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1. Introduction

In 1965 [1], Zadeh introduced the fundamental concept of fuzzy
sets. Since Chang introduced fuzzy sets theory into topology
in 1968 [2], Wong, Lowen, Hutton, Pu and Liu, etc., discussed
respectively various aspects of fuzzy topology [3-6].

In 1991-1993 [7-9], Ying introduced the concept of the
fuzzifying topology with the sematic method of continuous
valued logic. In 1994 [10], Park and Lee introduced and dis-
cussed the concepts of fuzzy semi-preopen sets and fuzzy semi-
precontinuous mappings. Also, in 1994 Kumar [11,12] studied
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the concepts of fuzzy pairwise «-continuity and pairwise pre-
continuity and studied the concepts of semiopen sets, semi con-
tinuity and semiopen mappings in fuzzy bitopological spaces.
In 1999 Khedr et al. [13], introduced the concepts of semi-open
sets and semi-continuity in fuzzifying topology.

The study of bitopological spaces was first initiated by Kelley
[14] in 1963. In 2003 Zhang and Liu [15], studied the concept
of fuzzy 6,; j-closed, 6; ;,-open sets in fuzzifying bitopological
spaces. Also in [16], Gowrisankar et al. studied the concepts of
(i,j)-pre open sets in fuzzifying bitopological spaces.

The structure of this paper is organized as follows: In
Section (3) we study fuzzy continuity, open mapping in fuzzi-
fying bitopological spaces and we introduce some results. In
Section (4) we study a-open set in fuzzifying bitopological
spaces and we introduce the relationship between this set and
preopen (resp. semiopen) sets. In Section (5) we define the con-
cepts of semicontinuity, «-semicontinuity in fuzzifying bitopo-
logical spaces and study the relationship between them. In
Section (6) we define the concepts of fuzzy semiopen mapping,
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«-open mapping, preopen mapping in fuzzifying bitopological
spaces and study the relationship between them.

2. Preliminaries

Firstly, we display the fuzzy logical and corresponding set-
theoretical notations used in this paper:

(1) A formula ¢ is valid, we write = ¢ if and only if [¢p] = 1
for every interpretation.

(2) [-e] =1 —[a][a A B] = min([e],[8]).[« — B] =
min(1,1 — [o] +[B]),

[Vxa(x)] = inficx[a(x)], where X is the universe of dis-
course.

3) [ v B] = [~(—aA=B)]; [ < B] == [(@ —
BYA (B = a)lExa ()] = [(Vx—a())
[ACB] = [Vx(x €e4— x €B)] = inf,cymin(1,1— 4
(x)+ B (x))i[4 = B] := [(4SB) A (BEA)].
;1 s Z?e J(X) and J(X) is the family of all fuzzy sets in X.

4 [@AB] = [~(a — —p)] = max(0,[a] + [B] — 1);

[@VAB] := [-a — B] = min(1,[e] + [B]).

Secondly, we give the following definitions which are used in
the sequel.

where

Definition 2.1 [7]. Let X be a universe of discourse, P(X') is the
family of subsets of X and 7 € J(P(X)) satisfy the following
conditions:

(1) t(X)=1land t(¢) = 1;
(2) forany 4,B,t(AN B) > t(A) A t(B);
(3) forany {4, : 2 € ALt(U;cndi) = NyeaT(A2).

Then 7 is a fuzzifying topological space.
Definition 2.2 [7]. Let (X,7) be a fuzzifying topological space.

(1) The family of all fuzzifying closed sets is denoted by F €
J(P(X)), and defined as follows: A € F .= X ~Ad e,
where X' ~ A is the complement of 4.

(2) The neighborhood system of x € X is denoted by N, €
J(P(X)) and defined as follows:

Ni(4) = Sup, e 47(B).

(3) The closure c/(A) of A C X is defined as follows:
cd(A)(x) =1 = N(X ~ A4).

(4) The interior of 4 € X is denoted by int(A) € I(P(X))
and defined as follows: int(A) = N, (A4).

Definition 2.3 [9]. Let (X,7) and (Y ,0) be two fuzzifying topo-
logical spaces.

(1) A unary fuzzy predicate C € J(YV), called fuzzy conti-
nuity, is given as follows:
feC :=VYuueo— ' er). ie,

= ueiII}(f;’) min(1,1 — o ) + 7 (f~ ).

(2) A unary fuzzy predicate O € J(Y?), called fuzzy open-
ness, is given as follows:
feO  :=VYuuer— f(u) €eo).lie.,

O(/) = inf. min(L1 = 7(0) +0(f@)).

Definition 2.4 [15] . Let (X,7;) and (X,7;) be two fuzzifying
topological spaces. Then a system (X,7;,7,) consisting of a uni-
verse of discourse X with two fuzzifying topologies 7; and 7, on
X is called a fuzzifying bitopological space.

Definition 2.5 [17]. Let (X,71,72) be a fuzzifying bitopological
space.

(1) The family of all fuzzifying (i,j)-semiopen sets, denoted
by st ;) € J(P(X)), is defined as follows:
Aest; = Vx(xe A— x ecl;(intj(4))),ie,
57,y (A) = infie ¢l (int;(A)) (x).

(2) The family of all fuzzifying (i, j)-semiclosed sets, denoted
by sF ;) € J(P(X)), is defined as follows:
A€ SF(I"]*) = X~A4de ST(ijy-

Definition 2.6 [17]. Let (X,7y,72) be a fuzzifying bitopological
space and x € X.

(1) The (i,j)-semi neighborhood system of x is denoted by
sN®) € 3(P(X)) and defined as
AesN" := AB(Be st ; AxeBC A),ie,

SN (A) = sup,cpe 45T, (B).

(2) The (i,j)-semi derived set sd; ;,(A) of A4 is defined as fol-
lows:

x €sdij(Ad) = VBB e sN™ — BN (4~ {x}) #
é),
i.C., Sd(,'.j) (A)(X) = inme(AN(x)):(p(l — SNg’j) (B))

(3) The Fuzzifying (i,j)-semi closure of 4 C X, is denoted
by scl(; j,(A) and defined as follows:
xesclip(Ad) ;= VB(BD2A)A(BesF ;) — xe
B),

i.e, scl i ) (A)(x) = infygpou (1 — sF ) (B)).

(4) The (i,j)-semi interior of 4 € X is defined as follows:
sint ;) (A)(x) = sN&(A4).

(5) The (i,/)-semi exterior of A C X is defined as follows:

X € S@Xl‘(,',j)(A) = Xec Sl.nt(,',j)(X ~ A), i.e.,
S(:’xl(,'!j)(A)(X) = Sl.}’ll‘(i’j)(X ~ A)(X)

(6) The (i,/)-semi boundary of A C X is defined as follows:
X € Sb(,',j) (A) = (x ¢ Sl.}’ll‘([’j) AN (x ¢ Slhi’ll‘(,',j) (X ~
A4)),
ie., sb j(A)(x) = min(1 — sint ; j(A)(x),1 —
Sl’nt(,"j)(X ~ A)()C))

Definition 2.7 [16]. Let (X,71,72) be a fuzzifying bitopological
space. The family of fuzzifying (i,j)-preopen sets, denoted by
DT ) € I(P(X)), is defined as follows:

A e prij = Vx(x € A — x einti(cl;(4))).1e,

Pprij(A) =infcyint;(clj(A))(X).

Definition 2.8 [16] . Let (X,71,7;) and (X,01,02) be two
fuzzifying bitopological spaces. A unary fuzzy predicate
PC jy € J(YX), called fuzzy precontinuity, is given as follows:
PCiH(f) == Yv(veo; — f7L(v) € prajy). ie,

PCi,(f) = Vei}r}(fy : min(1,1 — o;(v) + pri (' ().
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3. Continuous mapping and open mapping in fuzzifying
bitopological spaces

Theorem 3.1. Let (X,t) and (Y, o) be two fuzzifying topologi-
cal spaces.

If f:(X,1)— (Y,0), then = f € C < Yv(f '(int(v))
int (f~1(v)).

Proof. From Theorem (2.1) in [9], we have

Vv(f (int (v))  int (f~' ()]
= inf inf min(1,1 — =" (int () (x) + int (f~ () (x))

veP(Y) xeX
= inf inf min(1,1 — int (V) (f (X)) + int (S~ (v))(x))
veP(Y) xeX
_ . . . _ A —1
= dof " inf min(1,1 = Nyeo (v) + Ne (/7))
= [VwWx(v € Ny = f1(v) € Nyl
=[fecCl. O
Theorem 3.2. Let (X,1) and (Y ,0) be two fuzzifying topological
spaces.

If f: (X,v) — (Y,0) is a fuzzy open mapping, we set

(1) fe O = Yuvx(f~'(v) € Ny > v € Nyy));
(2) f€0* == Yu(f~ () Se(f (V)
(3) f € 0 := Yu(int(f~'(v)) C f~(int(v)));
(4) [ € 0" == Yu(f(int(u)) C int(f(u))).

Then = O(f) < O'(f),n=1,2,3,4.
Proof.

(1) Firstly, we prove that [f € O] > [f € O']. It is clear that
for each u C X, there exists v C Y, such that v = f'(u),
then u € f~'(v). Therefore

[/ eOl= ueilgl(g) min(1,1 — 7 (u) + o (f(w)))

= inf min(l,1 —infN,(u) + inf Ny,
ueP(X) ( IntN. () oerw 70 (f (w)))

> inf  min(1,1 —infN,(f~'(v))
ueP(X),v=f(u) Xeu
+ ifelfo(x) )
. . . o ~1
> Vellr}(fn ,i?;g min(1,1 — N, (f7 (v))

+Nrw() =[f € 0'].

Secondly, we prove that [f € O] < [f € O']. It is easy to
show that if N, (f~'(v)) < Ny (v), then the result holds.
For the case N, (f~'(v)) > Ny (v); from Lemma (1.2) in
[9], we have that x € A € f~'(v), then f(x) € f(4) Cv.

So

N(f')) = Nywy() = sup  1(4)— sup o (B)
xed<f=1(v) f(x)eB<y
< sup  (t(4) —a(f(4))).
xeA<f~1(v)

So,

min(1,1 = No(f 7' (1) + Ny ()

> inf  min(l,1 — 7(4) + o (f(4)))

xedC /=1 ()

> ugi?(go min(1,1 —t(u) +o(f () =[f € O].

Hence
[f € O'] = infycxinf,cpyymin(l,1 — N.(f~'(v)) +
Nyw) = [f € O].

(2) Now to prove that [/ € O*] =[f € O'], we show that

FH ) x) = e (f T ) (x)
=cdW)(f(x) = (f )
=1— Ny ~v) = (1 =N(X ~ ')
=N(fT' (Y ~v) = Ny (Y ~ ).
Therefore
[f € O] =[Vv(/"N(cd(v) S e (f ("))]
= inf inf min(1,1 — £~ (")) (x) + (7 (1)) (x))

veP(Y) xeX

o . - Sy
—Velirg(fy);gmm(l,l N.(f7 (Y ~v)

+Ns(Y ~ )

_ . . . _ i 71 .
= inf gel)gmm(l,l Ne(f 7' ) 4+ Ny (w))

=[fe 0"
(3) We prove that [/ € O] =[f € 0'], as follows

[f € 0% = [Vv(int (f ' (v)) [~ (it (v)))]
= inf inf min(1,1 — int(f~' (v))(x)

veP(Y) xeX
+ £ (it (v)) (x))

_ . . . _ . _1
= va»‘(fY) ig}‘ min(1,1 —int(f~ (v))(x)

+int(v)(f(x)))

_ . . . _ 71
= vel}»l(fm ig min(1,1 = N.(f 7 (V) + Ny (v))

=[fe0'

(4) We now prove that [/ € O*]=[f € O°]. Note that,
for every vCY, we have [f(f'(v)Cv]=1L
So [int(f(f~'(v))) Cint(v)]=1. Therefore from
Lemma (1.2) in [9], we have [/~ '(int(f(f~'(v)))) C
f~(int(v))] = 1. Furthermore
lint(f~'(v)) S [~ (fGine(f~ (»)))] = 1. So
lint(f~ () S £~ (int (v))]

>[N (f o) € fH ()]
> [N (o)) S ST e (F )]
> [f(nt(f7 ) S int (F (ST )]

Therefore
[fe Ol = inf lini(/~ () < /" (it (V)]
= dnf [f Gnt (f71 ) S int (/71 O)]

Ve

> dnf [f (i) < int(f@)] =1/ € O]

Now, for each u C X, there exists v C Y, such that
f(u) =v,thenu € f~'(v). Hence
lint (/7' () € 7" (it ()]
< [int(u) < [~ (int (f (w)))]
< [fGnt ) S f(f~" Gt (f @))))]
< [fGnt(u)) < int(f(u))].
Therefore

[f e 01 = inf [f (int @) < int (/@)
inf [ine(f71(0) € 7t (0)]

T ueP(X).v=f(u)
= dnf lin(f ) < [Tl =1/ € 0. O
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Definition 3.1. Let (X, 71, 12) and (Y, 01, 02) be two fuzzifying
bitopological spaces. A mapping f : (X, 1, 2) — (Y, 01,02)
is said to be pairwise fuzzy continuous (resp. pairwise fuzzy
open) if f: (X, 1) = (Y,01) and f: (X, 1) = (Y,02) are
fuzzy continuous (resp. fuzzy open).

Theorem 3.3. Let (X, 1, 1) and (Y, 01, 02) be two fuzzifying
bitopological spaces. If f: (X, 1, 12) — (Y, 01, 07) is pairwise
fuzzy continuous and pairwise fuzzy open mapping. Then for each
A€ P(X)and B € P(Y), we have

(1) EAest;; — f(A) €soqj;
() E Besoi ) — f~UB) € stu,).

Proof.

(1) From Theorem (2.1) in [9], Lemma (1.2) in [9] and part
(4) of the above Theorem 3.2, we have
[4 € st4 ;] =[A4 € cl;(int;(A))]
< [f(A) € f(cl;(int;(4)))]
< [f(A4) € d;(f(inti(4)))]
< [f(A4) € d;(int;(f(A)))]
= [/ (4) € 5o, ]

(2) From Lemma (1.2) in [9], Theorem 3.1 and part (2) of the
Theorem (3.2), we have

[B € soi ;] =[B C cl;(int;(B))]
< [/7'B) < [7!(cl;(int:(B)))]
< [f7'(B) S c;(f " (int:(B)))]
< [f7"(B) € cl,(int;(f~"(B)))]
=[f'(B) € st )] O

4. a-open set in fuzzifying bitopological spaces

Definition 4.1. Let (X, 1, 7,) be a fuzzifying bitopological
space.

(1) The family of all fuzzifying «; ;-open sets, denoted by
at; ;) € J(P(X)), is defined as follows:
Aear;) = Vx(x € A — x € int;(cl;(int;(A)))),
Le., at j)(4) = inficqint;(cl;(int;(4)))(x).

(2) The family of all fuzzifying «; ;-closed sets, denoted by
al; ;) € J(P(X)), is defined as follows:
Aecal;; = X ~A4car;)).

Lemma 4.1. Let (X, 11, 1) be a fuzzifying bitopological space
and A C X. Then

(1) =X ~ (int;(cl;(int;(A)))) = cl;(intj(cl;}(X ~ A)));
(2) ': X ~ (Cl,(lnl]((l,(A)))) = l’}’l[,‘(Clj(l’}’ll,‘(X ~ A)))

Proof. It is obvious. [J

Theorem 4.1. Let (X, 11, 1) be a fuzzifying bitopological space.
Then

) EAcar;;) < Vx(xed— 3IB(Beat;jAxeBC
A);
(2) E A eal, ) < Vx(x € ci(int;(clj(4)) — x € A).

Proof. It is similar to the proof of Theorem (3.4) [17]. O

Theorem 4.2. Let (X, 11, 1a) be a fuzzifying bitopological space
and A C X, then

(HEAden— Acar);

(2) E=A4e AT j) —> Ae Pt s

B)EAe aTij) —> Ae ST(i )5

4 BEAecoar) < A€ pro) NA € stg,.

Proof.

(D [Aen]=[4Cint;j(A)] <[4 € cl;(int;(A))] < [int;(4)
C int;(cl;(int;(4)))]-
Therefore [Ae]=[A4Cint;(A)] =[A Cint;(A)] A
lint;(A) € int;(cl;(int;(4)))] <[4 €
ll’ll,(Cl/(H’l[,(A)))] = [A € OC'L'(,‘J')].
(2) Since [int;(A) € A] = 1, then
[4 e Oll’(,‘,j)] =[4C inti(dj(mti(A)))] <[4c
int;(cl;(A))] = [4 € pripl-
(3) It is similar to (2).
(4) From Definition 5.3 [7], we have
[A S S'L'(,'_j)] = [A g Cl](ll’ll,(A))]
< [el () € cl (el y(int;(4)))]
< [el(A4) € cl (int,(4))]
< [inti(cl j(4)) S int;(cl j(int;(4)))].
Now

[A € DPTa.j) NAe Sf(l’_j)]
<[4 C inty(cl;(A)) A inti(cl j(A)) € int(cl (int;(4)))]
<[4 Cint;(cl;(int;(A4)))]
= [A S Ol‘[(,',j)].
Conversely from (2) and (3) above, we have
[A € Olr(i,j)] = [A SHATRIRA A e ST(I'V]')]. O
Remark 4.1. Tt is clear from the above Theorem that the follow-
ing implications are true:
ST(i.)

Ti — QT(j)

PT(i.j)
The following examples show that generally the reverse of
these implications need not be true.

Example 4.1. Let X = {a,b, ¢}, B={a, b} and 1,7, be two
fuzzifying topologies on X defined as follows:

1 if 4 e{¢, X, {a}},
11(4) =1{3/4 ifAde{{c}, {a c}}, ,
0 if o.w.
1 if 4 € {¢, X},
n(d) = 11/2 ifA={c,
0 if o.w.

We have, ¢/, (int(B))(a) = cl,(int{(B))(b) = 1, cl,(int,(B))(c)
=1/2, so stupB)=1 and int|(cl,(int;(B)))(a) =
1, inty(cly(int (B)))(b) = 1/2, inty (cly(int (B)))(c) = 1/2,
SO (XT(]YZ)(B) = 1/2
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Therefore  s712(B) € a1, (B), 2t (B) € 71 (B) and
ati(B) € ©(B).

Example 4.2. Let X ={a,b, ¢}, B=1{a, b} and 11, 7, be two
fuzzifying topologies on X defined as follows:

1 if 4 €{p, X},
1(d4)=11/4 ifA4d={c}, s
0 if o.w.

1 if 4 €{p, X, {a}},
() =13/4 it A4 e {{c}, {a, c}},

0 if o.w.

We have, int|(cl>(B))(a) = int,(cl>»(B))(b) = int|(cl,(B))(c) =
1/4, SO p‘E(Lz)(B) =1/4 and clr(int;(B)) = o,
inty(cl,(int1(B))) = ¢, s0 aty 2 (B) = 0.

Therefore pr(12)(B) € a2 (B).

5. Semicontinuity and «-continuity in fuzzifying bitopological
spaces

Definition 5.1. Let (X, 7y, 1) and (Y, oy, 0,) be two fuzzifying
bitopological spaces.

(1) A unary predicate SC; ;, € (YY), called fuzzy semicon-
tinuity, is given as follows:
f€SCij =Yv(veo — [~1v) €sti ). le,
SCj(f) = infiepiyymin(l, 1 — 0;(v) + s7(;,) o).
(2) A unary predicate aCy ) € J(YY), called fuzzy o-
continuity, is given as follows:
feaCij :=VYv(veo,— 1) € aty ). e,

aCij(f) = vei}r)l(fy)min(l, 1 —0;(v) + a1 ) (f 7 (1)).

Remark 5.1. It is clear from Theorem 4.2 and above Definition
that the following implications are true:

SC(I-])
Ci — aluy)

PG

The following examples show that generally the reverse of
these implications need not be true.

Example 5.1. For X = {a, b, ¢}, let 71, 12, 1 and y, be four
fuzzifying topologies on X defined as follows:

1 if 4 e{¢, X, {a}},

1(d4) =133/4 ifde{{c, {a c}}, .
0 if o.w.
1 if 4 e, X},

) =11/2 if4=/{c},
0 if o.w.

1 ifA4 e o, X, {a, b}},
nd) = 0 ifow. '
1 if 4 € {¢, X, {a, b}},
y(4) =141/2 ifA={a},
0 if o.w.

Consider the identity function f from (X, 1, 7) onto
(X, y1, v2)-
Then Cy(f) = inf,eprymin(l, 1 — 1 () + 1 (/' (1))).
Note that if v=X or ¢ or y;(v) =0, then min(1, 1 —
() + 1 (f~1(v))) = 1, that is rejected, since we are looking
for infyeporymin(l, 1 — y1(v) + 7 (f 7' (1)).
Therefore
Gi(f) =min(l, 1 =y ({a, b)) + 7 (/' ({a, b)) = 0.
Similarly G, (f) =0, SC ) (f) = 1 and aC 5 (f) = 1/2.
Therefore O[C(LQ) )¢_ Cl, O[C(LQ) )¢_ C2 and SC(]_z) SZ OlC(Lz).

Example 5.2. For X ={a, b, ¢}, let 11, 12, 1 and y, be four
fuzzifying topologies on X defined as follows:

1 if4 € {¢, X},
11(4) = 11/4 ifA = {c}, ,

0 if o.w.

1 if4 € {¢, X, {a}},
Ta(A) = 1374 if4 € {{c}, {a, c}},

0 if o.w.

1 ifA e (¢, X, {a, b)),

nid) = 0 ifow. ’

1 if4 € {¢, X, {a, b}},
r(Ad) ={1/4 ifd={a},

0 if o.w.

Consider the identity function f from (X, 1, ) onto
(X, %1, %2). Then aC1 5 (f) =0, PC 5y (f) = 1/4.
Therefore PC1 2 € aC ).

Definition 5.2. Let (X, 1y, 12), (Y, 01,02) be two fuzzifying
bitopological spaces. For any f € Y*, we define the unary fuzzy
predicate SC'(’,.,/.) e J(YY), wheren=1,2,...,10, as follows:

(1) f€SCl ;=Y eF— ['(v) €sF):

(2) f € SCy ) = Vx(v € Ny — () € SN
3 f E.SC?L/’) =VxVv(v € N}',(x) - Ju(fu) Sv—uc
SNED)):;

(4) [ € SCy ;) = Yu(f(scli W) S cl;i(fw))):

(5) f € SC, ;= Vv(scl i (f71 () S £~ eli(0));

(6) [ € SC, ;) = Yu(f(sh;yw) S f(u) Ubi(f(w))):
(7 fe SCZ[_/’) = Vv(f~ (int;(v)) € Sint ; ) 'm));

(8) f € SCE, ) = Yv(f~ " (ixt;(v))  sixt ;) (f~' ()));
9) f € SC ;) = Yu(f(sd ;W) S fw)Udi(fw));

(10) f € SCY}, :=VxVS(S € N(X) AS>, , x = [0S
JAE))

Lemma 5.1. Let A € P(X) and B, C € J(X), then
EBC AU C<>BUA C AU C.

Proof. Itis clear. O

Theorem 5.1. Let (X, 1, 0), (Y,01,02) be two fuzzifying
bitopological spaces and f € Y*. Then
() EfeSCuj <« feSC, . .n=12,...,9;

0.
) = feSCiy— feSCY,.
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Proof.

1)
(a) We now prove that [/ € SC; )] =[f € SC%,-J)].

[f € SC, )]
vei}r)l(fy)min(l, 1= EO0) +sFq ) (f~ ()

inf min(1, 1 —o;(Y ~v) + 575 ,(X ~ f71(v)))
veP(Y)

1 1 f— . ~ PR 7' ~
vel;l(fy)mln(l, I —o0;(Y ~v) 4515, (f (Y ~ 7))

=i i — o e
= Inf min(1, 1= 0i(0) +576,5,(/ ' (1))

=[f € SCipl » ,
(b) We prove that [/ € SC; ] = [f € SC; ;]

[f e SC?,-,,-)] = inf.cyinf,cpyymin(l, 1 — N;-(x)(V) +
SN (£1 ).

Firstly, we show that [f e SC, ;] <[f e SC;, 1. If

(@@.J)

Njy) < sNGD(£=1(v)), then the result holds. Now
suppose Ni (v) > sNU/(f~'(v)). From Lemma (1.2)
in [9], we have that if f(x) € BC v, then x € f~'(B) C

f~'(v). So
Ny () = sNED(f71 )
= sup oi(B)— sup s7;;(A)

f(x)eBcy xeACf~1(»)

< sup o;(B)— sup sti;(f ' (B)
f(x)eBSy f(x)eBy

< sup (0:(B) — st (/T (B))).
f(x)eBZy

So
min(1, 1 — Nj, (v) + sNED (1))

i i R e
= f<.3)2f3gvmm(l’ 1 —0y(B) + 57, (/~ (B)))

= ol min(1, 1 = 0y(B) + 574, (/' (B))
= SCi ().

Hence SC%LD (f) = infreyinfiepiyymin(l, 1 — Ny (v) +
sNUED(f=1(v))) = SCyi j(f). Secondly, we show that

[f € SCip] = [f € SC; ;). as follows
SCap(f) = inf min(l, 1= 0i(v) + 576, (/™ (1))

= inf min(1,1— inf Nj (v)
veP(Y) fx)ey 7T

+ inf sNUD (7))

xef~1o)

v

inf min(1,1 — inf N _ (v

veP(Y) ( xes-1(n /(,\)( )

+ inf sNUP(f7'(n))
xef~lvm 7

A%

veP(Y)xeX

= SC%,',/') (f)
Therefore SC; ;) (f) = SC%I;/) .

(c) We prove that [feSC; ]l=[feSC, ;] With

(@.j)
S~ () € v, we have
377 e . i
[ e 8Cupl = fof By min( 1= Ny )
+  sup  sNUP )
ueP(X). f(u)Sv

> inf inf min(1l,1 — N’ _ (v
= YeXveP(Y) ( oo )

+SNUD (ST ) =1 € SC 1 (1)

inf infmin(l, 1 — Nj, () +sNU (7' (0)

Since u € f~'(v) when f(u) Cv then from Theorem
(2.4) in [17], we have sN (u) < sN@ (71 (v)). So
39 e : i
[fe SCW)] = ig;vel[r}(fy)mm(l, 1 Ny )
+  sup SN ()
ueP(X), f(W)Sy

< inf inf min(l, 1 — N’
- ;EXVEIII}(Y)mln( ’ oo )

+  sup  sNOP(fTT))
ueP(X), fw)Cy
= iggvei}}(t; )min(l, 1 —Nj, (v
+SNE (o) =[f € SCh,] ()
(From equations (1) and (2)) we have [/ € SC%U)] =[fe
SC?LJ‘)]
(d) We prove that [/ € SC}, ;] =[f € SC}, ;1.
Note that for every ve P(Y),[f(f~'(v) Cv]=1,
then [c/;(f(f~'(v))) Cc;(»]=1. It is clear from
Lemma (1.2) in [9], we have [f~'(c/;(f(f~'(»)))) C
F ;o] = 1. Furthermore  [scl i, (/~'(v) C
S (f(SCla,j)(f_l(V))))] =1
So
[scl (S~ ) € /7 (eli))]
= [ (el p (T 0) € fHelin)]
>N selap (T o) S fH (]
= [f (sl (f7 ) S (S (ST ML

Therefore

SChy ) = inf Isclip(f~1 () € /7 (eli(v)]

nf [ (sel (71 09) € i/ )]
) ei}l;l(l; )[ S (sel ) S cli(f ()]

= SCi,;)(f) 3)

Now foreach u C X, there exists v C Y, such that f(u) =
v, then u € f~'(v). Hence
[sclupy (S~ )) S 7 (cli(9)]

< [sclgj(u) € i (f )]

< [f(sel i) S ff 7 eli(f @)))]

<[f(sclyj) S cl;i(f ()]
So
SCip(f) = nf [ (sel @) S eli(f @)

> inf  [sclg (T ) € ST eli(0))]

ueP(X),v=,(u)

v

v

> vgif{l(g)[SCI(i,_i) 7T € SN eli)]
= SC?[,;) N “
From equations (3) and (4) we have [f € SC‘(‘,-Y M=L0fe

SCf,.J>]
(e) We prove that [/ € SC2. .1=[f € SCf,.'j)], as follows

@)
SC, ;) (f) = inf infmin(l, 1 —sclq ) (f~ ())(x)

veP(Y)xeX

+ /7N el i () (x))
inf inf min(1, 1 —scl; ;) (fFTonx)

veP(Y)xeX
+c;(v)(f(x)))
inf inf min(1, I—(1—=sN" (X~ £~' (v)))

veP(Y)xeX

+ (1= Ny (Y ~ )
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= inf inf min(1, 1—N/(Y)(Y V)

veP(Y)xeX
+sNUD (1Y ~ )

= welg(f;');lg;mln(l’ 1-— Ny (W)
+sNUD (N w))) = Scf, S0

(f) We prove that [f € SC(l W=0fe SC(I 7] as follows.
From Lemma 5.1, we have

[fe SC(, j)]

uellf}(g()[f(Sb(i,j) ) € fuw) Ub;(f(u)]
= l,giiral(t;()[f(Sb(i‘j) @)U fu) S fu)Ubi(f(u))]
= ug}}(ﬁ/)[f(Sb(i.j) W) Uu) C fu)Ub;(f(u))]

= inf [f(SCl(i.j) (u)) < cl;(f ()]

= [f € SC )
(g) We prove that [f € SC(, HM=1Lfe SC(I - So
[fe SC(, j)] = 11r)1(fy)i£1£mln(l, 1 — f~Yint;(v)) (x)

+ sint ;. j (f 7 (1)) (x))
= vel}r)l(fy)ig min(1, 1 —int;(v)(f(x))
+ sint . j (f 7 (1)) (x))
= ‘Eilr}(l;)ilel)t; min(l, 1 — Ny, (v)
+ YN(’ ”(f MmN =I[fe SC(, /)]
(h) We prove that [f € SC(l W=0fe SC(l ], as follows
[fe SC(, ]
= Inf [/~ Gxt,0)) € sixt(f 0]
= inf [ £ nt;(Y ~v)) Csint (X ~ £~ ()]

1nf [f (int;(Y ~v)) C sint; ])(f Y ~ )]

veP(Y
= nelf}f Lf " Gint;(w)) < sint . (f " (w))]
=[fe SC(, j>]
(q) We prove that [f e SC(, M=1fe SC(, ] From
Lemma 5.1, we have
[f € SCP, ;] = i/{l(g()[f(sdu,j)(u)) C fw)Udi(fw)]

= uei}{l(g()[f(Sdu,j)(u)) U f(u)
C fw)yudi(fw))]

= inf [f(scz(,, H) € ei(f )]
[f € SC ;)]

) [f € SC}{ )] = infsener)infeexymin(l, 1 = [Sof, ) x]+[f o
S f(X)]).

If [Sby; P x] <[f o S f(x)], then the result holds. Assume
that [Soy, ) x] > [f oS> f(x)]. Since f o S L vimplies S L

f71(v), we have

[SoiyXI=[foSe f(x)]= inf

ueP(X),S~u

- N.;'(x)("))

(1 —sN@ ()

— inf (1
veP(Y),foSgV

< inf (1 =sNEP ()
veP(Y),fOSg«v

inf (l—N}'-(x)(v))
veP(Y),fong
< sup (Vi () —sNE (T o).
veP(Y)./'osEv

Hence

min(l, 1 —[S>f ;) x]+
> inf
veP(Y). fosEr

[fo SDE,‘ 7 JSD

min(l, 1— [(X)(V) +SN(I /)(f (V)))

\ \

dnf min(l, 1= Nj, () +sNE (7 00)
[f € SC(I Hl O

Theorem 5.2. Let (X, 1, 12),(Y,01,00) be two fuzzifying
bitopological spaces and f € Y*, we set

(1) fe aC(,j) =V eF — f*‘(v) € aF,;;);

Q) feaCl, =VxVv(ve N o = Ju(xeuc FaGORN
ue Ot‘[(,]))),

3) fe aC(l]) = VxVv(v € N’ f(\) — Ju(f(u) Sv—>xc¢€
UNUE AT j)));

@) fe OlC(, iy 1= Vv(cl;(int j(cl; (ST € [ edi(v));

(5) f€aC (,]) = Vu(f(cl (int ;(cl;(w)))) < cl; (f(u))),

6) fe 0€C<l_,) = Vv(f " (int;(v)) < int;(cl ;(int; (f 7 ().

Then
feaC<U)<—>f€aC(

Proof.

n=1,2,3,4,56.

Ly’

(a) The proof of [f € aCyp]l=[f € aly; ,>] n=1,2,3,is
similar to the proof of Theorem 5 1.
(b) It is easy to show that [f €aC ,)] =[fe€al?

feaC,j)]—[fea Gl
(c) From part (1) of the Theorem 4.1, we have

[f € aCP )
=[VxVv(v € Nj,—»3u(x e u S f7' () Au € atgp))]

o ,>] and

= Inf Jnf (L1 =N+ supax ()
=»e111>1(f (1,1 — su)[{)Nﬂx)(v)

+ inf inf sup  atg j(u))
xeX~f=tmxes/ N 0yeuc -1 (v

= inf (1,1 — N - inf N
Jnf (L1 —supNj o 0) + _ inf| aze (/7))
- 1eljglf (1 - SupN;-(x)(v)
+ inf inf int;(cl;(int; TN (X))

xeX~f~1mxef~1v
inf (1 1— suplnt M (x)

veP(Y
+ infint;(cl jint; (S~ (D)) (x))
= inf inf(1,1— f~'@nt; () (x)

veP(Y)xeX
+int;(cl j(int; (f ' (M) () = [f € aCf . O

Theorem 5.3. Let (X, 11, 10), (Y,01,00), and (Z, y,,v») be
three fuzzifying bitopological spaces. For any f € YX,ge Z7.

(1) = SCij(f) = (Ci(g) = SCij(go )
(2) =Ci(g) = (SCijH(f) = SCij(go f))
(3) Ealiup(f) = (C(g) — alij(go )
4 =G — (OCC(i,j)(f) g OfC(i.j)(gOf))-
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Proof.
(1) Firstly, if [Ci(2)] < [SCj)(go f)], then the result holds.
Secondly, if [C;(g)] > [SC(; ;) (go /)], then
[Ci(9)] - [Sc(i.j) (go N
= inf )min(l, 1 -y +0,(g ()

veP(Z

}vei}}(fz)min(l’ I —y(v) + 5165 ((g0 AN

IA

sup (0;(g7' () — st ((go )7 (1))
veP(Z)

IA

sup (03 (u) — 57, (f " (W))).

ueP(Y)

Therefore

[Ci(e) — SC(i,j)(gO DIl
=min(l, 1 — Ci(g) + SCy; (g0 f))
> inf min(1, 1 — o;(u) + 576, (f ' ()))

ueP(Y)

SCj(f).

2
[Ci(g) — (Sc(i,j) f) — Sc(i,j) (go ]
= [=(C(QA(SC j (fIA=SC j(go /]
= [=(SC ) (NHAC@DA=SCj(go /]
=[SCu () = (Ci(g) — SCqj(go ]

The proofs of (3) and (4) are similar to (1) and (2)
above. J

6. Semiopen mapping, a-open mapping and preopen mapping in
fuzzifying bitopological spaces

Definition 6.1. Let (X, 7y, 1) and (Y, 0y, 0) be two fuzzifying
bitopological spaces.
(1) A unary predicate SOy ; € J(YY), called fuzzy
semiopenness, is given as follows:
f € SO(,’J) =Vu(uer — f(u) € SU’(,‘J)). i.e.,
S0 j(f) = infyeperymin(l, 1 — ;(u) + soq ;) (f (1))).
(2) A unary predicate «Oy ;) € (YY), called fuzzy o-
openness, is given as follows:
feaO0ij =Yuuetr— f(u) €ao;j). ie.,

Olo(i,j)(f) = ugi]l;l(f/;/)min(l, 1-— 'L',‘(M) + oza(i,j)(f(u))).

(3) A unary predicate PO ;, € J(Y¥), called fuzzy preopen-
ness, is given as follows:
f € PO(,‘J) = Vu(u €T —> f(u) S ]JO’(,‘J)). i‘e.,

PO (f) = MEi}I’l(f;()min(l, I — () + pog ) (f(u))).

Remark 6.1. It is clear from Theorem 4.2 and above Definition
that the following implications are true:

50
0; — a0y
PO

The following examples show that generally the reverse of
these implications need not be true.

Example 6.1. For X = {a, b, ¢}, let 11, 1o, 1 and y, be four
fuzzifying topologies, which are defined on X in Example 5.1.
Consider identity function f from (X, y,y,) onto
(X,71,1). Then O(f) = 0:,(f) =0, SOu(f)=1 and
00(1,2) (f) = 1/2 Therefore O{O(LZ) SZ 01, SO(l.z) g aO(l,Z)-

Example 6.2. For X = {a, b, ¢}, let 7|, 15, 1 and y, be four
fuzzifying topologies, which are defined on X in Example 5.2.

Consider identity function f from (X, y,),) onto
(X, 71, TQ). Then 010(112) (f) = 0, P0(112)(f) = 1/4 There-
fore PO(],Z) g_ O{O(]Q).

Theorem 6.1. Let (X, 1, 12),(Y,01,00) be two fuzzifying
bitopological spaces and f € YX, we set

(1) f €80, =YWx(f~'(v) e Nl > v e sN);

() f €80 ;) =Yv(f (sclyy () S ci(fT )

(3) f €SOy =Yolint;(f~' () S £~ (sint(;(v);

(4) f € SO, ;) = Yu(f (int;(u))  sint;,(f (u)));

(5) f € a0l ;) = VYu(f(int;(u)) S int;(cl;(int;(f @))))).

(6) [ €a0? ;) == Vv(int;(f~' (v)) S £~ (inti(cl j(int;(v))))):
(D) [ € a0l ==V(fcli(int;(cli(1)))) S cli(f~1(1));

Then

(1) ': f S SO([J‘) <~ f S SOZ’./‘)’ n= 1, 2, 3, 4,
(2) = f S aO:li,j) — f S on([_j), n=1,2,3.
Proof.
(1) Tt is similar to the proof of Theorem 3.2.
2
(a)

[f € a0l =NVuuer,— f(u) € aog )]
[u C int;(w) — f(u)

nf
ueP(X)
int;(cl;(int;(f(u))))]
) Ei}r}(t;( )[ S ) € fnti(w) — f(u)
int;(cl j(int; (f(1))))]
uellgl(g()mm(l, 1- yel?(f,,)f(lm"(u))(y)
—|—yeirf;(t:l)inti(Clj(il’lli(f(u))))(y))
> inf infmin(l, 1 — f(int;(u))(y)

vV iN

N

ueP(X)yeY
+inti(cl;(int; (f w)))) (¥))
=[fe aO(lf,j)]
(b) Itiseasy to show that[f € «O! .1=[f € aO?

@,)) @)
[f €a0,l=1f €a0} ] O

()}
Theorem 6.2. Let (X, 11, 12), (Y,01,00) , and (Z, v, y») be
three fuzzifying bitopological spaces. For any f € YX,ge Z7.

() =80, (g — Oi(f) — SO(,-,/)(gOf));
2) = 0i(f) — (SO(i,j>(g) g SO(,-_j)(gof));
(3) EaOi (g — (O0:(f) = a0 j(go [));
@) E O0i(f) = (@0 (@) — a0 j(go [)).

Proof. It is similar to the proof of the Theorem 5.3. O

]and

Acknowledgment

The authors would like to thank the referees for their valuable
comments which led to the improvement of this paper.



294

A.A. Allam et al.

References

[1] L.A. Zadeh, Fuzzy sets, Inf. Control 8 (1965) 338-353.

[2] C.L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24
(1968) 190-201.

[3] C.K. Wong, Fuzzy point and local properties of fuzzy topology, J.
Math. Anal. Appl. 46 (1974) 316-328.

[4] R. Lowen, Fuzzy topological spaces and compactness, J. Math.
Anal. Appl. 56 (1976) 621-633.

[5] B. Hutton, Normality in fuzzy topological spaces, J. Math. Anal.
Appl. 50 (1975) 74-79.

[6] PM. Pu, Y.M. Liu, Fuzzy topology I, neighborhood structure of a
fuzzy point and Moor—Smith convergence, J. Math. Anal. Appl. 76
(1980) 571-599.

[71 M.S. Ying, A new approach for fuzzy topology (1), Fuzzy Sets Syst.
39 (1991) 302-321.

[8] M.S. Ying, A new approach for fuzzy topology (II), Fuzzy Sets
Syst. 47 (1992) 221-232.

[9] M.S. Ying, A new approach for fuzzy topology (I111), Fuzzy Sets
Syst. 55 (1993) 193-207.

[10] J.H. Park, B.Y. Lee, Fuzzy semi-preopen sets and fuzzy semi-pre-
continuous mappings, Fuzzy Sets Syst. 67 (1994) 359-364.

[11] S.S. Kumar, On fuzzy pairwise a-continuity and fuzzy pairwise
pre-continuity, Fuzzy Sets Syst. 62 (1994) 231-238.

[12] S.S. Kumar, Semi-open sets, semi-continuity and semi-open map-
pings in fuzzy bitopological spaces, Fuzzy Sets Syst. 64 (1994)
421-426.

[13] EH. Khedr, EM. Zeyada, O.R. Sayed, Fuzzy semi-continuity and
fuzzy csemi-continuity in fuzzifying topology, J. Math. Inst. 7 (1)
(1999) 105-124.

[14] J.L. Kelley, Bitopological spaces, Proc. London Math. Soc. 13 (3)
(1963) 71-89.

[15] G.J. Zhang, M.J. Liu, On Properties of 6; j)-open sets in fuzzifying
bitopological spaces, The J. Fuzzy Math. 11 (1) (2003) 165-178.

[16] N. Gowrisankar, N. Rajesh, V. Vijayabharathi, Properties of pre-
open sets in fuzzifying bitopological spaces (submitted for publica-
tion).

[17] A.A. Allam, A.M. Zahran, A.K. Mousa, H.M. Binshahna, Some
results on semiopen sets in fuzzifying bitopological spaces (submit-
ted for publication).


http://refhub.elsevier.com/S1110-256X(15)00035-8/h0005
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0005
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0010
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0010
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0015
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0015
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0020
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0020
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0025
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0025
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0030
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0030
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0030
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0035
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0035
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0040
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0040
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0045
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0045
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0050
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0050
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0050
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0055
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0055
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0060
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0060
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0065
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0065
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0065
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0065
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0070
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0070
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0075
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0075
http://refhub.elsevier.com/S1110-256X(15)00035-8/h0075

	New types of continuity and openness in fuzzifying bitopological spaces
	1 Introduction
	2 Preliminaries
	3 Continuous mapping and open mapping in fuzzifying bitopological spaces
	4 -open set in fuzzifying bitopological spaces
	5 Semicontinuity and -continuity in fuzzifying bitopological spaces
	6 Semiopen mapping, -open mapping and preopen mapping in fuzzifying bitopological spaces
	 Acknowledgment
	 References


