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Abstract The main purpose of this paper was to continue the study of separation axioms which is 
introduced in part I (Kandil et al., 2015). Whereas the part I (Kandil et al., 2015) was devoted to the 
axioms I PT i -ordered spaces, i = 0 , 1 , 2 , in the part II the axioms I PT i -ordered spaces, i = 3 , 4 , 5 
and I PR j -ordered spaces, j = 2 , 3 , 4 are introduced and studied. Clearly, if I = { φ} in these axioms, 
then the previous axioms (Singal and Singal, 1971; Abo Elhamayel Abo Elwafa, 2009) coincide with 
the present axioms. Therefore, the current work is a generalization of the previous one. In addition, 
the relationships between these axioms and the previous one axioms have been obtained. Some exam- 
ples are given to illustrate the concepts. Moreover, some important results related to these separations 
have been obtained. 

2010 Mathematics Subject Classification: 54F05; 54E55; 54D10 

Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 

 

 

 

 

 

 

1. Introduction 

A bitopological space (X , τ1 , τ2 ) was introduced by Kelly [4] in
1963, as a method of generalizes topological spaces (X , τ ) .
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ingal and Singal studied separation axioms PT i -ordered 

paces, i = 0 , 1 , 2 , 3 , 4 and PR j -ordered spaces, j = 2 , 3 in
itopological ordered spaces. After that time many authors have 
lready been studied the bitopological ordered spaces [3,5–8] . 

Abo Elhamayel Abo Elwafa [3] introduced separation ax- 
oms P -completely normal ordered spaces, PT 5 -ordered spaces 
nd PR j -ordered spaces, j = 0 , 1 on the bitopological ordered
paces. Kandil et al. [7] studied the bitopological ordered spaces 
y using the supra-topological ordered spaces. They introduced 

ew separations axioms P 

∗T i -ordered spaces, i = 0 , 1 , 2 which
as a generalization of previous one [2] . 

In 2015 Kandil et al. [1] used the concept of ideal I to
ntroduce and study the ideal bitopological ordered spaces 
X , τ1 , τ2 , R, I ) . Clearly, if I = { φ} , then every ideal bitopo-
ogical ordered space is bitopological ordered space. There- 
ore, these spaces are generalization of the bitopological ordered 

paces and bitopological spaces. They used the notion of I- 
ncreasing (decreasing) [9] sets and introduced separation ax- 
oms I PT i -ordered spaces, (i = 0 , 1 , 2) in ideal bitopological
rdered spaces. 

The present paper is a continuation of [1] . So, the aim of the
resent paper was to study the separation axioms I PT i -ordered 

paces, i = 3 , 4 , 5 and I PR j -ordered spaces, j = 2 , 3 , 4 on ideal
itopological ordered space (X , τ1 , τ2 , R, I ) . The current sep-
ration axioms are based on the notion of I-increasing (de- 
reasing) sets. Comparisons between these axioms and the ax- 
oms in [2,3] have been obtained. The importance of the current 
tudy is that the new spaces are more general because the old
ne can be obtained from the current spaces when I = { φ} . Fi-
ally, we show that the properties of being I PT i -ordered spaces, 
 = 3 , 4 , 5 and I PR j -ordered spaces, j = 2 , 3 , 4 are preserved
nder a bijective, P -open and order (reverse) embedding map- 
ings. 

. Preliminaries 

efinition 2.1 [10,11] . A relation R on a non-empty set X is
aid to be: 

1. reflexive if (x, x ) ∈ R , for every x ∈ X , 
2. symmetric if (x, y ) ∈ R ⇒ (y, x ) ∈ R , for every x, y ∈ X , 
3. transitive if (x, y ) ∈ R and (y, z ) ∈ R ⇒ (x, z ) ∈ R , for ev-

ery x, y, z ∈ X , 
4. antisymmetric if (x, y ) ∈ R and (y, x ) ∈ R ⇒ x = y , for ev-

ery x, y ∈ X , 
5. preorder relation if it is reflexive and transitive, 
6. partial order relation if it is reflexive, antisymmetric and 

transitive, and the pair (X , R ) is said to be a partially or-
dered set (or poset, for short). 

efinition 2.2 [10] . For a non-empty set X and a partially order
elation R on X , the pair (X , R ) is said to be a partially ordered
et (or poset, for short). 

efinition 2.3 [12] . Let (X , R ) be a poset. A set A ⊆ X is said
o be: 

1. decreasing if for every a ∈ A and x ∈ X , xRa ⇒ x ∈ A , 
2. increasing if for every a ∈ A and x ∈ X , aRx ⇒ x ∈ A . 

efinition 2.4. A mapping f : (X , R ) → (Y , R 

∗) is said to be: 
1. increasing (decreasing) if for every x 1 , x 2 ∈ X , x 1 Rx 2 ⇒
f (x 1 ) R 

∗ f (x 2 )( f (x 2 ) R 

∗ f (x 1 )) [12] , 
2. order embedding if for every x 1 , x 2 ∈ X , x 1 Rx 2 ⇔

f (x 1 ) R 

∗ f (x 2 ) [13] , 
3. order reverse embedding if for every x 1 , x 2 ∈ X , x 1 Rx 2 ⇔

f (x 2 ) R 

∗ f (x 1 ) [3] . 

efinition 2.5 [14] . Let X be a non-empty set. A class τ of
ubsets of X is called a topology on X iff τ satisfies the following
xioms: 

1. X , φ ∈ τ , 
2. arbitrary union of members of τ is in τ , 
3. the intersection of any two sets in τ is in τ . 

The members of τ are then called τ -open sets, or simply open
ets. The pair (X , τ ) is called a topological space. A subset A of
 topological space (X , τ ) is called a closed set if its complement
 

′ is an open set. 

efinition 2.6 [10] . Let (X , τ ) be a topological space and A ⊆
 . Then τ - cl (A ) = ∩{ F ⊆ X : A ⊆ F and F is closed} is called

he τ -closure of a subset A ⊆ X 

efinition 2.7 [4] . A bitopological space (bts, for short) is a
riple (X , τ1 , τ2 ) , where τ1 and τ2 are arbitrary topologies for a
et X . 

efinition 2.8 [15,16] . A function f : (X 1 , τ1 , τ2 ) →
X 2 , η1 , η2 ) is said to be: 

1. P .continuous (respectively P .open, P .closed) if f : 
(X 1 , τi ) → (X 2 , τi ) , i = 1 , 2 are continuous (respectively
open, closed). 

2. P .homeomorphism if f : (X 1 , τi ) → (X 2 , τi ) , i = 1 , 2 are
homeomorphism. 

efinition 2.9 [2] . A bitopological ordered space (bto-space, 
or short) has the form (X , τ1 , τ2 , R ) , where (X , R ) is a poset
nd (X , τ1 , τ2 ) is a bts. 

The notion a R b means that a not related to b , i.e., a R b ⇔
(a, b) / ∈ R . 

efinition 2.10 [2] . A bto-space (X , τ1 , τ2 , R ) is said to be: 

1. Lower pairwise T 1 ( LPT 1 , for short)-ordered space if for ev-
ery a, b ∈ X such that a R b, there exists an increasing τi -open
set U contains a such that b / ∈ U, i = 1 or 2. 

2. Upper pairwise T 1 ( U PT 1 , for short)-ordered space if for ev-
ery a, b ∈ X such that a R b, there exists a decreasing τi -open
set V contains b such that a / ∈ V, i = 1 or 2. 

3. Pairwise T 1 ( PT 1 , for short), if it is LPT 1 and U PT 1 -ordered
space. 

efinition 2.11 [2] . A bto-space (X , τ1 , τ2 , R ) is said to be: 
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1. Lower pairwise regular ( LPR 2 , for short) ordered space iff
for all decreasing τi -closed set F and for all a / ∈ F , there
exist increasing τi -open set U and decreasing τ j -open set V
such that a ∈ U, F ⊆ V and U ∩ V = φ. 

2. Upper pairwise regular ( PU R 2 , for short) ordered space iff
for all increasing τi -closed set F and for all a / ∈ F , there exist
decreasing τi -open set U and increasing τ j -open set V such
that a ∈ U, F ⊆ V and U ∩ V = φ. 

3. Pairwise regular ( PR 2 , for short) ordered space iff it is LPR 2

and U PR 2 . 

Definition 2.12 [2] . A PR 2 -ordered space which is also PT 1 -
ordered space is said to be PT 3 -ordered space. 

Definition 2.13 [2] . A bto-space (X , τ1 , τ2 , R ) is said to be
PR 3 -ordered space iff for all increasing τi -closed set F 1 and de-
creasing τ j -closed set F 2 such that F 1 ∩ F 2 = φ there exist an in-
creasing τ j -open set U and a decreasing τi -open set V such that
F 1 ⊆ U, F 2 ⊆ V and U ∩ V = φ. 

Definition 2.14 [2] . A PR 3 -ordered space which is also a PT 1 -
ordered space is said to be a PT 4 -ordered space. 

Definition 2.15 [17,18] . Two sets A and B in (X , τ1 , τ2 ) are said
to be P -separated sets iff A ∩ τ j - cl (B) = φ and τi - cl (A ) ∩ B =
φ, i, j = 1 , 2 , i 
 = j. 

Definition 2.16 [3] . (X , τ1 , τ2 , R ) is said to be a P -completely
normal ordered spaces ( PR 4 -ordered spaces, for short) iff for
any two P -separated subsets A and B of X such that A is an
increasing and B is a decreasing there exist an increasing τi -open
set U , A ⊆ U and a decreasing τ j -open set V , B ⊆ V such that
 ∩ V = φ. 

Definition 2.17 [3] . A PR 4 -ordered space which is a PT 1 -
ordered space is called a PT 5 -ordered space. 

Definition 2.18 [19] . A non-empty collection I of subsets of a
set X is called an ideal on X , if it satisfies the following condi-
tions: 

1. A ∈ I and B ∈ I ⇒ A ∪ B ∈ I, 
2. A ∈ I and B ⊆ A ⇒ B ∈ I. 

Definition 2.19 [9] . Let (X , R ) be a poset and I be an ideal on
X . A set A ⊆ X is said to be: 

1. I-decreasing iff Ra ∩ A 

′ ∈ I for every a ∈ A , where Ra =
{ b : (b, a ) ∈ R } . 

2. I-increasing iff aR ∩ A 

′ ∈ I for every a ∈ A , where aR =
{ b : (a, b) ∈ R } . 

Theorem 2.1 [9] . Let f : (X , R, I ) → (Y , R 

∗, f (I )) be a bijec-
tive function and order embedding. Then for every I -increasing
(decreasing) subset A of X , f (A ) is a f (I ) -increasing (decreas-
ing) subset of Y. 
Corollary 2.1 [9] . Let f : (X , R, I ) → (Y , R 

∗, f (I )) be a bi-
jective function and order embedding. If B is a f (I ) -increasing
(decreasing) subsets of Y, then f −1 (B) is an I -increasing (de-
creasing) subset of X. 

Theorem 2.2 [9] . Let f : (X , R, I ) → (Y , R 

∗, f (I )) be a bijec-
tive function and reverse embedding. Then for every I -increasing
(decreasing) subset A of X , f (A ) is a f (I ) -decreasing (increas-
ing) subset of Y. 

Corollary 2.2 [9] . Let f : (X , R, I ) → (Y , R 

∗, f (I )) be a bi-
jective function and order reverse embedding. If B is a f (I ) -
increasing (decreasing) subsets of Y, then f −1 (B) is an I -
decreasing (increasing) subset of X. 

Definition 2.20 [1] . A space (X , τ1 , τ2 , R, I ) is called an ideal
bitopological ordered space if (X , τ1 , τ2 , R ) is a bitopological
ordered space and I is an ideal on X . 

Definition 2.21 ( [1] ) . An ideal bitopological ordered space
(X , τ1 , τ2 , R, I ) is said to be: 

1. I lower PT 1 (I LPT 1 , for short) ordered space if for every
a, b ∈ X such that a R b, there exists an I-increasing τi -open
set U such that a ∈ U and b / ∈ U, i = 1 or 2. 

2. I upper PT 1 (I U PT 1 , for short) ordered space if for every
a, b ∈ X such that a R b, there exists an I-decreasing τi -open
set V such that b ∈ V and a / ∈ V, i = 1 or 2. 

3. I PT 1 -ordered space if it is I LPT 1 and I U PT 1 ordered
space. 

3. IP -regularity and IP -normality ordered spaces in ideal 
bitopological ordered spaces 

The aim of this section was to use the notion of I-increasing
(decreasing) sets [9] which based on the ideal I, to in-
troduce new separation axioms I PT i -ordered spaces , (i =
3 , 4 , 5) and I PR j -ordered spaces, j = 2 , 3 , 4 on the space
(X , τ1 , τ2 , R, I ) . Moreover, the relationship between these ax-
ioms and the axioms in [2,3] has been obtained. Some ex-
amples are given to illustrate the concepts. Furthermore,
some important results related these separations have been
studied. 

Definition 3.1. An ideal bitopological ordered space
(X , τ1 , τ2 , R, I ) is said to be: 

1. I lower pairwise regular ( I LPR 2 , for short) ordered space
iff for every I-decreasing τi -closed set F and for every
a / ∈ F , there exist an I-increasing τi -open set U and a I-
decreasing τ j -open set V such that a ∈ U, F − V ∈ I and
U ∩ V ∈ I. 

2. I upper pairwise regular ( I PU R 2 , for short) ordered space
iff for every I-increasing τi -closed set F and for every a / ∈ F ,
there exist a I-decreasing τi -open set U and an I-increasing
τ j -open set V such that a ∈ U, F − V ∈ I and U ∩ V ∈ I. 

3. I pairwise regular ( I PR 2 , for short) ordered space iff it is
I LPR 2 and I U PR 2 . 
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efinition 3.2. A I PR 2 -ordered space which is also I PT 1 - 
rdered space is said to be I PT 3 -ordered space. 

emark 3.1. It should be noted that if I = { φ} in Definitions
.1 and 3.2 , then we get Definitions 2.11 and 2.12 [2] , so the
urrent Definitions 3.1 and 3.2 are more general. 

xample 3.1. Let X = { 1 , 2 , 3 , 4 } , R = � ∪ { (1 , 4) , (1 , 3) , (2 , 3) ,
4 , 3) } , I = { φ, { 1 } , { 3 } , { 1 , 3 }} , τ1 = { X , φ, { 1 } , { 4 } , { 1 , 4 } , { 1 , 3 , 4 }} , τ2 =
 X , φ, { 2 , 3 }} . 

It is clear that (X , τ1 , τ2 , R , I ) is I LPR 2 -ordered space \ text{,}
ut it is not I U PR 2 -ordered space. 

xample 3.2. In Example 3.1 take I = { φ, { 1 } , { 2 } , { 4 } , { 1 , 2 } ,
 1 , 4 } , { 2 , 4 } , { 1 , 2 , 4 }} , τ1 = { X , φ, { 2 } , { 3 } , { 2 , 3 } , { 1 , 2 , 3 }} , τ2 = { X , φ, 
 1 , 4 }} . 

It is clear that (X , τ1 , τ2 , R , I ) is I U PR 2 -ordered space \ text{,}
ut it is not I LPR 2 -ordered space. 

The following example shows that (X , τ1 , τ2 , R , I ) is I PR 2 -
rdered space, but it is not I PT 3 -ordered space. 

xample 3.3. In Example 3.1 take I = { φ, { 1 } , { 2 } , { 4 } ,
 1 , 2 } , { 1 , 4 } , { 2 , 4 } , { 1 , 2 , 4 }} , τ1 = { X , φ, { 1 , 2 } , { 1 , 2 , 3 } , { 1 , 2 , 4 }} , τ2 = 

 X , φ, { 2 , 3 }} . 
It is clear that (X , τ1 , τ2 , R , I ) is I PR 2 -ordered space. 

xample 3.4. In Example 3.1 take I = { φ, { 1 } , { 2 } , { 4 } , { 1 , 2 } ,
 1 , 4 } , { 2 , 4 } , { 1 , 2 , 4 }} , τ1 = { X , φ, { 1 } , { 3 } , { 1 , 2 } , { 1 , 3 } , { 1 , 4 } , { 3 , 4 } , { 1 , 2 ,
 } , { 1 , 2 , 4 } , { 1 , 3 , 4 }} , τ2 = { X , φ, { 2 , 3 }} . 

It is clear that (X , τ1 , τ2 , R, I ) is I PT 3 -ordered space. 

The following proposition studies the relationship between 

he current Definitions 3.1 and 3.2 and the previous Definitions 
.11 and 2.12 . 

roposition 3.1. Let (X , τ1 , τ2 , R, I ) be an ideal bitopological or-
ered space. Then 

roof. The proof follows directly from the definitions of I PT 3 - 
rdered spaces, PT 3 -ordered spaces, I PR 2 -ordered spaces and 

R 2 -ordered spaces. �

Example 3.4 shows that (X , τ1 , τ2 , R, I ) is I PT 3 -ordered
pace, but it is PT 3 -ordered space. 

The following example shows that (X , τ1 , τ2 , R, I ) is I PR 2 -
rdered space, but it is PR 2 -ordered space. 

xample 3.5. In Example 3.1 take I = { φ, { 1 } , { 2 } , { 4 } , { 1 , 2 } ,
 1 , 4 } , { 2 , 4 } , { 1 , 2 , 4 }} , τ1 = { X , φ, { 2 } , { 1 , 2 } , { 2 , 3 } , { 1 , 2 , 3 } , { 1 , 2 , 4 }} , 
nd τ2 = { X , φ, { 2 , 3 }} . 

It is clear that (X , τ1 , τ2 , R, I ) is I PR 2 -ordered space, but it
s not PR 2 -ordered space. 
The following theorem shows that the property of being 
 PR 2 -ordered space is preserved by a bijective, ordered embed- 
ing (order reverse embedding) and P -homeomorphism map- 
ing. 

heorem 3.1. If (X , τ1 , τ2 , R, I ) is I PR 2 -ordered space, f :
X , τ1 , τ2 , R, I ) → (Y , η1 , η2 , R 

∗, f (I )) is a bijective, ordered
mbedding (order reverse embedding) and P-homeomorphism 

apping. Then (Y , η1 , η2 , R 

∗, f (I )) is f (I ) PR 2 -ordered space. 

roof. We prove the theorem in the case of ordered embedding
nd the other case is similar. Let H be a I-decreasing (increas-
ng) ηi -closed subset of Y , y / ∈ H . Since, f is an onto func-
ion, then there exists x ∈ X such that x = f −1 (y ) . Since, f is
 -continuous, f −1 (H ) is τi -closed. By Corollary 2.1 , f −1 (H )

s a I-decreasing (increasing) τi -closed subset of X and x / ∈
f −1 (H ) . As (X , τ1 , τ2 , R, I ) is I PR 2 -ordered space, there exist
n I-increasing (decreasing) τi -open set U contains x and a I-
ecreasing (increasing) τ j -open set V such that f −1 (H ) − V ∈
 and U ∩ V ∈ I . Since, f is P -open and by Theorem 2.1 ,

f (U ) is a f (I ) -increasing (decreasing) ηi -open set contains y =
f (x ) , f (V ) is a f (I ) -decreasing (increasing) η j -open set such
hat f ( f −1 (H ) − V ) = H − f (V ) ∈ f (I ) and f (U ) ∩ f (V ) =
f (U ∩ V ) ∈ f (I ) . Hence, (Y , η1 , η2 , R 

∗, f (I )) is f (I ) PR 2 -
rdered space. �

The following corollary shows that the property of being 
 PT 3 -ordered spaces is preserved by a bijective, ordered embed- 
ing (order reverse embedding) and P -homeomorphism map- 
ing. 

orollary 3.1. If (X , τ1 , τ2 , R, I ) is I PT 3 -ordered space, f :
X , τ1 , τ2 , R, I ) → (Y , η1 , η2 , R 

∗, f (I )) is a bijective, order em-
edding (order reverse embedding) and P-homeomorphism map- 
ing. Then (Y , η1 , η2 , R 

∗, f (I )) is f (I ) T 3 -ordered space. 

efinition 3.3. (X , τ1 , τ2 , R, I ) is said to be IP-normal ordered
pace ( I PR 3 -ordered space, for short) iff for all I-increasing 
i -closed set F 1 and I-decreasing τ j -closed set F 2 such that 
 1 ∩ F 2 ∈ I, there exists an I-increasing τ j -open set U and a I-
ecreasing τi -open set V such that F 1 − U ∈ I, F 2 − V ∈ I and
 ∩ V ∈ I. 

xample 3.6. In Example 3.1 take I = { φ, { 1 } , { 2 } , { 4 } , { 1 , 2 } ,
 1 , 4 } , { 2 , 4 } , { 1 , 2 , 4 }} , τ1 = { X , φ, { 1 , 4 } , { 1 , 3 , 4 }} , τ2 = { X , φ, { 2 } , { 1 , 2 } ,
 2 , 4 } , { 1 , 2 , 4 } , { 2 , 3 , 4 }} . It is clear that (X , τ1 , τ2 , R, I ) is I PR 3 -
rdered space. 

efinition 3.4. A I PR 3 -ordered space which is also a I PT 1 -
rdered space is said to be a I PT 4 -ordered space. 

Example 3.6 shows that (X , τ1 , τ2 , R, I ) is I PR 3 -ordered
pace, but it is not I PT 4 -ordered space. 

The following example shows that if (X , τ1 , τ2 , R, I ) is
 PR 3 -ordered space, then it is not necessary to be I PT 4 -
rdered space. 
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Example 3.7. In Example 3.1 take I = { φ, { 1 } , { 2 } , { 4 } , { 1 , 2 } ,
{ 1 , 4 } , { 2 , 4 } , { 1 , 2 , 4 }} , τ1 = { X , φ, { 3 } , { 4 } , { 2 , 4 } , { 3 , 4 } , { 1 , 3 , 4 } , { 2 , 3 , 4 }} ,
τ2 = { X , φ, { 1 } , { 1 , 2 } , { 1 , 2 , 3 } , { 1 , 2 , 4 }} . It is clear that
(X , τ1 , τ2 , R, I ) is I PT 4 -ordered space. 

Remark 3.2. It should be noted that if I = { φ} in Definitions
3.3 and 3.4 , then we get Definitions 2.13 and 2.14 given by Sin-
gal and Singal [2] and so Definitions 2.13 and 2.14 due to Singal
and Singal [2] are a special case of the current Definitions 3.3
and 3.4 . 

The following proposition studies the relationship between
Definitions 3.3 and 3.4 , and the previous Definitions 2.13 and
2.14 [2] . 

Proposition 3.2. Let (X , τ1 , τ2 , R, I ) be an ideal bitopological
ordered space. Then 

Proof. The proof follows directly from the definitions of I PT 4 -
ordered space, PT 4 -ordered space, PR 3 -ordered space and
I PR 3 -ordered spaces. �

Example 3.6 shows that (X , τ1 , τ2 , R, I ) is I PR 3 -ordered
space, but it is not PR 3 -ordered space. 

Example 3.7 shows that (X , τ1 , τ2 , R, I ) is I PT 4 -ordered
space, but it is not PT 4 -ordered space. 

The following theorem shows that the property of being
I PR 3 -ordered space is preserved by a bijective, ordered embed-
ding (order reverse embedding) and P -homeomorphism map-
ping. 

Theorem 3.2. If (X , τ1 , τ2 , R, I ) is a I PR 3 -ordered space, f :
(X , τ1 , τ2 , R, I ) → (Y , η1 , η2 , R 

∗, f (I )) is a bijective, order em-
bedding (order reverse embedding) and P-homeomorphism map-
ping. Then (Y , η1 , η2 , R 

∗, f (I )) is f (I ) PR 3 -ordered space. 

Proof. Let H 1 be a f (I ) -decreasing (increasing) ηi -closed
subset of Y and H 2 be a f (I ) -increasing (decreasing) η j -
closed subset of Y such that H 1 ∩ H 2 ∈ f (I ) . Since, f is P -
continuous, f −1 (H 1 ) is τi -closed subsets of X and f −1 (H 2 )

is τ j -closed subsets of X and by Corollary 2.1 , f −1 (H 1 )

is a I-decreasing (increasing) τi -closed subsets of X and
f −1 (H 2 ) is an I-increasing (decreasing) τ j -closed subsets of X .
Now, we have f −1 (H 1 ) ∩ f −1 (H 2 ) = f −1 (H 1 ∩ H 2 ) ∈ I. Since,
(X , τ1 , τ2 , R, I ) is I PR 3 -ordered space, then there exist an I-
increasing (decreasing) τ j -open set U, f −1 (H 1 ) − U ∈ I and
a I-decreasing (increasing) τi -open set V, f −1 (H 2 ) − V ∈ I
such that U ∩ V ∈ I. Since, f is P -open and by Theorem
2.1 , f (U ) is an f (I ) -increasing (decreasing) η j -open set,
f ( f −1 (H 1 ) − U ) = H 1 − f (U ) ∈ f (I ) and f (V ) is a f (I ) -
decreasing (increasing) ηi -open set, f ( f −1 (H 2 ) − V ) = H 2 −
f (V ) ∈ f (I ) such that f (U ) ∩ f (V ) = f (U ∩ V ) ∈ f (I ) .
Hence, (Y , η1 , η2 , R 

∗, f (I )) is f (I ) PR 3 -ordered space. �
Corollary 3.2. If (X , τ1 , τ2 , R, I ) is I PT 4 ordered space, f :
(X , τ1 , τ2 , R, I ) → (Y , η1 , η2 , R 

∗, f (I )) is a bijective, order em-
bedding (order reverse embedding) and P-continuous mapping.
Then (Y , η1 , η2 , R 

∗, f (I )) is f (I ) PT 4 ordered space. 

Definition 3.5. Two sets A and B in (X , τ1 , τ2 , I ) are said to be
IP-separated sets iff A ∩ τ j - cl (B) ∈ I and τi - cl (A ) ∩ B ∈ I. 

Example 3.8. Let (R , τl , τU , R, I ) be an ideal bitopo-
logical ordered space in which R is the real num-
bers and R is the usual order, τl = { (−∞ , a ) :
a ∈ R } ∪ { R , φ} , τU is the usual topology, and I =
{ φ, (1 , ∞ ) , (a, ∞ ) , [ a, ∞ ) , (a, b) , [ a, b) , (a, b] , [ a, b] , { c }} , where
1 < a < b, 1 < c < ∞ , a, b, c ∈ R and let A, B ⊆ R such that
A = (1 , ∞ ) and B = (−∞ , 1) . It is clear that A and B are
IP-separated sets as τU - cl (A ) = [1 , ∞ ) , τl - cl (B) = R and so
τU - cl (A ) ∩ B = φ ∈ I and τl - cl (B) ∩ A = (1 , ∞ ) ∈ I. 

Definition 3.6. An ideal bitopological ordered space
(X , τ1 , τ2 , R, I ) is said to be IP-completely normal ordered
space ( I PR 4 -ordered space, for short) iff for any two IP-
separated subsets A and B of X such that A is an I-increasing
set and B is a I-decreasing set there exist an I-increasing
τi -open set U , A ⊆ U and a I-decreasing τ j -open set V , B ⊆ V 

such that U ∩ V ∈ I. 

Example 3.9. Let (R , τU , τl , R, I ) be an ideal bitopo-
logical ordered space in which R is the real num-
bers and R is the usual order, τU is the usual
topology, τl = { (−∞ , a ) : a ∈ R } ∪ { R , φ} and I =
{ φ, (0 , ∞ ) , (a, ∞ ) , [ a, ∞ ) , (a, b) , [ a, b) , (a, b] , [ a, b] , { c }} , where
: 0 ≤ a < b, 0 ≤ c < ∞ , a, b, c ∈ R . Then, it is clear that
(R , τU , τl , R, I ) is I PR 4 -ordered space. 

Definition 3.7. A I PR 4 -ordered space which is I PT 1 -ordered
space is called a I PT 5 -ordered space. 

Remark 3.3. It should be noted that if I = { φ} in Definitions
3.5–3.7 , then we get Definitions 2.15–2.17 [3,17,18] , so
Definitions 2.15–2.17 [3,17,18] are special case of the current
Definitions 3.5–3.7 . 

The following proposition studies the relationship between
Definitions 3.5–3.7 and 2.15–2.17 given in [3,17,18] . 

Proposition 3.3. Let (X , τ1 , τ2 , R, I ) be an ideal bitopological
ordered space. Then 

Proof. The proof follows directly from the definitions of I PT 5 -
ordered space, PT 5 -ordered space, PR 4 -ordered space and
I PR 4 -ordered spaces. �
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Example 3.8 shows that A = (1 , ∞ ) and B = (−∞ , 1) are
P-separated sets, but it is not P -separated sets as τl - cl (B) ∩
 = (1 , ∞ ) 
 = φ. 

Example 3.9 shows that (R , τU , τl , R, I ) is I PR 4 -ordered
pace, but it is not I PT 5 -ordered space, as it is not I PT 1 -
rdered space, for 3 R 2 all I-decreasing sets which are contain- 

ng 2, also, contain 3. 
The following example shows that (X , τ1 , τ2 , R, I ) is I PR 4 -

rdered space, but it is not PR 4 -ordered space. 

xample 3.10. Let (R , τU , τu , R, I ) be an ideal bitopological or-
ered space in which R is the real numbers and R is the usual or-
er, τU is the usual topology, τu = { (a, ∞ ) : a ∈ R } ∪ { R , φ} and
 = { φ, (0 , ∞ ) , (a, ∞ ) , [ a, ∞ ) , (a, b) , [ a, b) , (a, b] , [ a, b] , { c }} , 
here : 0 ≤ a < b, 0 ≤ c < ∞ , a, b, c ∈ R . It is clear that
R , τU , τu , R, I ) is I PR 4 -ordered space, but it is not PR 4 -
rdered space, as there exist A, B ⊆ R , where A = (1 , ∞ ) and
 = (−∞ , 0) which are two P -separated sets, A is an increasing

et and B is a decreasing set, but the increasing τU -open superset
f A is U = (d, ∞ ) , d ≤ 1 , the only decreasing τu -open superset
f B is V = R and U ∩ V = (d, ∞ ) ∩ R = (d, ∞ ) 
 = φ, d ≤ 1 .

heorem 3.3. Every I PR 4 -ordered space is I PR 3 -ordered 
pace. 

roof. Let (X , τ1 , τ2 , R, I ) be I PR 4 -ordered space, A and B be
ubsets of X such that A ∩ B ∈ I, A is an I-increasing τi -closed
et and B is a I-decreasing τ j -closed set. Then τi - cl (A ) ∩ B ∈ I
nd A ∩ τ j - cl (B) ∈ I. Consequently, A and B being two IP-
eparated subsets of the I PR 4 -ordered space (X , τ1 , τ2 , R, I ) .
herefore, there exist an I-increasing τi -open set U, A ⊆ U 

nd a I-decreasing τ j -open set V, B ⊆ V such that U ∩ V ∈ I.
ence, (X , τ1 , τ2 , R, I ) be a I PR 3 -ordered space. �

The following example shows that (X , τ1 , τ2 , R, I ) is I PR 3 -
rdered space, but it is not I PR 4 -ordered space. 

xample 3.11. In Example 3.1 take I = 

 φ, { 3 } , { 4 } , { 3 , 4 } , } , τ1 = { X , φ, { 1 , 4 } , { 1 , 3 , 4 }} , τ2 = 

 X , φ, { 2 } , { 1 , 2 } , { 2 , 4 } , { 1 , 2 , 4 } , { 2 , 3 , 4 }} . It is clear that
X , τ1 , τ2 , R, I ) is I PR 3 -ordered space, but it is not I PR 4 -
rdered space as A = { 2 , 3 } , B = { 1 } are IP-separated sets,
 is an I-increasing set and B is a I-decreasing set, the only
-increasing τ1 -open superset of A is X and the I-decreasing τ2 - 
pen supersets of B are X , { 1 , 2 } , { 1 , 2 , 4 } and their intersection

s X , { 1 , 2 } , { 1 , 2 , 4 } / ∈ I. 

orollary 3.3. Every I PT 5 -ordered space is I PT 4 -ordered 
pace. 

Example 3.7 shows that (X , τ1 , τ2 , R, I ) is I PT 4 -ordered
pace, but it is not I PT 5 -ordered space as it is not I PR 4 -
rdered space, A = { 3 , 4 } , B = { 1 , 2 , 4 } are IP-separated sets,
 is an I-increasing set and B is a I-decreasing set, the
nly I-increasing τ2 -open superset of A is X and the only I- 
ecreasing τ1 -open superset of B is X and their intersection is 

 / ∈ I. 
heorem 3.4. The property of being I PR 4 -ordered space is 
reserved by a bijective, order embedding and P-homeomorphism 

apping. 

roof. Let f : (X , τ1 , τ2 , R, I ) → (Y , η1 , η2 , R 

∗, f (I )) be a
ijective, order embedding and P -homeomorphism mapping. 
et A and B be two f (I ) P-separated subsets of Y such

hat A is a f (I ) -increasing set, B is a f (I ) -decreasing set.
hen A ∩ η j - cl (B) ∈ f (I ) and ηi - cl (A ) ∩ B ∈ f (I ) . Now,

f −1 (A ) is an I-increasing and f −1 (B) is a I-decreasing,
f −1 (A ) ∩ τ j - cl ( f −1 (B)) ⊆ f −1 (A ) ∩ f −1 (η j - cl (B)) = f −1 (A ∩ 

j - cl (B)) ∈ I and τi - cl ( f −1 (A )) ∩ f −1 (B) ⊆ f −1 (ηi -
l (A )) ∩ f −1 (B) = f −1 (ηi - cl (A ) ∩ B) ∈ I. Thus, f −1 (A )

nd f −1 (B) are IP-separated subsets of X . So, there exist an
-increasing τ j -open set U, f −1 (A ) ⊆ U and a I-decreasing

i -open set V, f −1 (B) ⊆ V such that U ∩ V ∈ I. Therefore,
f ( f −1 (A )) ⊆ f (U ) and f ( f −1 (B)) ⊆ f (V ) . Thus, A ⊆ f (U )

nd B ⊆ f (V ) and f (U ) ∩ f (V ) = f (U ∩ V ) ∈ f (I ) . Con-
equently, (Y , η1 , η2 , R 

∗, f (I )) is f (I ) PR 4 -ordered space.
�

orollary 3.4. The property of being I PT 5 -ordered space is 
reserved by a bijective, order embedding and P-homeomorphism 

apping. 
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