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. Introduction 

n 1965 [1] , Zadeh introduced the fundamental concept of fuzzy 
ets. Since Chang introduced fuzzy sets theory into topology 
n 1968 [2] , Wong, Lowen, Hutton, Pu and Liu, etc., discussed
espectively various aspects of fuzzy topology [3–6] . 

In 1991–1993 [7–9] , Ying introduced the concept of the 
uzzifying topology with the sematic method of continuous 
alued logic. In 1994 [10] , Park and Lee introduced and dis-
ussed the concepts of fuzzy semi-preopen sets and fuzzy semi- 
recontinuous mappings. Also, in 1994 Kumar [11,12] studied 
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he concepts of fuzzy pairwise α-continuity and pairwise pre- 
ontinuity and studied the concepts of semiopen sets, semi con- 
inuity and semiopen mappings in fuzzy bitopological spaces. 
n 1999 Khedr et al. [13] , introduced the concepts of semi-open
ets and semi-continuity in fuzzifying topology. 

The study of bitopological spaces was first initiated by Kelley 
14] in 1963. In 2003 Zhang and Liu [15] , studied the concept
f fuzzy θ(i , j) -closed, θ(i , j) -open sets in fuzzifying bitopological 
paces. Also in [16] , Gowrisankar et al. studied the concepts of
i , j) -pre open sets in fuzzifying bitopological spaces. 

The structure of this paper is organized as follows: In 

ection (3) we study fuzzy continuity, open mapping in fuzzi- 
ying bitopological spaces and we introduce some results. In 

ection (4) we study α-open set in fuzzifying bitopological 
paces and we introduce the relationship between this set and 

reopen (resp. semiopen) sets. In Section (5) we define the con-
epts of semicontinuity, α-semicontinuity in fuzzifying bitopo- 
ogical spaces and study the relationship between them. In 

ection (6) we define the concepts of fuzzy semiopen mapping, 
duction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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α-open mapping, preopen mapping in fuzzifying bitopological
spaces and study the relationship between them. 

2. Preliminaries 

Firstly, we display the fuzzy logical and corresponding set-
theoretical notations used in this paper: 

(1) A formula ϕ is valid, we write |� ϕ if and only if [ ϕ] = 1
for every interpretation. 

(2) [ ¬ α] = 1 − [ α] , [ α ∧ β] = min ([ α] , [ β]) , [ α → β] = 

min (1 , 1 − [ α] + [ β]) , 
[ ∀ xα(x )] = inf x ∈ X [ α(x )] , where X is the universe of dis-
course. 

(3) [ α ∨ β] := [ ¬ (¬ α ∧ ¬ β)] ; [ α ↔ β] := [(α →
β) ∧ (β → α)] ; [ ∃ xα(x )] := [ ¬ (∀ x ¬ α(x ))] ;- 

[ 
∼
A 

⊆∼
B 

] := [ ∀ x (x ∈ 

∼
A 

→ x ∈ 

∼
B 

)] = inf x ∈ X min (1 , 1 − ∼
A 

(x )+ 

∼
B 

(x )) ; [ A ≡ B] := [( 
∼
A 

⊆∼
B 

) ∧ ( 
∼
B 

⊆∼
A 

)] , where
∼
A 

, 
∼
B 

∈ I (X ) and I (X ) is the family of all fuzzy sets in X .
(4) [ α ˙ ∧ β] := [ ¬ (α → ¬ β)] = max (0 , [ α] + [ β] − 1) ; 

[ α ˙ ∨ β] := [ ¬ α → β] = min (1 , [ α] + [ β]) . 

Secondly, we give the following definitions which are used in
the sequel. 

Definition 2.1 [7] . Let X be a universe of discourse, P(X ) is the
family of subsets of X and τ ∈ I (P(X )) satisfy the following
conditions: 

(1) τ (X ) = 1 and τ (φ) = 1 ; 
(2) for any A , B , τ (A ∩ B) ≥ τ (A ) ∧ τ (B) ; 
(3) for any { A λ : λ ∈ 	} , τ ( 

⋃ 

λ∈ 	A λ) ≥
∧ 

λ∈ 	τ (A λ) . 

Then τ is a fuzzifying topological space. 

Definition 2.2 [7] . Let (X , τ ) be a fuzzifying topological space.

(1) The family of all fuzzifying closed sets is denoted by F ∈
I (P(X )) , and defined as follows: A ∈ F := X ∼ A ∈ τ ,
where X ∼ A is the complement of A . 

(2) The neighborhood system of x ∈ X is denoted by N x ∈
I (P(X )) and defined as follows: 
N x (A ) = sup x ∈ B⊆A τ (B) . 

(3) The closure cl (A ) of A ⊆ X is defined as follows:
cl (A )(x ) = 1 − N x (X ∼ A ) . 

(4) The interior of A ⊆ X is denoted by int (A ) ∈ I (P(X ))

and defined as follows: int (A ) = N x (A ) . 

Definition 2.3 [9] . Let (X , τ ) and (Y , σ ) be two fuzzifying topo-
logical spaces. 

(1) A unary fuzzy predicate C ∈ I (Y 

X ) , called fuzzy conti-
nuity, is given as follows: 
f ∈ C := ∀ u (u ∈ σ → f −1 (u ) ∈ τ ) . i.e., 

C( f ) = inf 
u ∈ P(Y ) 

min (1 , 1 − σ (u ) + τ ( f −1 (u ))) . 

(2) A unary fuzzy predicate O ∈ I (Y 

X ) , called fuzzy open-
ness, is given as follows: 
f ∈ O := ∀ u (u ∈ τ → f (u ) ∈ σ ) . i.e., 

O ( f ) = inf min (1 , 1 − τ (u ) + σ ( f (u ))) . 

u ∈ P(X ) 
Definition 2.4 [15] . Let (X , τ1 ) and (X , τ2 ) be two fuzzifying
topological spaces. Then a system (X , τ1 , τ2 ) consisting of a uni-
verse of discourse X with two fuzzifying topologies τ1 and τ2 on
X is called a fuzzifying bitopological space. 

Definition 2.5 [17] . Let (X , τ1 , τ2 ) be a fuzzifying bitopological
space. 

(1) The family of all fuzzifying (i , j) -semiopen sets, denoted
by sτ(i , j) ∈ I (P(X )) , is defined as follows: 
A ∈ sτ(i , j) := ∀ x (x ∈ A → x ∈ cl j ( int i (A ))) , i.e., 
sτ(i , j) (A ) = inf x ∈ A cl j ( int i (A ))(x ) . 

(2) The family of all fuzzifying (i , j) -semiclosed sets, denoted
by sF (i , j) ∈ I (P(X )) , is defined as follows: 
A ∈ sF (i , j) := X ∼ A ∈ sτ(i , j) . 

Definition 2.6 [17] . Let (X , τ1 , τ2 ) be a fuzzifying bitopological
space and x ∈ X . 

(1) The (i , j) -semi neighborhood system of x is denoted by
sN 

(i , j) 
x ∈ I (P(X )) and defined as 

A ∈ sN 

(i , j) 
x := ∃ B(B ∈ sτ(i , j) ∧ x ∈ B ⊆ A ) , i.e., 

sN 

(i , j) 
x (A ) = sup x ∈ B⊆A sτ(i , j) (B) . 

(2) The (i , j) -semi derived set sd (i , j) (A ) of A is defined as fol-
lows: 
x ∈ sd (i , j) (A ) := ∀ B(B ∈ sN 

(i , j) 
x → B ∩ (A ∼ { x } ) � = 

φ) , 
i.e., sd (i , j) (A )(x ) = inf B∩ (A ∼{ x } )= φ(1 − sN 

(i , j) 
x (B)) . 

(3) The Fuzzifying (i , j) -semi closure of A ⊆ X , is denoted
by scl (i , j) (A ) and defined as follows: 
x ∈ scl (i , j) (A ) := ∀ B((B ⊇ A ) ∧ (B ∈ sF (i , j) ) → x ∈ 

B) , 
i.e., scl (i , j) (A )(x ) = inf x / ∈ B⊇A (1 − sF (i , j) (B)) . 

(4) The (i , j) -semi interior of A ⊆ X is defined as follows: 
sint (i , j) (A )(x ) = sN 

(i , j) 
x (A ) . 

(5) The (i , j) -semi exterior of A ⊆ X is defined as follows: 
x ∈ sext (i , j) (A ) := x ∈ sint (i , j) (X ∼ A ) , i.e., 
sext (i , j) (A )(x ) = sint (i , j) (X ∼ A )(x ) . 

(6) The (i , j) -semi boundary of A ⊆ X is defined as follows: 
x ∈ sb (i , j) (A ) := (x / ∈ sint (i , j) (A )) ∧ (x / ∈ sint (i , j) (X ∼
A )) , 
i.e., sb (i , j) (A )(x ) = min (1 − sint (i , j) (A )(x ) , 1 −
sint (i , j) (X ∼ A )(x )) . 

Definition 2.7 [16] . Let (X , τ1 , τ2 ) be a fuzzifying bitopological
space. The family of fuzzifying (i , j) -preopen sets, denoted by
pτ(i , j) ∈ I (P(X )) , is defined as follows: 

A ∈ pτ(i , j) := ∀ x (x ∈ A → x ∈ int i ( cl j (A ))) . i.e., 
pτ(i , j) (A ) = inf x ∈ A int i ( cl j (A ))(x ) . 

Definition 2.8 [16] . Let (X , τ1 , τ2 ) and (X , σ1 , σ2 ) be two
fuzzifying bitopological spaces. A unary fuzzy predicate
PC (i , j) ∈ I (Y 

X ) , called fuzzy precontinuity, is given as follows:
PC (i , j) ( f ) := ∀ v (v ∈ σi → f −1 (v ) ∈ pτ(i , j) ) . i.e., 

PC (i , j) ( f ) = inf 
v ∈ P(Y ) 

min (1 , 1 − σi (v ) + pτ(i , j) ( f −1 (v ))) . 
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. Continuous mapping and open mapping in fuzzifying 
itopological spaces 

heorem 3.1. Let (X , τ ) and (Y , σ ) be two fuzzifying topologi-
al spaces. 

If f : (X , τ ) → (Y , σ ) , then |� f ∈ C ↔ ∀ v ( f −1 ( int (v )) ⊆
nt ( f −1 (v ))) . 

roof. From Theorem (2.1) in [9] , we have 

 ∀ v ( f −1 ( int (v )) ⊆ int ( f −1 (v )))] 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − f −1 ( int (v ))(x ) + int ( f −1 (v ))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − int (v )( f (x )) + int ( f −1 (v ))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N f (x ) (v ) + N x ( f −1 (v ))) 

= [ ∀ v ∀ x (v ∈ N f (x ) → f −1 (v ) ∈ N x )] 

= [ f ∈ C] . �

heorem 3.2. Let (X , τ ) and (Y , σ ) be two fuzzifying topological
paces. 

If f : (X , τ ) → (Y , σ ) is a fuzzy open mapping, we set 

(1) f ∈ O 

1 := ∀ υ∀ x ( f −1 (v ) ∈ N x → υ ∈ N f (x ) ) ; 
(2) f ∈ O 

2 := ∀ υ( f −1 ( cl (υ)) ⊆ cl ( f −1 (υ))) ; 
(3) f ∈ O 

3 := ∀ υ( int ( f −1 (υ)) ⊆ f −1 ( int (υ))) ; 
(4) f ∈ O 

4 := ∀ u ( f ( int (u )) ⊆ int ( f (u ))) . 

Then |� O ( f ) ↔ O 

n ( f ) , n = 1 , 2 , 3 , 4 . 

roof. 

(1) Firstly, we prove that [ f ∈ O ] ≥ [ f ∈ O 

1 ] . It is clear that
for each u ⊆ X , there exists v ⊆ Y , such that v = f (u ) ,
then u ⊆ f −1 (v ) . Therefore 

[ f ∈ O ] = inf 
u ∈ P(X ) 

min (1 , 1 − τ (u ) + σ ( f (u ))) 

= inf 
u ∈ P(X ) 

min (1 , 1 − inf 
x ∈ u 

N x (u ) + inf 
f (x ) ∈ f (u ) 

N f (x ) ( f (u )

≥ inf 
u ∈ P(X ) , v = f (u ) 

min (1 , 1 − inf 
x ∈ u 

N x ( f −1 (v )) 

+ inf 
x ∈ u 

N f (x ) (v )) 

≥ inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N x ( f −1 (v )) 

+ N f (x ) (v )) = [ f ∈ O 

1 ] . 

Secondly, we prove that [ f ∈ O ] ≤ [ f ∈ O 

1 ] . It is easy to
show that if N x ( f −1 (v )) ≤ N f (x ) (v ) , then the result holds.
For the case N x ( f −1 (v )) > N f (x ) (v ) ; from Lemma (1.2) in
[9] , we have that x ∈ A ⊆ f −1 (v ) , then f (x ) ∈ f (A ) ⊆ v .
So 

N x ( f −1 (v )) − N f (x ) (v ) = sup 

x ∈ A ⊆ f −1 (v ) 
τ (A ) − sup 

f (x ) ∈ B⊆v 
σ (B) 

≤ sup 

x ∈ A ⊆ f −1 (v ) 
(τ (A ) − σ ( f (A ))) . 

So, 

min (1 , 1 − N x ( f −1 (v )) + N f (x ) (v )) 

≥ inf 
x ∈ A ⊆ f −1 (v ) 

min (1 , 1 − τ (A ) + σ ( f (A ))) 

≥ inf 
u ∈ P(X ) 

min (1 , 1 − τ (u ) + σ ( f (u ))) = [ f ∈ O ] . 

Hence 
[ f ∈ O 

1 ] = inf x ∈ X inf v ∈ P(Y ) min (1 , 1 − N x ( f −1 (v )) + 

N f (x ) (v )) ≥ [ f ∈ O ] . 
(2) Now to prove that [ f ∈ O 

2 ] = [ f ∈ O 

1 ] , we show that 

f −1 ( cl (v ))(x ) − cl ( f −1 (v ))(x ) 

= cl (v )( f (x )) − cl ( f −1 (v ))(x ) 

= 1 − N f (x ) (Y ∼ v ) − (1 − N x (X ∼ f −1 (v ))) 

= N x ( f −1 (Y ∼ v )) − N f (x ) (Y ∼ v ) . 

Therefore 

[ f ∈ O 

2 ] = [ ∀ v ( f −1 ( cl (v )) ⊆ cl ( f −1 (v )))] 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − f −1 ( cl (v ))(x ) + cl ( f −1 (v ))(x ))

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N x ( f −1 (Y ∼ v )) 

+ N f (x ) (Y ∼ v )) 

= inf 
w ∈ P(Y ) 

inf 
x ∈ X 

min 

(
1 , 1 − N x ( f −1 (w )) + N f (x ) (w ) 

)
= [ f ∈ O 

1 ] . 

(3) We prove that [ f ∈ O 

3 ] = [ f ∈ O 

1 ] , as follows 

[ f ∈ O 

3 ] = [ ∀ v ( int ( f −1 (v )) ⊆ f −1 ( int (v )))] 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − int ( f −1 (v ))(x ) 

+ f −1 ( int (v ))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − int ( f −1 (v ))(x ) 

+ int (v )( f (x ))) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N x ( f −1 (v )) + N f (x ) (v )) 

= [ f ∈ O 

1 ] . 

(4) We now prove that [ f ∈ O 

4 ] = [ f ∈ O 

3 ] . Note that,
for every v ⊆ Y , we have [ f ( f −1 (v )) ⊆ v ] = 1 .
So [ int ( f ( f −1 (v ))) ⊆ int (v )] = 1 . Therefore from
Lemma (1.2) in [9] , we have [ f −1 ( int ( f ( f −1 (v )))) ⊆
f −1 ( int (v ))] = 1 . Furthermore 
[ int ( f −1 (v )) ⊆ f −1 ( f ( int ( f −1 (v ))))] = 1 . So 

[ int ( f −1 (v )) ⊆ f −1 ( int (v ))] 

≥ [ f −1 ( f ( int ( f −1 (v )))) ⊆ f −1 ( int (v ))] 

≥ [ f −1 ( f ( int ( f −1 (v )))) ⊆ f −1 ( int ( f ( f −1 (v ))))] 

≥ [ f ( int ( f −1 (v ))) ⊆ int ( f ( f −1 (v )))] . 

Therefore 

[ f ∈ O 

3 ] = inf 
v ∈ P(Y ) 

[ int ( f −1 (v )) ⊆ f −1 ( int (v ))] 

≥ inf 
v ∈ P(Y ) 

[ f ( int ( f −1 (v ))) ⊆ int 
(

f ( f −1 (v )) 
)
] 

≥ inf 
u ∈ P(X ) 

[ f ( int (u )) ⊆ int ( f (u ))] = [ f ∈ O 

4 ] . 

Now, for each u ⊆ X , there exists v ⊆ Y , such that
f (u ) = v , then u ⊆ f −1 (v ) . Hence 

[ int ( f −1 (v )) ⊆ f −1 ( int (v ))] 

≤ [ int (u ) ⊆ f −1 ( int ( f (u )))] 

≤ [ f ( int (u )) ⊆ f ( f −1 ( int ( f (u ))))] 

≤ [ f ( int (u )) ⊆ int ( f (u ))] . 

Therefore 

[ f ∈ O 

4 ] = inf 
u ∈ P(X ) 

[ f ( int (u )) ⊆ int ( f (u ))] 

≥ inf 
u ∈ P(X ) , v = f (u ) 

[ int ( f −1 (v )) ⊆ f −1 ( int (v ))] 

≥ inf [ int ( f −1 (v )) ⊆ f −1 ( int (v ))] = [ f ∈ O 

3 ] . �

v ∈ P(Y ) 
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Definition 3.1. Let (X , τ1 , τ2 ) and (Y , σ1 , σ2 ) be two fuzzifying
bitopological spaces. A mapping f : (X , τ1 , τ2 ) → (Y , σ1 , σ2 )

is said to be pairwise fuzzy continuous (resp. pairwise fuzzy
open) if f : (X , τ1 ) → (Y , σ1 ) and f : (X , τ2 ) → (Y , σ2 ) are
fuzzy continuous (resp. fuzzy open). 

Theorem 3.3. Let (X , τ1 , τ2 ) and (Y , σ1 , σ2 ) be two fuzzifying
bitopological spaces. If f : (X , τ1 , τ2 ) → (Y , σ1 , σ2 ) is pairwise
fuzzy continuous and pairwise fuzzy open mapping. Then for each
A ∈ P(X ) and B ∈ P(Y ) , we have 

(1) |� A ∈ sτ(i, j) → f (A ) ∈ sσ(i, j) ; 
(2) |� B ∈ sσ(i, j) → f −1 (B) ∈ sτ(i, j) . 

Proof. 

(1) From Theorem (2.1) in [9] , Lemma (1.2) in [9] and part
(4) of the above Theorem 3.2 , we have 

[ A ∈ sτ(i, j) ] = [ A ⊆ cl j ( int i (A ))] 

≤ [ f (A ) ⊆ f 
(
cl j ( int i (A )) 

)
] 

≤ [ f (A ) ⊆ cl j ( f ( int i (A )))] 

≤ [ f (A ) ⊆ cl j ( int i ( f (A )))] 

= [ f (A ) ∈ sσ(i, j) ] . 

(2) From Lemma (1.2) in [9] , Theorem 3.1 and part (2) of the
Theorem (3.2) , we have 

[ B ∈ sσ(i, j) ] = [ B ⊆ cl j ( int i (B))] 

≤ [ f −1 (B) ⊆ f −1 
(
cl j ( int i (B)) 

)
] 

≤ [ f −1 (B) ⊆ cl j ( f −1 ( int i (B)))] 

≤ [ f −1 (B) ⊆ cl j ( int i ( f −1 (B)))] 

= [ f −1 (B) ∈ sτ(i, j) ] . �

4. α-open set in fuzzifying bitopological spaces 

Definition 4.1. Let (X , τ1 , τ2 ) be a fuzzifying bitopological
space. 

(1) The family of all fuzzifying α(i, j) -open sets, denoted by
ατ(i, j) ∈ I (P(X )) , is defined as follows: 
A ∈ ατ(i, j) := ∀ x (x ∈ A → x ∈ int i ( cl j ( int i (A )))) , 
i.e., ατ(i, j) (A ) = inf x ∈ A int i ( cl j ( int i (A )))(x ) . 

(2) The family of all fuzzifying α(i, j) -closed sets, denoted by
αF (i, j) ∈ I (P(X )) , is defined as follows: 
A ∈ αF (i, j) := X ∼ A ∈ ατ(i, j) . 

Lemma 4.1. Let (X , τ1 , τ2 ) be a fuzzifying bitopological space
and A ⊆ X . Then 

(1) |� X ∼ ( int i ( cl j ( int i (A )))) ≡ cl i ( int j ( cl i (X ∼ A ))) ; 
(2) |� X ∼ ( cl i ( int j ( cl i (A )))) ≡ int i ( cl j ( int i (X ∼ A ))) . 

Proof. It is obvious. �

Theorem 4.1. Let (X , τ1 , τ2 ) be a fuzzifying bitopological space.
Then 

(1) |� A ∈ ατ(i, j) ↔ ∀ x (x ∈ A → ∃ B(B ∈ ατ(i, j) ∧ x ∈ B ⊆
A )) ; 

(2) |� A ∈ αF (i, j) ↔ ∀ x (x ∈ cl i ( int j ( cl i (A ))) → x ∈ A ) . 
Proof. It is similar to the proof of Theorem (3.4) [17] . �

Theorem 4.2. Let (X , τ1 , τ2 ) be a fuzzifying bitopological space
and A ⊆ X , then 

(1) |� A ∈ τi → A ∈ ατ(i, j) ; 
(2) |� A ∈ ατ(i, j) → A ∈ pτ(i, j) ; 
(3) |� A ∈ ατ(i, j) → A ∈ sτ(i, j) ; 
(4) |� A ∈ ατ(i, j) ↔ A ∈ pτ(i, j) ∧ A ∈ sτ(i, j) . 

Proof. 

(1) [ A ∈ τi ] = [ A ⊆ int i (A )] ≤ [ A ⊆ cl j ( int i (A ))] ≤ [ int i (A ) 

⊆ int i ( cl j ( int i (A )))] . 
Therefore [ A ∈ τi ] = [ A ⊆ int i (A )] = [ A ⊆ int i (A )] ∧
[ int i (A ) ⊆ int i ( cl j ( int i (A )))] ≤ [ A ⊆
int i ( cl j ( int i (A )))] = [ A ∈ ατ(i, j) ] . 

(2) Since [ int i (A ) ⊆ A ] = 1 , then 

[ A ∈ ατ(i, j) ] = [ A ⊆ int i ( cl j ( int i (A )))] ≤ [ A ⊆
int i ( cl j (A ))] = [ A ∈ pτ(i, j) ] . 

(3) It is similar to (2). 
(4) From Definition 5.3 [7] , we have 

[ A ∈ sτ(i, j) ] = [ A ⊆ cl j ( int i (A ))] 

≤ [ cl j (A ) ⊆ cl j ( cl j ( int i (A )))] 

≤ [ cl j (A ) ⊆ cl j ( int i (A ))] 

≤ [ int i ( cl j (A )) ⊆ int i ( cl j ( int i (A )))] . 

Now 

[ A ∈ pτ(i, j) ∧ A ∈ sτ(i, j) ] 

= [ A ⊆ int i ( cl j (A )) ∧ A ⊆ cl j ( int i (A ))] 

≤ [ A ⊆ int i ( cl j (A )) ∧ int i ( cl j (A )) ⊆ int i ( cl j ( int i (A )))]

≤ [ A ⊆ int i ( cl j ( int i (A )))] 

= [ A ∈ ατ(i, j) ] . 

Conversely from (2) and (3) above, we have 
[ A ∈ ατ(i, j) ] ≤ [ A ∈ pτ(i, j) ∧ A ∈ sτ(i, j) ] . �

Remark 4.1. It is clear from the above Theorem that the follow-
ing implications are true: 

The following examples show that generally the reverse of
these implications need not be true. 

Example 4.1. Let X = { a, b, c } , B = { a, b} and τ1 , τ2 be two
fuzzifying topologies on X defined as follows: 

τ1 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X , { a }} , 
3 / 4 if A ∈ {{ c } , { a, c }} , 
0 if o.w. 

, 

τ2 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X } , 
1 / 2 if A = { c } , 
0 if o.w. 

We have, cl 2 ( int 1 (B))(a ) = cl 2 ( int 1 (B))(b) = 1 , cl 2 ( int 1 (B))(c )
= 1 / 2 , so sτ(1 , 2) (B) = 1 and int 1 ( cl 2 ( int 1 (B)))(a ) =
1 , int 1 ( cl 2 ( int 1 (B)))(b) = 1 / 2 , int 1 ( cl 2 ( int 1 (B)))(c ) = 1 / 2 ,
so ατ(1 , 2) (B) = 1 / 2 . 
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herefore sτ(1 , 2) (B) � ατ(1 , 2) (B) , ατ(1 , 2) (B) � τ1 (B) and 

τ(1 , 2) (B) � τ2 (B) . 

xample 4.2. Let X = { a, b, c } , B = { a, b} and τ1 , τ2 be two
uzzifying topologies on X defined as follows: 

1 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X } , 
1 / 4 if A = { c } , 
0 if o.w. 

, 

2 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X , { a }} , 
3 / 4 if A ∈ {{ c } , { a, c }} , 
0 if o.w. 

e have, int 1 ( cl 2 (B))(a ) = int 1 ( cl 2 (B))(b) = int 1 ( cl 2 (B))(c ) =
 / 4 , so pτ(1 , 2) (B) = 1 / 4 and cl 2 ( int 1 (B)) ≡ φ,
nt 1 ( cl 2 ( int 1 (B))) ≡ φ, so ατ(1 , 2) (B) = 0 . 

Therefore pτ(1 , 2) (B) � ατ(1 , 2) (B) . 

. Semicontinuity and α-continuity in fuzzifying bitopological 
paces 

efinition 5.1. Let (X , τ1 , τ2 ) and (Y , σ1 , σ2 ) be two fuzzifying
itopological spaces. 

(1) A unary predicate SC (i, j) ∈ I (Y 

X ) , called fuzzy semicon- 
tinuity, is given as follows: 
f ∈ SC (i, j) := ∀ v (v ∈ σi → f −1 (v ) ∈ sτ(i, j) ) . i.e., 
SC (i, j) ( f ) = inf v ∈ P(Y ) min (1 , 1 − σi (v ) + sτ(i, j) ( f −1 (v ))) . 

(2) A unary predicate αC (i, j) ∈ I (Y 

X ) , called fuzzy α-
continuity, is given as follows: 
f ∈ αC (i, j) := ∀ v (v ∈ σi → f −1 (v ) ∈ ατ(i, j) ) . i.e., 

αC (i, j) ( f ) = inf 
v ∈ P(Y ) 

min (1 , 1 − σi (v ) + ατ(i, j) ( f −1 (v ))) . 

emark 5.1. It is clear from Theorem 4.2 and above Definition 

hat the following implications are true: 

The following examples show that generally the reverse of 
hese implications need not be true. 

xample 5.1. For X = { a, b, c } , let τ1 , τ2 , γ1 and γ2 be four
uzzifying topologies on X defined as follows: 

1 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X , { a }} , 
3 / 4 if A ∈ {{ c } , { a, c }} , 
0 if o.w. 

, 

2 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X } , 
1 / 2 if A = { c } , 
0 if o.w. 

1 (A ) = 

{
1 if A ∈ { φ, X , { a, b}} , 
0 if o.w. 

, 

2 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X , { a, b}} , 
1 / 2 if A = { a } , 
0 if o.w. 
onsider the identity function f from (X , τ1 , τ2 ) onto
X , γ1 , γ2 ) . 

Then C 1 ( f ) = inf v ∈ P(X ) min (1 , 1 − γ1 (v ) + τ1 ( f −1 (v ))) . 
Note that if v = X or φ or γ1 (v ) = 0 , then min (1 , 1 −

1 (v ) + τ1 ( f −1 (v ))) = 1 , that is rejected, since we are looking
or inf v ∈ P(X ) min (1 , 1 − γ1 (v ) + τ1 ( f −1 (v ))) . 

Therefore 
 1 ( f ) = min (1 , 1 − γ1 ({ a, b} ) + τ1 ( f −1 ({ a, b} ))) = 0 . 

Similarly C 2 ( f ) = 0 , SC (1 , 2) ( f ) = 1 and αC (1 , 2) ( f ) = 1 / 2 . 
Therefore αC (1 , 2) � C 1 , αC (1 , 2) � C 2 and SC (1 , 2) � αC (1 , 2) . 

xample 5.2. For X = { a, b, c } , let τ1 , τ2 , γ1 and γ2 be four
uzzifying topologies on X defined as follows: 

1 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X } , 
1 / 4 if A = { c } , 
0 if o.w. 

, 

2 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X , { a }} , 
3 / 4 if A ∈ {{ c } , { a, c }} , 
0 if o.w. 

1 (A ) = 

{
1 if A ∈ { φ, X , { a, b}} , 
0 if o.w. 

, 

2 (A ) = 

⎧ ⎨ 

⎩ 

1 if A ∈ { φ, X , { a, b}} , 
1 / 4 if A = { a } , 
0 if o.w. 

onsider the identity function f from (X , τ1 , τ2 ) onto
X , γ1 , γ2 ) . Then αC (1 , 2) ( f ) = 0 , PC (1 , 2) ( f ) = 1 / 4 . 

Therefore PC (1 , 2) � αC (1 , 2) . 

efinition 5.2. Let (X , τ1 , τ2 ) , (Y , σ1 , σ2 ) be two fuzzifying
itopological spaces. For any f ∈ Y 

X , we define the unary fuzzy
redicate SC 

n 
(i, j) ∈ I (Y 

X ) , where n = 1 , 2 , . . . , 10 , as follows: 

(1) f ∈ SC 

1 
(i, j) := ∀ v (v ∈ F i → f −1 (v ) ∈ sF (i, j) ) ; 

(2) f ∈ SC 

2 
(i, j) := ∀ v ∀ x (v ∈ N 

i 
f (x ) → f −1 (v ) ∈ sN 

(i, j) 
x ) ; 

(3) f ∈ SC 

3 
(i, j) := ∀ x ∀ v (v ∈ N 

i 
f (x ) → ∃ u ( f (u ) ⊆ v → u ∈ 

sN 

(i, j) 
x )) ; 

(4) f ∈ SC 

4 
(i, j) := ∀ u ( f ( scl (i, j) (u )) ⊆ cl i ( f (u ))) ; 

(5) f ∈ SC 

5 
(i, j) := ∀ v ( scl (i, j) ( f −1 (v )) ⊆ f −1 ( cl i (v ))) ; 

(6) f ∈ SC 

6 
(i, j) := ∀ u ( f ( sb (i, j) (u )) ⊆ f (u ) ∪ b i ( f (u ))) ; 

(7) f ∈ SC 

7 
(i, j) := ∀ v ( f −1 ( int i (v )) ⊆ sint (i, j) ( f −1 (v ))) ; 

(8) f ∈ SC 

8 
(i, j) := ∀ v ( f −1 ( ixt i (v )) ⊆ sixt (i, j) ( f −1 (v ))) ; 

(9) f ∈ SC 

9 
(i, j) := ∀ u ( f ( sd (i, j) (u )) ⊆ f (u ) ∪ d i ( f (u ))) ; 

(10) f ∈ SC 

10 
(i, j) := ∀ x ∀ S(S ∈ N(X ) ∧ S � s (i, j) x → f ◦ S � i 

f (x )) . 

emma 5.1. Let A ∈ P(X ) and 
∼
B 

, 
∼
C 

∈ I (X ) , then 

|�∼
B 

⊆ A ∪ 

∼
C 

↔ 

∼
B 

∪ A ⊆ A ∪ 

∼
C 

. 

roof. It is clear. �

heorem 5.1. Let (X , τ1 , τ2 ) , (Y , σ1 , σ2 ) be two fuzzifying
itopological spaces and f ∈ Y 

X . Then 

1) |� f ∈ SC (i, j) ↔ f ∈ SC 

n 
(i, j) , n = 1 , 2 , . . . , 9 ; 

2) |� f ∈ SC (i, j) → f ∈ SC 

10 
(i, j) . 
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Proof. 

1) 
(a) We now prove that [ f ∈ SC (i, j) ] = [ f ∈ SC 

1 
(i, j) ] . 

[ f ∈ SC 

1 
(i, j) ] 

= inf 
v ∈ P(Y ) 

min (1 , 1 − F i (v ) + sF (i, j) ( f −1 (v ))) 

= inf 
v ∈ P(Y ) 

min (1 , 1 − σi (Y ∼ v ) + sτ(i, j) (X ∼ f −1 (v ))) 

= inf 
v ∈ P(Y ) 

min (1 , 1 − σi (Y ∼ v ) + sτ(i, j) ( f −1 (Y ∼ v ))) 

= inf 
w ∈ P(Y ) 

min (1 , 1 − σi (w ) + sτ(i, j) ( f −1 (w ))) 

= [ f ∈ SC (i, j) ] . 
(b) We prove that [ f ∈ SC (i, j) ] = [ f ∈ SC 

2 
(i, j) ] . 

[ f ∈ SC 

2 
(i, j) ] = inf x ∈ X inf v ∈ P(Y ) min (1 , 1 − N 

i 
f (x ) (v ) + 

sN 

(i, j) 
x ( f −1 (v ))) . 

Firstly, we show that [ f ∈ SC (i, j) ] ≤ [ f ∈ SC 

2 
(i, j) ] . If

N 

i 
f (x ) (v ) ≤ sN 

(i, j) 
x ( f −1 (v )) , then the result holds. Now

suppose N 

i 
f (x ) (v ) > sN 

(i, j) 
x ( f −1 (v )) . From Lemma (1.2)

in [9] , we have that if f (x ) ∈ B ⊆ v , then x ∈ f −1 (B) ⊆
f −1 (v ) . So 

N 

i 
f (x ) (v ) − sN 

(i, j) 
x ( f −1 (v )) 

= sup 

f (x ) ∈ B⊆v 
σi (B) − sup 

x ∈ A ⊆ f −1 (v ) 
sτ(i, j) (A ) 

≤ sup 

f (x ) ∈ B⊆v 
σi (B) − sup 

f (x ) ∈ B⊆v 
sτ(i, j) ( f −1 (B)) 

≤ sup 

f (x ) ∈ B⊆v 
(σi (B) − sτ(i, j) ( f −1 (B))) . 

So 

min (1 , 1 − N 

i 
f (x ) (v ) + sN 

(i, j) 
x ( f −1 (v ))) 

≥ inf 
f (x ) ∈ B⊆v 

min (1 , 1 − σi (B) + sτ(i, j) ( f −1 (B))) 

≥ inf 
B∈ P(Y ) 

min (1 , 1 − σi (B) + sτ(i, j) ( f −1 (B))) 

= SC (i, j) ( f ) . 
Hence SC 

2 
(i, j) ( f ) = inf x ∈ X inf v ∈ P(Y ) min (1 , 1 − N 

i 
f (x ) (v ) +

sN 

(i, j) 
x ( f −1 (v ))) ≥ SC (i, j) ( f ) . Secondly, we show that

[ f ∈ SC (i, j) ] ≥ [ f ∈ SC 

2 
(i, j) ] , as follows 

SC (i, j) ( f ) = inf 
v ∈ P(Y ) 

min (1 , 1 − σi (v ) + sτ(i, j) ( f −1 (v ))) 

= inf 
v ∈ P(Y ) 

min (1 , 1 − inf 
f (x ) ∈ v 

N 

i 
f (x ) (v ) 

+ inf 
x ∈ f −1 (v ) 

sN 

(i, j) 
x ( f −1 (v ))) 

≥ inf 
v ∈ P(Y ) 

min (1 , 1 − inf 
x ∈ f −1 (v ) 

N 

i 
f (x ) (v ) 

+ inf 
x ∈ f −1 (v ) 

sN 

(i, j) 
x ( f −1 (v ))) 

≥ inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N 

i 
f (x ) (v ) + sN 

(i, j) 
x ( f −1 (v

= SC 

2 
(i, j) ( f ) . 

Therefore SC (i, j) ( f ) = SC 

2 
(i, j) ( f ) . 

(c) We prove that [ f ∈ SC 

2 
(i, j) ] = [ f ∈ SC 

3 
(i, j) ] . With

f ( f −1 (v )) ⊆ v , we have 
[ f ∈ SC 

3 
(i, j) ] = inf 

x ∈ X 
inf 

v ∈ P(Y ) 
min (1 , 1 − N 

i 
f (x ) (v ) 

+ sup 

u ∈ P(X ) , f (u ) ⊆v 
sN 

(i, j) 
x (u )) 

≥ inf 
x ∈ X 

inf 
v ∈ P(Y ) 

min (1 , 1 − N 

i 
f (x ) (v ) 

+ sN 

(i, j) 
x ( f −1 (v ))) = [ f ∈ SC 

2 
(i, j) ] (1)
Since u ⊆ f −1 (v ) when f (u ) ⊆ v then from Theorem
(2.4) in [17] , we have sN 

(i, j) 
x (u ) ≤ sN 

(i, j) 
x ( f −1 (v )) . So 

[ f ∈ SC 

3 
(i, j) ] = inf 

x ∈ X 
inf 

v ∈ P(Y ) 
min (1 , 1 − N 

i 
f (x ) (v ) 

+ sup 

u ∈ P(X ) , f (u ) ⊆v 
sN 

(i, j) 
x (u )) 

≤ inf 
x ∈ X 

inf 
v ∈ P(Y ) 

min (1 , 1 − N 

i 
f (x ) (v ) 

+ sup 

u ∈ P(X ) , f (u ) ⊆v 
sN 

(i, j) 
x ( f −1 (v ))) 

= inf 
x ∈ X 

inf 
v ∈ P(Y ) 

min (1 , 1 − N 

i 
f (x ) (v ) 

+ sN 

(i, j) 
x ( f −1 (v ))) = [ f ∈ SC 

2 
(i, j) ] (2)

(From equations (1) and (2)) we have [ f ∈ SC 

2 
(i, j) ] = [ f ∈

SC 

3 
(i, j) ] 

(d) We prove that [ f ∈ SC 

4 
(i, j) ] = [ f ∈ SC 

5 
(i, j) ] . 

Note that for every v ∈ P(Y ) , [ f ( f −1 (v )) ⊆ v ] = 1 ,
then [ cl i ( f ( f −1 (v ))) ⊆ cl i (v )] = 1 . It is clear from
Lemma (1.2) in [9] , we have [ f −1 ( cl i ( f ( f −1 (v )))) ⊆
f −1 ( cl i (v ))] = 1 . Furthermore [ scl (i, j) ( f −1 (v )) ⊆
f −1 ( f ( scl (i, j) ( f −1 (v ))))] = 1 . 
So 

[ scl (i, j) ( f −1 (v )) ⊆ f −1 ( cl i (v ))] 

≥ [ f −1 ( f ( scl (i, j) ( f −1 (v )))) ⊆ f −1 ( cl i (v ))] 

≥ [ f −1 ( f ( scl (i, j) ( f −1 (v )))) ⊆ f −1 ( cl i ( f ( f −1 (v ))))] 

≥ [ f ( scl (i, j) ( f −1 (v ))) ⊆ cl i ( f ( f −1 (v )))] . 
Therefore 
SC 

5 
(i, j) ( f ) = inf 

v ∈ P(Y ) 
[ scl (i, j) ( f −1 (v )) ⊆ f −1 ( cl i (v ))] 

≥ inf 
v ∈ P(Y ) 

[ f ( scl (i, j) ( f −1 (v ))) ⊆ cl i ( f ( f −1 (v )))] 

≥ inf 
u ∈ P(X ) 

[ f ( scl (i, j) (u )) ⊆ cl i ( f (u ))] 

= SC 

4 
(i, j) ( f ) (3)

Now for each u ⊆ X , there exists v ⊆ Y , such that f (u ) =
v , then u ⊆ f −1 (v ) . Hence 
[ scl (i, j) ( f −1 (v )) ⊆ f −1 ( cl i (v ))] 

≤ [ scl (i, j) (u ) ⊆ f −1 ( cl i ( f (u )))] 

≤ [ f ( scl (i, j) (u )) ⊆ f ( f −1 ( cl i ( f (u ))))] 

≤ [ f ( scl (i, j) (u )) ⊆ cl i ( f (u ))] . 
So 

SC 

4 
(i, j) ( f ) = inf 

u ∈ P(X ) 
[ f ( scl (i, j) (u )) ⊆ cl i ( f (u ))] 

≥ inf 
u ∈ P(X ) ,v = f (u ) 

[ scl (i, j) ( f −1 (v )) ⊆ f −1 ( cl i (v ))] 

≥ inf 
v ∈ P(Y ) 

[ scl (i, j) ( f −1 (v )) ⊆ f −1 ( cl i (v ))] 

= SC 

5 
(i, j) ( f ) (4)

From equations (3) and (4) we have [ f ∈ SC 

4 
(i, j) ] = [ f ∈

SC 

5 
(i, j) ] 

(e) We prove that [ f ∈ SC 

2 
(i, j) ] = [ f ∈ SC 

5 
(i, j) ] , as follows 

SC 

5 
(i, j) ( f ) = inf 

v ∈ P(Y ) 
inf 
x ∈ X 

min (1 , 1 − scl (i, j) ( f −1 (v ))(x ) 

+ f −1 ( cl i (v ))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − scl (i, j) ( f −1 (v ))(x ) 

+ cl i (v )( f (x ))) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 −(1 −sN 

(i, j) 
x (X ∼ f −1 (v ))) 

+ (1 − N 

i 
f (x ) (Y ∼ v ))) 
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T  

t

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N 

i 
f (x ) (Y ∼ v ) 

+ sN 

(i, j) 
x ( f −1 (Y ∼ v ))) 

= inf 
w ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N 

i 
f (x ) (w ) 

+ sN 

(i, j) 
x ( f −1 (w ))) = SC 

2 
(i, j) ( f ) . 

(f) We prove that [ f ∈ SC 

4 
(i, j) ] = [ f ∈ SC 

6 
(i, j) ] , as follows. 

From Lemma 5.1 , we have 
[ f ∈ SC 

6 
(i, j) ] 

= inf 
u ∈ P(X ) 

[ f ( sb (i, j) (u )) ⊆ f (u ) ∪ b i ( f (u ))] 

= inf 
u ∈ P(X ) 

[ f ( sb (i, j) (u )) ∪ f (u ) ⊆ f (u ) ∪ b i ( f (u ))] 

= inf 
u ∈ P(X ) 

[ f ( sb (i, j) (u ) ∪ u ) ⊆ f (u ) ∪ b i ( f (u ))] 

= inf 
u ∈ P(X ) 

[ f ( scl (i, j) (u )) ⊆ cl i ( f (u ))] 

= [ f ∈ SC 

4 
(i, j) ] . 

(g) We prove that [ f ∈ SC 

2 
(i, j) ] = [ f ∈ SC 

7 
(i, j) ] . So 

[ f ∈ SC 

7 
(i, j) ] = inf 

v ∈ P(Y ) 
inf 
x ∈ X 

min (1 , 1 − f −1 ( int i (v ))(x ) 

+ sint (i, j) ( f −1 (v ))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − int i (v )( f (x )) 

+ sint (i, j) ( f −1 (v ))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

min (1 , 1 − N 

i 
f (x ) (v ) 

+ sN 

(i, j) 
x ( f −1 (v ))) = [ f ∈ SC 

2 
(i, j) ] . 

(h) We prove that [ f ∈ SC 

7 
(i, j) ] = [ f ∈ SC 

8 
(i, j) ] , as follows 

[ f ∈ SC 

8 
(i, j) ] 

= inf 
v ∈ P(Y ) 

[ f −1 ( ixt i (v )) ⊆ sixt (i, j) ( f −1 (v ))] 

= inf 
v ∈ P(Y ) 

[ f −1 ( int i (Y ∼ v )) ⊆ sint (i, j) (X ∼ f −1 (v ))] 

= inf 
v ∈ P(Y ) 

[ f −1 ( int i (Y ∼ v )) ⊆ sint (i, j) ( f −1 (Y ∼ v ))] 

= inf 
w ∈ P(Y ) 

[ f −1 ( int i (w )) ⊆ sint (i, j) ( f −1 (w ))] 

= [ f ∈ SC 

7 
(i, j) ] . 

(q) We prove that [ f ∈ SC 

4 
(i, j) ] = [ f ∈ SC 

9 
(i, j) ] . From

Lemma 5.1 , we have 
[ f ∈ SC 

9 
(i, j) ] = inf 

u ∈ P(X ) 
[ f ( sd (i, j) (u )) ⊆ f (u ) ∪ d i ( f (u ))] 

= inf 
u ∈ P(X ) 

[ f ( sd (i, j) (u )) ∪ f (u ) 

⊆ f (u ) ∪ d i ( f (u ))] 

= inf 
u ∈ P(X ) 

[ f ( scl (i, j) (u )) ⊆ cl i ( f (u ))] 

= [ f ∈ SC 

4 
(i, j) ] . 

2) [ f ∈ SC 

10 
(i, j) ] = inf S∈ N(X ) inf x ∈ X min (1 , 1 − [ S � s (i, j) x ] + [ f ◦

S � i f (x )]) . 
If [ S � s (i, j) x ] ≤ [ f ◦ S � i f (x )] , then the result holds. Assume

that [ S � s (i, j) x ] > [ f ◦ S � i f (x )] . Since f ◦ S 

�⊂∼ v implies S 

�⊂∼
f −1 (v ) , we have 

[ S � s (i, j) x ] − [ f ◦ S � i f (x )] = inf 
u ∈ P(X ) ,S 

�⊂∼u 

(1 − sN 

(i, j) 
x (u )) 

− inf 
v ∈ P(Y ) , f ◦S 

�⊂∼v 

(1 − N 

i 
f (x ) (v )) 

≤ inf 
v ∈ P(Y ) , f ◦S 

�⊂∼v 

(1 − sN 

(i, j) 
x ( f −1 (v ))) 
inf 
v ∈ P(Y ) , f ◦S 

�⊂∼v 

(1 − N 

i 
f (x ) (v )) 

≤ sup 

v ∈ P(Y ) , f ◦S 
�⊂∼v 

(N 

i 
f (x ) (v ) − sN 

(i, j) 
x ( f −1 (v ))) . 

Hence 

min (1 , 1 − [ S � s (i, j) x ] + [ f ◦ S � s (i, j) f (x )]) 

≥ inf 
v ∈ P(Y ) , f ◦S 

�⊂∼v 

min (1 , 1 − N 

i 
f (x ) (v ) + sN 

(i, j) 
x ( f −1 (v ))) 

≥ inf 
v ∈ P(Y ) 

min (1 , 1 − N 

i 
f (x ) (v ) + sN 

(i, j) 
x ( f −1 (v ))) 

= [ f ∈ SC 

2 
(i, j) ] . �

heorem 5.2. Let (X , τ1 , τ2 ) , (Y , σ1 , σ2 ) be two fuzzifying
itopological spaces and f ∈ Y 

X , we set 

(1) f ∈ αC 

1 
(i, j) := ∀ v (v ∈ F i → f −1 (v ) ∈ αF (i, j) ) ; 

(2) f ∈ αC 

2 
(i, j) := ∀ x ∀ v (v ∈ N 

i 
f (x ) → ∃ u (x ∈ u ⊆ f −1 (v ) ∧ 

u ∈ ατ(i, j) )) ; 
(3) f ∈ αC 

3 
(i, j) := ∀ x ∀ v (v ∈ N 

i 
f (x ) → ∃ u ( f (u ) ⊆ v → x ∈ 

u ∧ u ∈ ατ(i, j) )) ; 
(4) f ∈ αC 

4 
(i, j) := ∀ v ( cl i ( int j ( cl i ( f −1 (v )))) ⊆ f −1 ( cl i (v ))) ; 

(5) f ∈ αC 

5 
(i, j) := ∀ u ( f ( cl i ( int j ( cl i (u )))) ⊆ cl i ( f (u ))) ; 

(6) f ∈ αC 

6 
(i, j) := ∀ v ( f −1 ( int i (v )) ⊆ int i ( cl j ( int i ( f −1 (v ))))) . 

Then 
|� f ∈ αC (i, j) ↔ f ∈ αC 

n 
(i, j) , n = 1 , 2 , 3 , 4 , 5 , 6 . 

roof. 

(a) The proof of [ f ∈ αC (i, j) ] = [ f ∈ αC 

n 
(i, j) ] , n = 1 , 2 , 3 , is

similar to the proof of Theorem 5.1 . 
(b) It is easy to show that [ f ∈ αC 

4 
(i, j) ] = [ f ∈ αC 

5 
(i, j) ] and

[ f ∈ αC 

4 
(i, j) ] = [ f ∈ αC 

6 
(i, j) ] . 

(c) From part (1) of the Theorem 4.1 , we have 

[ f ∈ αC 

2 
(i, j) ] 

= [ ∀ x ∀ v (v ∈ N 

i 
f (x ) → ∃ u (x ∈ u ⊆ f −1 (v ) ∧ u ∈ ατ(i, j) ))] 

= inf 
x ∈ X 

inf 
v ∈ P(Y ) 

(1 , 1 − N 

i 
f (x ) (v ) + sup 

x ∈ u ⊆ f −1 (v ) 
ατ(i, j) (u )) 

= inf 
v ∈ P(Y ) 

(1 , 1 − sup 

x ∈ X 
N 

i 
f (x ) (v ) 

+ inf 
x ∈ X ∼ f −1 (v ) 

inf 
x ∈ f −1 (v ) 

sup 

x ∈ u ⊆ f −1 (v ) 
ατ(i, j) (u )) 

= inf 
v ∈ P(Y ) 

(1 , 1 − sup 

x ∈ X 
N 

i 
f (x ) (v ) + inf 

x ∈ X ∼ f −1 (v ) 
ατ(i, j) ( f −1 (v ))) 

= inf 
v ∈ P(Y ) 

(1 , 1 − sup 

x ∈ X 
N 

i 
f (x ) (v ) 

+ inf 
x ∈ X ∼ f −1 (v ) 

inf 
x ∈ f −1 (v ) 

int i ( cl j ( int i ( f −1 (v ))))(x )) 

= inf 
v ∈ P(Y ) 

(1 , 1 − sup 

x ∈ X 
int i (v )( f (x )) 

+ inf 
x ∈ X 

int i ( cl j ( int i ( f −1 (v ))))(x )) 

= inf 
v ∈ P(Y ) 

inf 
x ∈ X 

(1 , 1 − f −1 ( int i (v ))(x ) 

+ int i ( cl j ( int i ( f −1 (v ))))(x )) = [ f ∈ αC 

6 
(i, j) ] . �

heorem 5.3. Let (X , τ1 , τ2 ) , (Y , σ1 , σ2 ) , and (Z, γ1 , γ2 ) be
hree fuzzifying bitopological spaces. For any f ∈ Y 

X , g ∈ Z 

Y . 

(1) |� SC (i, j) ( f ) → (C i (g) → SC (i, j) (g ◦ f )) ; 
(2) |� C i (g) → ( SC (i, j) ( f ) → SC (i, j) (g ◦ f )) ; 
(3) |� αC (i, j) ( f ) → (C i (g) → αC (i, j) (g ◦ f )) ; 

(4) |� C i (g) → (αC (i, j) ( f ) → αC (i, j) (g ◦ f )) . 
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Proof. 

(1) Firstly, if [ C i (g)] ≤ [ SC (i, j) (g ◦ f )] , then the result holds.
Secondly, if [ C i (g)] > [ SC (i, j) (g ◦ f )] , then 

[ C i (g)] − [ SC (i, j) (g ◦ f )] 

= inf 
v ∈ P(Z) 

min (1 , 1 − γi (v ) + σi (g −1 (v ))) 

− inf 
v ∈ P(Z) 

min (1 , 1 − γi (v ) + sτ(i, j) ( (g ◦ f ) −1 (v ))) 

≤ sup 

v ∈ P(Z) 

(σi (g −1 (v )) − sτ(i, j) ( ( g ◦ f ) −1 (v ))) 

≤ sup 

u ∈ P(Y ) 
(σi (u ) − sτ(i, j) ( f −1 (u ))) . 

Therefore 

[ C i (g) → SC (i, j) (g ◦ f )] 

= min (1 , 1 − C i (g) + SC (i, j) (g ◦ f )) 

≥ inf 
u ∈ P(Y ) 

min (1 , 1 − σi (u ) + sτ(i, j) ( f −1 (u ))) 

= SC (i, j) ( f ) . 

(2) 

[ C i (g) → ( SC (i, j) ( f ) → SC (i, j) (g ◦ f ))] 

= [ ¬ (C i (g) ̇  ∧ ( SC (i, j) ( f ) ̇  ∧ ¬ SC (i, j) (g ◦ f )))] 

= [ ¬ ( SC (i, j) ( f ) ̇  ∧ (C i (g) ̇  ∧ ¬ SC (i, j) (g ◦ f )))] 

= [ SC (i, j) ( f ) → (C i (g) → SC (i, j) (g ◦ f ))] . 

The proofs of (3) and (4) are similar to (1) and (2)
above. �

6. Semiopen mapping, α-open mapping and preopen mapping in 
fuzzifying bitopological spaces 

Definition 6.1. Let (X , τ1 , τ2 ) and (Y , σ1 , σ2 ) be two fuzzifying
bitopological spaces. 

(1) A unary predicate SO (i, j) ∈ I (Y 

X ) , called fuzzy
semiopenness, is given as follows: 
f ∈ SO (i, j) := ∀ u (u ∈ τi → f (u ) ∈ sσ(i, j) ) . i.e., 
SO (i, j) ( f ) = inf u ∈ P(X ) min (1 , 1 − τi (u ) + sσ(i, j) ( f (u ))) . 

(2) A unary predicate αO (i, j) ∈ I (Y 

X ) , called fuzzy α-
openness, is given as follows: 
f ∈ αO (i, j) := ∀ u (u ∈ τi → f (u ) ∈ ασ(i, j) ) . i.e., 

αO (i, j) ( f ) = inf 
u ∈ P(X ) 

min (1 , 1 − τi (u ) + ασ(i, j) ( f (u ))) . 

(3) A unary predicate PO (i, j) ∈ I (Y 

X ) , called fuzzy preopen-
ness, is given as follows: 
f ∈ PO (i, j) := ∀ u (u ∈ τi → f (u ) ∈ pσ(i, j) ) . i.e., 

PO (i, j) ( f ) = inf 
u ∈ P(X ) 

min (1 , 1 − τi (u ) + pσ(i, j) ( f (u ))) . 

Remark 6.1. It is clear from Theorem 4.2 and above Definition
that the following implications are true: 

The following examples show that generally the reverse of
these implications need not be true. 
Example 6.1. For X = { a, b, c } , let τ1 , τ2 , γ1 and γ2 be four
fuzzifying topologies, which are defined on X in Example 5.1 . 

Consider identity function f from (X , γ1 , γ2 ) onto
(X , τ1 , τ2 ) . Then O 1 ( f ) = O 2 ( f ) = 0 , SO (1 , 2) ( f ) = 1 and
αO (1 , 2) ( f ) = 1 / 2 . Therefore αO (1 , 2) � O 1 , SO (1 , 2) � αO (1 , 2) . 

Example 6.2. For X = { a, b, c } , let τ1 , τ2 , γ1 and γ2 be four
fuzzifying topologies, which are defined on X in Example 5.2 . 

Consider identity function f from (X , γ1 , γ2 ) onto
(X , τ1 , τ2 ) . Then αO (1 , 2) ( f ) = 0 , PO (1 , 2) ( f ) = 1 / 4 . There-
fore PO (1 , 2) � αO (1 , 2) . 

Theorem 6.1. Let (X , τ1 , τ2 ) , (Y , σ1 , σ2 ) be two fuzzifying
bitopological spaces and f ∈ Y 

X , we set 

(1) f ∈ SO 

1 
(i, j) := ∀ v ∀ x ( f −1 (v ) ∈ N 

i 
x → v ∈ sN 

(i, j) 
f (x ) ) ; 

(2) f ∈ SO 

2 
(i, j) := ∀ v ( f −1 ( scl (i, j) (v )) ⊆ cl i ( f −1 (v ))) ; 

(3) f ∈ SO 

3 
(i, j) := ∀ v ( int i ( f −1 (v )) ⊆ f −1 ( sint (i, j) (v ))) ; 

(4) f ∈ SO 

4 
(i, j) := ∀ u ( f ( int i (u )) ⊆ sint (i, j) ( f (u ))) ; 

(5) f ∈ αO 

1 
(i, j) := ∀ u ( f ( int i (u )) ⊆ int i ( cl j ( int i ( f (u ))))) . 

(6) f ∈ αO 

2 
(i, j) := ∀ v ( int i ( f −1 (v )) ⊆ f −1 ( int i ( cl j ( int i (v ))))) ; 

(7) f ∈ αO 

3 
(i, j) := ∀ v ( f −1 ( cl i ( int j ( cl i (v )))) ⊆ cl i ( f −1 (v ))) ; 

Then 

(1) |� f ∈ SO (i, j) ↔ f ∈ SO 

n 
(i, j) , n = 1 , 2 , 3 , 4 ; 

(2) |� f ∈ αO 

n 
(i, j) → f ∈ αO (i, j) , n = 1 , 2 , 3 . 

Proof. 

(1) It is similar to the proof of Theorem 3.2 . 
(2) 

(a) 
[ f ∈ αO (i, j) ] = [ ∀ u (u ∈ τi → f (u ) ∈ ασ(i, j) )] 

= inf 
u ∈ P(X ) 

[ u ⊆ int i (u ) → f (u ) 

⊆ int i ( cl j ( int i ( f (u ))))] 

≥ inf 
u ∈ P(X ) 

[ f (u ) ⊆ f ( int i (u )) → f (u ) 

⊆ int i ( cl j ( int i ( f (u ))))] 

= inf 
u ∈ P(X ) 

min (1 , 1 − inf 
y ∈ f (u ) 

f ( int i (u ))(y ) 

+ inf 
y ∈ f (u ) 

int i ( cl j ( int i ( f (u ))))(y )) 

≥ inf 
u ∈ P(X ) 

inf 
y ∈ Y 

min (1 , 1 − f ( int i (u ))(y ) 

+ int i ( cl j ( int i ( f (u ))))(y )) 

= [ f ∈ αO 

1 
(i, j) ] 

(b) It is easy to show that [ f ∈ αO 

1 
(i, j) ] = [ f ∈ αO 

2 
(i, j) ] and

[ f ∈ αO 

2 
(i, j) ] = [ f ∈ αO 

3 
(i, j) ] . �

Theorem 6.2. Let (X , τ1 , τ2 ) , (Y , σ1 , σ2 ) , and (Z, γ1 , γ2 ) be
three fuzzifying bitopological spaces. For any f ∈ Y 

X , g ∈ Z 

Y . 

(1) |� SO (i, j) (g) → (O i ( f ) → SO (i, j) (g ◦ f )) ; 
(2) |� O i ( f ) → ( SO (i, j) (g) → SO (i, j) (g ◦ f )) ; 
(3) |� αO (i, j) (g) → (O i ( f ) → αO (i, j) (g ◦ f )) ; 
(4) |� O i ( f ) → (αO (i, j) (g) → αO (i, j) (g ◦ f )) . 

Proof. It is similar to the proof of the Theorem 5.3 . �
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