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Lot Abstract  The solutions of the space-time fractional diffusion equations and that of the space—
«-Stable distribution; time fractional Fokker-Planck equation are probabilities evolving in time and stable in the sense
Green function; of Leévy. The fundamental solution, Green function, of the space-time fractional diffusion equa-
Similarity variable; tion, is early obtained by using the scale invariant method. In this paper, I use this reduced Green
Feller operator; functions and the scale invariant method to obtain the fundamental solution, Green function, of
Scale invariant method; the fractional diffusion equation and henceforth I obtain the solution of the space-time fractional
Fract%ona] diffusion Fokker—Planck equation, by applying the Billers transformation between the independent spatial co-
equations ordinates of these fractional differential equations. Henceforth, I simulate these solutions in the 3D
for all the possible values of the space and time fractional orders and also for different values of the

skewness.
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1. Introduction Fokker-Planck equations. For this purpose I use both the

concept of the similarity variable and the Billef s transforma-
tion to transform the fundamental solution of both models.
The main job of the similarity variable is to reduce the partial
differential equations to first order differential equations. Then
[ — the functional form of the partial differential is obtained by
* Tel.: +20 1221554921 solving the first order differential equations. Blumen and Cole
E-mail address: entsarabdelrehim@yahoo.com, entsarabdelrehim@ [1] initiated using the similarity variable to obtain a solution to

gmachqm - . . . the heat equation,
Peer review under responsibility of Egyptian Mathematical Society.

The aim of this paper is to produce the simulation of the fun-
damental solution of the fractional diffusion and the fractional
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here ¢ > 0 and is called the diffusion constant. u(x, 7) is a
probability density function and the conditions imposed on
it are u(x, 1) >0,u(+o0,1) =0 and [ u(x,)dx = 1. This
equation describes the diffusion of the free particle, i.e. the
particle diffuses under the action of no force other than those
due to the molecules of the surrounding medium are acting and
its solution is well known as the corresponding Green function
or the fundamental solution.

The same authors in [2] applied the similarity scaling meth-
ods for other differential equations. Gorenflo and Luchko [3]
applied the scale invariant method to find the fundamental
solutions to differential equations having fractional orders. In
their paper the authors firstly introduced the scaling variable
z=xt"7 asan independent variable used to find a special types
of solutions being invariant under a subgroup of the fully sym-
metry group of the space—time fractional differential equations,
STFDE,

DPu(x,t) = aDe" u(x, 1),
t o*x X

u(x,0) =46(x), 0<a=<2, 0<pB=<l, (1.2)
here 6 is the skewness parameter having the restricted values
|0] < min(a, 2 — «). Later, Mainardi et al. [4] obtained the fun-
damental solution (Green function), Gg’ 5(x, 1) of the space-
time fractional diffusion Eq. (1.2) using the similarity variable z.
They discussed many particular values of the fractional orders
«, B and the skewness 6 and gave convergent series for each
case. They discussed in their long paper the scaling property of
the Green function and its relation to the Lévy strictly stable
densities, for = 1, and the reduced Green function, for 8 # 1,
and gave convergent expansions for each case.

Recently, Rodringues [5] followed Gorenflo and Luchko [3].
He used the Banach fixed point theorem and the independent
variable z = xt~7 to study the existence and uniqueness of solu-
tion to the partial differential equation of the fractional orders.
I wish in this paper to complete my previous works on studying
the Fokker—Planck equation

V({vf)_v(§,0)=LFPV(§,T), (13)

with Lpp = %v(;, T) — %;(“)) F(¢) is an external force. I
am interested here in using F(¢) = —b¢ as a linear attraction
force. So far it reads

d(v(, 1)

dc , (g, 0) =8(5).

(1.4)

i( )—ai( ) +b
8tv ¢, T _aagzv ¢, T

If b = 0, then one has Eq. (1.1) having the solution u(x, t) =
ﬁ e~¥'/4an  Consequently by using the Galilei transforma-
tion of the independent variables (¢, 7) to (x — bt, t), then the
solution of (1.4) is v(¢, 1) = u(x —bt, 1) = ﬁ e~ (x=b0?/(an)
with ¢ = 7. I have studied Eq. (1.4) as the space has fractional
order only or the has time fractional order only so I am go-
ing to complete my results obtained in [6] and [7] to obtain the
fundamental solution with both the time and the space have
fractional orders. Therefore, the space-time fractional Fokker—
Planck equation, STFFPE, or as I prefer to call it the son
model, is explicitly written as

d(&v(g, 1)
B _ o
DI ) =a DIV T) b
v, 0)=68(), 0<a<2 0<pB<l. (1.5)

The procedure begins by using the fundamental solu-
tion G, ,(x, 1) of Eq. (1.2), (the mother model), obtained by
Mainardi et al. [4]. The next step to obtain the fundamental
solution of the son model is to use the transformation between
the spatial coordinates (x, ¢) of Eq. (1.2) and (¢, ) of Eq. (1.5),
introduced by Biller et al. [8] for 8 = 1. The new point is that ac-
cording to the inversion of Fourier transformation of the char-
acteristic function of the son model, Eq. (1.5), one can deduce
that the transformation between the two models is also possible
for0 < B < 1.

This paper is organized as follows: In Section 2, I provide
the reader with the needed notations and used symbols. In
Section 3, the fundamental solutions GY g» the Green function,
the similarity variable, and the Bilef s transformation between
the both studied models are given. In Section 4, I give the par-
ticular formulae of the reduced Green functions and the Lévy
stable functions. Finally, Section 5 is devoted to the simulation
of both models for all the different values of «, 8 and 6 with the
interpretation of the results.

2. Definition of used symbols

The used De “ is called the Riesz—Feller pseudo fractional differ-
ential opérator which in Fourier domain reads

F{D f(): k) = —lkl*e " F )

2 (0) f (),

0<a<2,

keR, (2.1)

where 0 < @ <2, 6] < min{a, 2 —a}. —¥?(x) is its symbol
with skewness 0 being restricted to the domain |6] < min(«, 2 —
a), see [15,16]. In the case ¢ = 1

do(x)
1 . .
F{D'¢x); i} # f{ T ,x}.
Since —|k|* = —(k2)*/?, one can set g"‘ = —(—j:z )2 see

[10]. This symbol is the logarithm of the characteristic func-
tion of a-stable probability density. The used D? is the Caputo
ro*

fractional operator which is defined through its image in the
Laplace transform domain as

LIDPf(1); s} = s () =51 £ (0)

—fO)sP2 — o — D O)sP 5> 0,

It is obvious that the Caputo differential operator depends
directly on the initial condition f{0). This is the reason that
makes it suitable for dealing with time differentiation. The prop-
erties of many distributions are easily investigated in terms of
their characteristic functions. In this paper, one needs to use the
characteristic function which is a variant of the Fourier trans-
form of the probability density function p(x) and is defined as

oo

Flp(x); k) = pk) = [ e p(x)dx.

—00



Fundamental solutions of the fractional diffusion and the fractional Fokker—Planck equations 339

This characteristic function belongs to an «-stable distribu-
tion, « € (0, 2], see [9], if and only if it has the form

iwk —clel{1+ip Sw(lkl, )} if a#1,

|
ik —c|K|{1 +i ’Lw(|/<|,a)} if a=1.

Ix]

logp(k) = (2.2)

Here k e R,c>0,u" >0 and |B'| < 1 being the symme-
try parameter. It determines the skewness of the distribution.
B’ = 0 corresponds to a symmetric distribution. ¢ is the scale
parameter. It measures the spread of the samples from a dis-
tribution around the mean. y’ is the location parameter and
explip'k] basically corresponds to a shift in the x-axis of the
probability density function. For 1 < o < 2, u’ represents the
mean and for 0 < o < 1, it represents the median. A stable dis-
tribution is said to be standard if ©' = 0 and ¢ = 1. The used
function w(k, «) is defined as

an’r if a#1, 23)
/) loglk| if @« =1, ’

w(lkl, o) =

Fora =2, w(|k|, @) = 0is the special case of the normal dis-
tribution. According to Feller another definition for the charac-
teristic function of Lévy strictly stable densities is denoted by
Do (ic; 0) and is defined as

he

Pulic; 6) = exp[—Jic|*e T E®)]. (2.4)

The range of the parameters is given as: 0 < o < 2, || <
min {&, 2 — «} and is visualized by the Feller-Takaysau dia-
mond. The relation between the Gnedebko—Kolmogrov and
Feller in the other side is related to the skewness 6 of p, («; ) at
Eq. (2.4) and the skewness 8’ of p, (k; ) at Eq. (2.3) as follows:

L tan (62 sig(x))
B tan(a %)

a#l, 2.5)

with ' =0, ¢ = 1. Using these definitions, one can write the
characteristic function of Eq. (1.2) as

ulic, 1) = Eg(—lic|*t? eM660m/2), (2.6)

where Eg(z) is the Mittag—Leffler function, see [11,12]. So far,
the Fourier-Laplace transformation of Eq. (1.2) reads

S—1

N
W N K € R, (2.7)

ﬁ(/c, s) = s> 0,

and its inverse Laplace transformation gives the characteristic
function of the mother model, Eq. (2.6). Hence fourth in the
Fourier—Laplace domain, see [13], Eq. (1.5), reads

sP=1

VK, s) = e T a0t T

Therefore, the solution of Eq. (1.5) with the space fractional
derivatives @ € (0, 2] and the time fractional derivative 8 € (0,
1] is related to the solution of Eq. (1.2), in the Fourier domain,
by the relation

Yk, 1) = Eg[(—ayl (k) + ibk)t*], (2.8)

and for 8 = 1, it reads
~ _ e @ bary 0 Zsigx)
ik, 1) = exp[ 14 ba(l e )e''z2 ],

where sig(k) is the sign(x). As we see the characteristic functions
of the mother and son models are closely related. Therefore, one
can detect that also the Green functions are related and can be
transformed to each others. In the following section I will ex-
plain this idea in full details.

3. The concept of the similarity properties and Biler’s
transformation

In this section, a survey about the Green function, the similar-
ity variable, and the Biler’s transformation is given. These in-
formation must be in hand before extracting the solutions of
the both studied models. The Green function G(x, s) is the so-
lution of the partial differential equation written in the form
LG(x, s) = 8(x — s) where L is a linear differential operator and
8(x) is the Dirac delta function. Therefore, using u(x, 0) = §(x)
makes it possible to write the solution of Eq. (1.2) in the follow-
ing integral form:

unt) = [~ 6, 0:030= . (3.1)

where Gf(’ s 1) is the Green function or the fundamental solu-
tion. Use Eq. (3.1) and apply the Laplace-Fourier transforma-

tion on Eq. (1.2), you get Gz‘ﬂ(lc, s) = ﬁ(K, s). Using the scaling
properties of the Fourier and Laplace transformations
Fif(ax);k} = a”' [(c/a), a>0,

L{f(bt); s}y = b~ F(s/b), b> 0. (3.2)

Using Egs. (3.1) and (3.2), one can deduce the Green func-
tion as,

Gftﬁ(x, ) = t‘ng’ﬂ(xt‘g), (3.3)

where z = xt~ % is the similarity variable and Ko‘f.ﬂ (xt*g) is a
function to be detected later. I am using here the same notation
of [4] to avoid confusion. Using Eq. (2.1) and its properties, one
can prove that

Go ik, 1) = G y(—ic, 1) = Gl (=K, 1), (3.4)

and Gz‘ﬂ(O, 1) = E4(0) = 1. Biller et al. [8] proved in their pa-
pers that the following transformations occur between the two
independent pairs (x, 7) and (¢, t) of Egs. (1.2) and (1.5) for
B =1, see also [14],

E=x(at+ D7V t=aloglat+ 1), (3.5
or vice versa
1
x==E&e, t=—(""-1). (3.6)
a

Using Egs. (3.5) and (3.6), you can write

v(E, 1) = (at + D u(x, 1), 3.7)
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or using (3.7), you can write
ulx, 1) =e " v&, 1).

Using these transformations, one deduces that every solution
of Eq. (1.2) is a solution to Eq. (1.5). According to Eq. (2.8),
this is truth also in the case B < 1 as the solution is expressed
in terms of the Mittag-Leffler function, Eg(—¢#) which has the
following properties. It exhibits a behavior similar to that of a
stretched exponential for 0 < 8 < 1 and for small values of ¢

8

Py~
B O 557

= exp{—t#/TB+ 1)}, 0kt k1.

(3.8)
Whereas for large ¢, it has the asymptotic representation

sin(Br) I'(B)

Bp(=th) ~ T 1F

, [ — oo. (3.9

4. Particular formulae of the Green functions

The particular solutions of the mother model are given accord-
ing to the special formulae of Kg, 5 (xt*5 ) and the similarity vari-

able z = xt~ & which in accordance are related to the values of
a, B and 6, see [15] and the appendices of [14]. These special
formulae, characteristic functions, are a class of Lévy strictly
stable densities. For ease of writing as 8 = 1, we can replace
the notation K’ | (z) by the Lévy notation L/ (z) which with the
similarity variable is satisfying

Go (x, 1) =1V LY (x/te). 4.1)

The procedure is to use L? (x), then apply Eq. (4.1), you get
the Green function, fundamental solution, of Eq. (1.2). After
that apply the Biler’s transformations, Egs. (3.5) and (3.6), you
get the solution of the son model at Eq. (1.5).

The Gaussian case, the standard diffusion, is for « = 2 and
6 = 0, and is defined as

1

LO(Z) ——exp(—2*/4), z=xt"2. 4.2)

1
N

The Cauchy case is in accordance to « = 1 and 6 = 0 and is
defined as

L(l)(z) = z=Xx/t, 4.3)

241
then apply the previous steps. It is worth to define the singular
Dirac function L} (x) = §(x =& 1).

The Lévy—Smirnov case is in accordance toow = 1/2 and 6 =
—1/2, and is written as

—1/2 e 1/4z
LY@ =z

1/2 ﬁ ?

Fora =1 and 0 < |6] < 1, one has to use the following
special spectral function:

z=x/t% (4.4)

l cos(0m /2)
7 [z + sin(@m /2)]* + [cos (87 /2)]?

L) = —0<z<o00. (4.5

Fig. 1

Special formulae of LY (z).

These special cases of the spectral functions, L(z),
Eqgs. (4.2) and (4.4), are plotted in Fig. 1. Unfortunately, no
closed form expressions exist for general a-stable distributions
other than Cauchy, Gaussian and Lévy-Smirnov. However,
power series expansions can be derived for L (z). Feller [16] has
given convergent and asymptotic power series of LY (z), where
z is the similarity variable. Later, Schneider [17] has corrected
these formulae. The series are given for z > 0 and you can use
the symmetry relation L?(—z) = L;%(z) to determine the be-
havior as z < 0 while the behavior near zero and infinity is given
separately.

First the case 0 < « < 1: this case has three convergent series.
The formulae for —« <60 < «,

7TZ

z= x/tl/"‘, (4.6)

its formulae near the origin but for —o < 6 < «

L) (%(9 —w). z>0,

(1
L) ~ Z< w (6 -w). 20,
4.7)
finally near the origin and for 6 = —«
1 1/2
L« ~l - V- —ay ,—byz1 4.8
« (2) {Zn(l—a)a } e (4.8)
with
2—« a
=7 == @/ (=) _ .
a 20— 1=( o) 1 g

Second the case 1 < o < 2: this case has a convergent series
for any z € R, where z = x/t'/% and two asymptotic representa-
tions corresponding to the value of 6.

Liz) = Z(

|0| <2—-uqa, (4.9)

F(l +n/oz) (7(0 ))

z>0,

foroe. —2 <0 <2—aandz— oo

Le(z)~—2( *°‘)”M in(Z0-w). @10
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Table 1 Used parameters in the calculations.

Case Figure o B 0

L0(2), LY(2), L;/‘2/2(2> Fig. 1 e=l,a=2a=.5 g=1 0=00=0,0=05
Mother model u(x, ?) Fig. 2 a=2 =1 6=0
Son model v(¢, 7) Fig. 3 a=2 B=1 60=0
Mother model u(x, ?) Fig. 4 a=1.0 =1 6 =-0.5
Son model v(¢, 7) Fig. 5 a=1 B=1 0 =-0.5
Mother model u(x, ?) Fig. 6 a=0.5 B=1 6 =-0.5
Son model v(¢, 7) Fig. 7 a=0.5 B=1 6 =-0.5
Mother model u(x, ?) Fig. 8 a=1 B=1 6 =0.75
Son model v(¢, 7) Fig. 9 a=1 B=1 0 =0.75
Spectral L2 (z) Fig. 10 a=08 B=1 0=0
Spectral Lgé(z) Fig. 11 a=0.9 B=1 60=0
Mother model u(x, t) Fig. 12 a=0.75 B=1 6=0.5
Son model v(¢, 7) Fig. 13 o =0.75 B=1 0=0.5
Spectral L{4(z) Fig. 14 a=15 B=1 0 =04
Spectral L‘}ﬁs(z) Fig. 15 o =1.75 =1 6 =0.1
Mother model u(x, t) Fig. 16 a=1.75 B=1 6 =0.25
Son model v(¢, 7) Fig. 17 o =1.75 =1 6 =0.25
Wright function M Fig. 18 a=2 B =0.75

Wright function M Fig. 19 a=2 B=0.5

Mother model u(x, t) Fig. 20 a=2 B =0.75 60=0
Son model v(¢, B) Fig. 21 a=2 B =0.75 6=0
K¢, Fig.22  a=0.75 =075 06=0.5
K¢, Fig.23 a=15 B=15 6=04
Mother model u(x, t) Fig. 24 a=0.75 B =0.75 0 =0.6
Son model v(¢, 1) Fig. 25 o =0.75 B =0.75 6 =0.6
Mother model u(x, t) Fig. 26 a=15 B=15 6=04
Son model v(¢, 7) Fig. 27 a=1.5 B=1.5 60=04
Mother model u(x) Fig. 28 a=2 B =0.75 6=0
Son model v(¢) Fig. 29 a=2 B =0.75 0=0
Mother model u(x) Fig. 30 a=0.75 B =0.75 0=04
Son model v(¢) Fig. 31 o =0.75 B =0.75 0=0.4
Mother model u(r) Fig. 32 a =125 =1 6 =0.5
Mother model u(x) Fig. 33 a=14,a=16,0=1.8 B=1 60=0.5

v(&,T)

Fig.3 Gaussian son model.
Fig.2 Gaussian mother model.

and finally for = « — 2 and z — oo I have listed all the needed convergent series for z > 0 and the
asymptotic formulae but to plot these relations we still need

Lo72(2) ~ Q2 (a — D)o/ @ D)= 1/2ap=hoz 4.11) their values at z = 0 which for 8 = 1 is calculated from the fol-
lowing equations:

where

- 1 0
b= 2% b= (- DD, = % L2(0) =K (0) = — I'(1/a) cos<—”>, 0<a<2 (412
2(a — 1) oa—1 ’ To 2a
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0.3
u(x,t)0.2 5

Fig.5 Cauchy son model.

Fig. 6 Mother, o < 1.

That means, Eq. (4.12) is valid for all values of @ € (0, 2].

The matter with the time fractional is slightly different. In
order to get the solution of Eq. (2.6) as a function of (x, 7), one
needs to use the so called M-function which is a special form
of the so called Wright function, see [18-21]. In [21], Mainardi
has presented the Wright function and the Mittag—Leffler func-
tions and the relation between them in full details. M-function
is defined as

Fig.7 Son,a < 1.

{a=B=1, 6=0.75}

u(x,t)
Fig.8 Mother,a =g =1.
{a=p=1, 6=0.75}
V(él T—)
Fig.9 Son,a=p8=1.
> (=2)"

M =

O = 2 Bt (]

n=0

it _ \n—1
-~ > Er gnysinrpm) = = 0, (4.13)
T (n—1)!

n=1

where 0 < B < 1. The first special case is the time-fractional
diffusion equation having the Green function
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L3 (z) 0=0.8, ©-0.5 L3 (2) a=1.5, ©-0.4
0.2 2
0.15 1.5
0.1 1
0.05 0.5
zZ zZ
1 2 3 4 5 1 2 3 4 5
Fig. 10  Spectral, « < 1. Fig. 14 Spectral, o > 1.
Lo (z) 0=0.9, ©-0.4
Lg (2) a=1.75, ©-=0.1
0.2
0.6
0.15 0.5
0.1 0.4
0.3
0.05 0.2
0.1
1 2 3 4 5
zZ
1 2 3 4 5

Fig. 11  Spectral, o < 1.
a=0.75, ©6=0.5

Fig. 15 Spectral, « > 1.

a=1.75, ©6=0.25

Fig. 12 Mother, ¢ < 1.
a=0.75, ©=0.5

Fig. 16 Mother, o > 1.

1
Gg,ﬁ(x, t) = Et"g/zMﬁ/z(lxl/l‘ﬂ/z), —c0o<x<oo, t>0.
(4.14)
For z — oo, Gg, p(2) is interpreted as a symmetric probability

density function evolving in time with a stretched exponential
decay as

1
Fig. 13 Son,a < 1. G 4(2) = EMﬂ/z(z) ~ az BVDI=B) g pl s 1-P],
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a=1.75,

6=0.25

Fig. 17 Son,a > 1.

M B3=0.75

Fig. 18  Wright fun.

M B3=0.5

Fig. 19 Wright fun.

where
_ 1 _1-8
a—7m>0, b—iﬂ >0

Dealing with both the fractional orders « and g is more com-
plicated. You have to distinguish the cases @ = 8, @ < 8, and «
> . First the case « = B, to calculate the spectral functions and
hence forth the fundamental solutions by using the similarity
variable z = (x/t#/%), you have to use the following formula:

{a=2 , B=0.75, 6=0}

u(x,t)
Fig. 20 Mother, 8 < 1.
V(gr 7:)
Fig.21 Son, g < 1.
Ko 0=0.75, ©=0.6
0.3
0.25
0.2
0.15
0.1
0.05
1 2 3 4 5 ?
Fig.22 K/, a<1.
K () = 1 z"‘"sin[%(a — 9)]
oo 7 1+ 2z0cos[ % (o — 0)] + 22
0<a<2, 0<z<oo. (4.15)

Second the case as @ < B, B # 1 with |6| < &, one has to use
the formula

o B 1 & T+an) . rax —an
K, 5(2) = p ; m 5111[7(9 - Ol)] (=z7%)",
0 <z<oo. (4.16)
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K o a=1.5, ©6=0.4
0.2
0.15
0.1
0.05
1 2 3 4 5 °

Fig.23 K’ ,a>1.

o,

a=p=0.75, ©-=0.6

Fig.26 Mother, o« > 1.

Fig. 24 Mother,a = < 1.

a=p=0.75, ©6=0.6

Fig.25 Son,a =8 < 1.

Third the case as @ > f,1.e. | <« <2with |0] <2 —«, you
have to use the formula

0 _Lmr(l_ak) ki _ _ ok
Kl po) = — ; F(l—ﬂk)sm[ 5 (@ a)]( )
I & I(d—k/)r(+kja) .
t ; KO- o o

k
X |:2l(9 - Ol)] (-2)fz>0 (4.17) Fig. 29 Son, t varies.
o
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u a=p=0.75, 6=0.4

0.35
0.3
0.25
0.2
0.15
0.1
0.05

Fig.30 Mother, ¢ varies.

v a=$=0.75, 6=0.4
250

151\ N

N T = = -

Fig. 31 Son, t varies.
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Fig. 32 Mother, x varies.
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Fig. 33  Son, x varies.

When computing this equation you find that the factor
I'(1 —k/a)I'(1 + k/a) gives infinity of some values of k, and
so you cannot plot this equation. The alternative way is to com-
pute only its asymptotic representation as z — oo, with taking
into consideration that 6 has not any extremal values i.e. for

1 <a<2,thenf < 2 — «, namely

'd+an) . rnm _
0 ) _ _—ayn
Ka,ﬁ(z) Z T+ pn) n[ 3 (] (x)]( z74",
z = 0. (4.18)
If 6 has extremal value, i.e. 6 = —«, for the case 0 < @ < B,
then one has to use for z: 0 — oo the following formula:
1 r(l+an) . -
0 N = il _ a\n
Kl () ~ ZF(1+,3) e ) [CE
z:0 > oo. (4.19)

As in the case 8 = 1, you have to compute this case at z = 0
from a separate formula, namely

K 4(0) =

1 rd/ord -1/ [9”], (4.20)

rad-pgla) O l2a

Now one has all the needed formulae to simulate the fun-
damental solutions of Eq. (1.2) and of Eq. (1.5) for all values
of «, B and 6. One has to be aware of the value of the spatial
coordinates in computing the numerical results.

5. Numerical results

In the following Table 1 lists all the numerical results which I
have calculated to simulate the previous formulae for different
values of the variables «, 8, 0, x, ¢ and t. To plot the spec-
tral function, you have to divide the interval into three intervals
the first is at z = 0, the second is for z — 0, and the third for
z — 00. As you see in the case 1 < o < 2, with |0] <2 — «,
the interval z: 0 — 1 is more stable than in the case 0 < o <
1, with |8| < «a. The results obtained are consistent with all
my previous works. For example in [6,7], I used the finite dif-
ference scheme to find the approximation solution of the son
model. In this paper I used the Green function to simulate the
analytical solution of the mother and son models in 2D and 3D.
There are other authors who also used other methods to simu-
late the space time fractional diffusion processes. For example,
El Danaf [22] studied the numerical solution of the s space—time
fractional diffusion equation by using the spline function. The
author analyzed the stability of the derived difference scheme.
Liu et al. [23] used the method of lines to solve a special form
of Fokker—Planck equation that describe the concentration of
large number of independent solute particles.
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