@) (A-Bycosy]
subordination result (2.14) is the best posszb e.
148 (k—1 .
Putting g(z) =z + Y o, (1 T+(e Lebdk= ym ok yohere § > 0; £ > 0
and m € Ny, in Theorem 1, we obtain the following corollary.

Corollary 6. Let the function f(z) defined by (1.1) be in the class
ST(f 1}y A, B)
and suppose that h(z) € K. Then

in the

[1—B+ (A4—B)cosy](l+r)1+ IH)’"
2{[1—B+ (4 —B)cosyl(1+ 1)1+ 1+z)m+ (A — B)cosy}

X (f*h)(z) <h(z), (zeU), (2.15)
and
1—-2B+4 D+ 2)"+A4—-B
Re(f(z))>_( + Ay + DA+ 75"+ ( )‘ el

(1=2B+A)(y + DA + &)

[1—B+(4—B) cos y](142) (1+ 127" .
2{[1—B+(A—B) cos y](1+1) (1+ 12 )"+ (A—B) cos y } mn
the subordination result (2.15) is the best possible.

Putting  g(z) = z+ Y o, (F17N) 2K, where
Theorem 1, we obtain the following corollary.

Corollary 7. Let the function f(z) defined by (1.1) be in the class
S (f.D"; A, B)
and suppose that h(z) € K. Then
[1—B+(A—B)cosyld+1)(1+n)
2{[1 =B+ (A4 —=B)cosy](1 +2)(1 +n)+ (4 — B)cosy}
x (fxh)(z) < h(z), (zeU), (2.16)

The constant factor

n>-—-1 n

and

Re(f(2))
- [1—B+4+(A4—-B)cosy](1+1)(1+n)+ (4 — B)cosy
[1=B+(4—B)cosy](1+1)(1+n)

(zeU).

[1=B+(A—B) cos y](142) (1)
The constant factor 5= B+(A-B) cos y1(1+A)(1+n)+(A—B) cos ]
subordination result (2.16) is the best possible.

Putting g(z) = z + Y 4o, k"zF, where n € Ny in Theorem 1, we
obtain the following corollary.

in the

Corollary 8. Let the function f(z) defined by (1.1) be in the class
S’ (f, D" A, B)
and suppose that h(z) € K. Then
2"[1 — B+ (A — B)cosy](1 + 1)
2{2"[1 = B4+ (A —B)cosy](1 + 1)+ (4 — B)cosy}

x (fxh)(z) < h(z), (ze U), (2.17)
and
. _2”[1—B+(A—B)cosy](l+A)+(A—B)c0sy B
Re(/(2)) > BTl B o AT T e
The constant factor 2[1-B(A=B) cos y](L+2) in the sub-

2{2"[1—=B+(A—B) cos y](14+1)+(A—B) cos y}
ordination result (2.17) is the best possible.

Putting g(z) = z + Z,fozz(l{iﬁ Y"zK where m € Ny and £ > 0 in
Theorem 1, we obtain the following corollary.

Corollary 9. Let the function f(z) defined by (1.1) be in the class
ST(f. 1) A, B)
and suppose that h(z) € K. Then
[1 =B+ (4—B)cosy](1 +1)(1+ )"

142

2{11 = B+ = Bycosy)(1 +m)(1+ 1)+ (4 = Bycosy |

1+¢

x (fxh)(z) < h(z) (zeU), (2.18)
and
Re(f(2))

[1—B+(A—B)cosy](1+k)(1+m) +(A4—B)cosy
- _
[1fB+(AfB)cosy](1+A)(1+m)
(zeU).

[1-B+(A—B) cos y](1+1) (1+ )" in
2([1—B+(A—B) cos y)(1-4+2) (14 117 )" +(4—B) cos )
the subordination result (2.18) is the best possible.

The constant factor
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