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In this paper we use the Apollonius definition of conics to generate algebraic curves in
the Minkowski space-time plane M2, which turn out to be different from classical conic sections. We
extend and classify this sort of “M-conics”. We discuss the cases of the singularity points of these
M-conics, coming from the transition from timelike world to spacelike world through the lightlike
one. Finally, we translate the classical concept of Cassini curves with two foci and that of (multifocal)

Cassini curves to Minkowski planes 2.
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1. Introduction

A Minkowski space-time plane M? is pseudo-Euclidean plane,
i.e., there are three types of directions, the spacelike, timelike
and lightlike directions, and the unit ball in such a plane consists
of two conjugate hyperbolas with lightlike asymptotes [1,2], see
Fig. 1. Many authors discuss this space from the relativity point
of view with some mathematical concepts, e.g., Naber [3-5].

In the following we use the fundamental Apollonian
definitions of quadratic conics in Euclidean plane to
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define “M-conics” in the Minkowski space-time plane
M2

The elementary geometric Apollonius definition of an ellipse
in the Euclidean plane reads as follows:

An ellipse is the set of points P having constant distance sum
from two fixed points Fi, F5, the so-called focal points of the
ellipse.

Similar and well-known definitions exist for hyperbolas and
parabolas. While the projective geometric point of view distin-
guishes these “conic sections” (or shortly “conics”) by their
ideal points, a proper elementary geometric approach has to
omit this way to classify conics.

Cassini’s modification [6-8], in 1680, of the Apollonius def-
inition replaces the constant sum of distances to two fixed focal
points by the constant product of these distances. Cassini be-
lieved that the motion of the planets of the solar system revolves
in one of these curves. There are many applications of Cassini
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Fig. 1  Unit circle Sy of the Minkowski plane M?.

curves in BioGeometry, e.g. sectors of onions layers, bacterial
colonies and cell shapes. Furthermore, simulation of light
scattering [9], by small concave particles is necessary to find an
appropriate mathematical description of the particle shape. This
can be done easily by the usage of Cassini curves. For example,
this approach is used to fit the shape of the human red blood
cell [10,11]. For more applications of Cassini curves, see [12-14].

In this paper we aim at changing the place of action from
the classical Euclidean plane to the so-called Minkowski space-
time plane or, physically spoken, to the two-dimensional space-
time world. As expected the topology of the “M-conics” and
“M-Cassini curves” depends on the position and distance of the
focal points and of the chosen constant distance sum resp. prod-
uct. Special cases occur, if these foci lie on a lightlike line.

2. Minkowski norm

The Lorentz transformations are designed to preserve the light-
like lines, which is “M-circle true”, i.e. they are translations to-
gether with pseudo-reflections and pseudo-rotations, which is
the set x> — y*> = 0. In fact, it preserves each of the hyperbolas
x> —y? =k, for all k, i.e. the common asymptotes of these hy-
perbolas are the lightlike directions.

Definition 1. The Minkowski space-time plane M? is a real vec-
tor space with usual Minkowski inner product ( , ), given by
(%, )y = X101 — X2, (1
where x, y € M?, x = (x1,x2) and y = (31, y2).

The norm || - || is defined by the previous inner product as

llxll = V/1{x, x) 5. 2
Any arbitrary vector x € M? is classified according to the
sign of (x, x)sas follows:

i xis timelike if (x, x)3; < 0,
ii  xis spacelike if (x, x), > 0,

il xis lightlike if (x, x),, = 0.

It is clear to define the "unit circle" as a pair of Euclidean
hyperbolas x> — y? = %1 as follows:

Sy = {xe M :|x| =1}, (3)
and the unit ball is
By i={xe M :|x| <1} )

The unit circle Sy, has four sheets. Two of them come from
the equation (x, x),, = 1 which refers to the spacelike direc-
tions. The others from (x, x);; = —1, which refers to the time-
like directions. Any lightlike vector is parallel to the asymptotes
y = x and y = —x of the unit circle S, see Fig. 1. The pair of
asymptotes of Sy, forms the so-called light cone of M?>.

3. Conics in Minkowski space-time planes M

3.1. M-ellipse in M

We discuss the conics in Minkowski plane M? by using the usual
definition like in the Euclidean plane. Using the metric defini-
tion of M?, an M-ellipse obtains by distance sum from its foci z
and w to the locus point x on it:

lx=z|l + lx —w|| =2a, a> 0 5)

where x = (x, y) is a position point with given two foci points
z=(z1,22) and w = (wy, w2).

3.2. Classification of M-ellipse in M*

Now, we classify all cases of the M-ellipse (5). First of all, we
can rewrite (5) as follows:

\/|(X— 21)’ = (v — 2)7 +\/|(x— wi)® — (= w2)’| = 2a. (6)

Generally, M-ellipses (6) have at most eight singular points.
Furthermore, they are symmetric with respect to the center of
their focal segments. Denote the distance between the two foci
z = (z1,22) and w = (wy, wp) by 2d. Then we have

1
d= i\/|(21 —w)? = (22— w)?. ™

To analyze the singularity of (6), we need to find the limit
points of (6) with the four linesy = x4z, —z, y = —x+ 2 +
ZIL, Yy =X+ Wy —w andy: —X + Wy + wy.

Case I:

In the region of |[x — z| > |y — zp]and |x — wy| > |y — wy|we

have two symmetric parts with\/ (x—z1)° — y— ) +

\/(x —wi)? = (y — w2)* = 2a. We have the following singular

points on the four lines y=x+2z,—z;, y=—x+2z+ 2z,

y=x+wy—wiand y = —x 4+ wy + wy.

1- The limit point Py = (xy, y;) at the line y = x4z, — z;
therefore we have

4 + w% —(z1— 2o — w1)2
X =

+z1 — 2o, 8
2(zy — 2z — Wy + W) : ? ®)
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4> +wi — (zy — 2o — w])2
Y1 = 2 ©)
2(zi =z — wi +w2)
2- The limit point P, = (x,, y,) at the line y = —x + z, + zy;
therefore we have

4(12 +W% — (22 +zy — W1)2
= 3 10
2 2(22+Zl —Wz—Wl) tata ( )

4a? 2 _ 2
y = a-+w; — (22 +z1 —wy) an
2wy +wy — 2z — 21)
The limit point P; = (x3, y3) at the line y = x + wy — wy;
similarly, in (8) and (9) we have

[958
1

_ 4a® + z% — (W —wy —21)?

= = Wa, 12
A 2wy —wy — z1 + 22) TWLm W (12)

B 4612 +Z% — (W1 — Wy — 21)2
= 2wy — Wy — z1 + 25)
The limit point Py = (x4, y4) at the line

(13)

~
i

1. y=—x+ wy 4+ wy, like in (10) and (11) we have

40 + 22 — (wy +way — )?
= , 14
M 2w +wr —z1 — 22) MR (14

’ 4a*> + 25 — (w1 + w —1)°
4:

(15)

2(zi + 22— wp —w)
Case II:
In the region of |x —z;| < |y — z3] and |x — wy| < [y — wy|

Jo—2r— =22+

we have two symmetric parts with

\/(y —wy)? — (x — wy)? = 2a. We have the following singular

points intersected with the same four lines as in case I.

1- The limit point Ps = (x5, ys) at the line y = x4z, — zy;
therefore we have

_ —4a* + w% —(z1— 2 — Wl)2

X5 = +z1 — 2, (16)

2(zy — 2z — wi +w2)

y —4a* + w% —(z1 — 2o — w1)2
5 =

17

2- The limit point Ps = (xs, ys) at the line y = —x + z, + zy;
therefore we have

2(zy — 2z — wy +w2)

_ —4612 + W% — (22 + 2z — W])z

X = + 2+ zy, (18)

2(22 +zi —wy — Wl)

—4a2+w% —(z+ 7 —wl)2 (19)
2wy +wy — 2 —21)

3- The limit point P; = (x7, y7) at the line y = x + wy, — wy; in
the same way, as in (16) and (17), we have

Ve =

—4a® + 23 — (W —wy — 21)*
2(wy —wy — 21 + 22)

X7 = +wip — wa, (20)

—4, 2 2 _ _ _ 2
yy = A +22 (W] (%) Z]) . (21)
2wy —wy — zy + 22)

4- The limit point Py = (xg, yg) at the line y = —x 4+ wy + wy;
in the same way, as in (18) and (19), we have

—4a® + z% — (Wi +wy — 21)2

2wy +wy — 21 — 22)

+ wa + wy, (22)

4P 42— (w 2
T = a”+z; — (W +wy — Z1) . (23)
2(zy + 22 — wy — W)

In the same manner, we have other two cases: |x — zy| >
|y — z»| and |x — wy| < |y — wy|, the other case is in the region
of [x —z1| < |y — z»] and |x — wy| > |y — w,|. These cases have
four branches with the same critical points as we previously de-
rived.

However, we have eight critical points, and this number of
points may be less depending on the factor and the position of
the two foci z and w. Then we have the following classification:

i. If @ = d, we have only six singular points on the M-ellipse.
Two of them are the foci. In Fig. 2a, we see two foci lying
in timelike directions; therefore, the others should lie in the
spacelike directions and the converse is true. From Egs. (16)—
(19) we get Ps = P; = z. Furthermore, from (20)—(23) we get
P; = P = w. In other words, the two foci lie on the M-ellipse
as singular points.

ii. If @ > d and the foci are not on the same lightlike line, then
the two foci are interior points of the M-ellipse. Further-
more, we have eight singular points on the M-ellipse. Four
of them lie in the timelike directions, and the others lie in the
spacelike directions. See Fig. 2b.

iii. If @ < d with the absence of two foci lying together on the
same lightlike line, the two foci should be exterior points of
the M-ellipse. Furthermore, we have eight singular points on
the M-ellipse with two separated parts. Each of them con-
tains four singular points. The existence of points in timelike
or spacelike directions depends on the locus of the foci. See
Fig. 2c.

iv. If the foci are on the same lightlike line, we have six singular
points: two of them are ideal points (they lie in the projective
line), i.e. points at infinity. Also, the two foci are inside the
Me-ellipse. See Fig. 2d.

3.3. M-hyperbola in M>

Similarly, like an M-ellipse, we can define an M-hyperbola in
M? by using its foci z = (z, z5) and w = (w;, w,). Using the
elementary definition we get

lllx —zll — llx — wll| = 2a, a > 0. 24

In the Euclidean case the geometric properties of a hyper-
bola do not depend on the parameter a. However, in Minkowski
space-time plane M?> the topological properties of an M-
hyperbola (24) depend on the parameter ¢ and the position of
its foci.

The classification of an M-hyperbola (24) looks like that of
an M-ellipse (5). In the same way, we rewrite (24) as follows:

‘\/W—zl)z — == =) = =) = 2a.
(25)
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Fig. 2 (a) M-ellipse in M? with a = d = 1, where the two foci (0,1), (0,-1) lie on the M-ellipse. (b) M-ellipse in M? with ¢ = 2 and the
two foci (0,1), (0,—1) inside the M-ellipse. (c) M-ellipse in M? with @ = 2 and the two foci (1,6), (~1,0) outside the M-ellipse (Two separated
Astroids). (d) M-ellipse in M? witha = 2 and the two foci (1,1), (0,2) with foci line parallel to the Light-like line.

Therefore, we have the following:

i. If @ = d, we have six singular points with two singular foci.
See Fig. 3a.

ii. If @ > d, we have eight singular points distributed evenly
over the spacelike and timelike directions. See Fig. 3b.

iii. If a < d, also we have eight singular points evenly dis-
tributed over the spacelike and timelike directions. Further-
more, we get two combined sheets in both spacelike and
timelike directions. See Fig. 3c.

iv. If the straight line connecting the two focal points is
the lightlike line, then M-hyperbolas consist of only four
branches with four singular points. See Fig. 3d, while all for-
mer cases consist of eight branches.

3.4. M-parabola in M?

The elementary geometric Apollonius definition of a parabola
in the Euclidean plane reads as follows:
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Fig. 3

(a) M-hyperbola in M? with foci (2,0), (-2,0), a = 2. (b) M-hyperbola in M? with foci (2,0), (-2,0), a = 3. (¢c) M-hyperbola in M>

with foci (2,0), (-2,0), a = 1. (d) M-hyperbola in M? with a = 3 and foci (-2,2), (3,=3) and the line connecting the foci is the Light-like line.

A parabola is the locus of points P having constant segment
distance from a fixed point F, the so-called "focus" of the
parabola, and a straight line, called the "directrix" L.

Definition 2. In Minkowski space-time plane M> a segment or
straight line is said to be of the first (second) kind if it is parallel
to a line through the origin located in the sectors containing
the spacelike (timelike) equilateral hyperbola, i.e. the slope of
the line m satisfies |m| < 1 (Jm| > 1). The first (second) kind is
called spacelike (timelike) lines.

Therefore the straight line equation of the first (second) kind
passing through a point (x,, y,) can be represented, respectively,
as follows:

y_y”:m, |m| <1 (26)
X =X
Y=Y o iml > 1. 7)
X — X,

The previous two equations reflect the topological character-
izations of the M? plane.
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Fig.4 M-parabola in M? with focal point (-2,-1) and line y = 3x.

Theorem 3. The M-orthogonal of the line of the first (second)
kind in M? is of the second (first) kind. Furthermore, the prod-
uct of their slopes, is equal to one.

Theorem 4. The distance from a point P(xy, y;) to a straight
line L with equation y = mx + ¢, m # %1 is equal to =204

N Im2=1]

which is independent on the kind of the line L. This distance
corresponds to a maximum as is well known from special rela-
tivity, see [1,3].

Definition 5. Similarly as in elementary geometry, we can define
the M-parabola in M? using a fixed focal point z = (zy, z,) and
a straight line L : y = mx + g as follows:

ly —mx—qP?

2 — 1| 2%)

|(x =21 = (v —2)*| =

Of course (28) fails if the straight line is lightlike, because all
M-orthogonal lines to such a line are again lightlike of the same
direction. An M-parabola is well defined in M?, if the directrix
is of first or second kind only, see Fig. 4. Also, (28) fails if we
choose the line L to be the y-axis because the slope is undefined
and m — oo. In spite of the right hand side of (28), we can easily
get the squared distance of the position point (x, ) to be x°.
Then (28) becomes |(x — z1)> — (y — 22)*| = x%, see [15].

4. M-Cassini curves in M?

As mentioned in Section 1, we define M-Cassini curves in
Minkowski space-time plane M? as the set of points having con-
stant distance product from two fixed focal points z = (zy, z;)
and w = (w;, w,). Let b* be the value of this constant distance
product, then the equation of the M-Cassini curves can be writ-
ten as follows:

|(x—z1)" = (v — 22)%| - [(x —w1)? = (v — wo)?| = b (29)

Geometrically, the shapes of the curves depend on the posi-
tion of the foci and the constant b, see, e.g., Fig. Sa.

Also, if we convert (29) by changing the parameter using the
hyperbolic functions (x, y) — (r, @) where x = £rcosha, y =
+rsinha and r* = x> — y?, we have:

i 7% > 0in spacelike directions,
ii > < 01in timelike directions,
iii 72 =0 in lightlike directions.

Then (29) becomes:

(7 + 21 = 2) (7 + wi —w3)

+412(z; cosha — z, sinh &) (w; cosha — w» sinh &)

—2r[(z) cosha — z; sinh ) (i + wi — w3)

+(wi cosha — wysinha) (i + 27 — 23) ]| = b*. (30)

Special case I:

We may start with a “normal form” of an M-Cassini curve
¢ namely the case, where the two foci lie symmetric on the x-
axis. Then we have z; = — w; = cand z; = w, = 0, see Fig. 5a.
All the cases, where the line connecting the two foci is timelike,

can be transformed into this case by a Minkowski congruence
transformation, see Fig. 5a. Then (30) becomes

(P + 02)2 — 47 Pcosh’a| = b, (31)

and for the normal form ¢ we may take ¢ = 1. Then (31) reduces
to

|r* — 212 cosh 2o + 1] = b*. (32)

There are still two subcases to distinguish:

i For 4+ ¢t > 2r2¢% cosh 2a we get F=
:tc\/cosh 2« + /sinh*2a + (%)4.
1. Hence,
I
x = #c¢ |cosh2a £ [sinh®2a + <7> cosha, (33)
C
B\
y = +c |cosh2a + /sinh®2a + [ = | sinha. (34)
\ C
i For 4+ ¢* < 217¢% cosh 2a we have r=
:tc\/cosh 20 + /sinh* 2 — (é)4
1. Hence,
M4
x = +c |cosh2a £ [sinh?2a — <7) cosha, (35)
C
B\
y = +c¢ |cosh2a £ [sinh?2a — (7> sinh . (36)
\ C

In Fig. 6, we show M-Cassini curves for different values of b
and d which are given by (7).
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(a) (b)

(c) (d)

Fig. 5 (a) M-Cassini curves in M? with foci (1,0), (~1,0). (b) M-Cassini curves in M? with foci (0,~1), (0,1). (c) M-Cassini curves in M?
with foci (1,1), (-1,~1). (d) M-Cassini curves in M?with foci (1,-8), (-1,2).

Special case II:

Also in this case we may start with a “normal form” of an
M-Cassini curve ¢, namely the case, where the two foci lie sym-
metric on the y-axis, then we have z; = w; = 0, zo= -w, = c.
Again, all the cases, where the line connecting the two foci is
timelike, can be transformed into this case by a Minkowski con- p
gruence transformation, see Fig. 5b. Then we have d>h d=bh 4 <

Z Fig. 6 M-Cassini curves for a given d and varying values of bwith
r==%c |cosh2a £ [sinh*2a + <IZ> foci (1,-8), (-1,-2).
¢
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Fig. 7

where Eqgs. (33) and (34) should be valid, but do not give real
values for all parameters «. The interval of & with real x and y
values is restricted by sinh*2a > (5%

A Bt
2

P

Ly

P

This means Jcosh™'( ) <a or —icosh™(
«, see Fig. 5b.

Special case I1I:

If the two foci lie on a lightlike line or a parallel one, then
we can again, without loss of generality, choose the focal points
to be symmetric to the origin. We assume z; = z, = l and w; =

w, = 1. Then (30) becomes
|r2| |r2 —4re ™ + 4e’2°‘| = b, (36)

and the corresponding M-Cassini curve is shown in Fig. 5c. For
a more general case see Fig. 5d.

5. Multifocal M-Cassini curves in M?

As a generalization already due to Tschirnhaus [16] one can
consider curves with constant distance sum or product to more
than two focal points. Of course, in the Lorentz-Minkowski
plane one gets already for three focal points many topologically
different cases. We omit such a discussion and show in Fig. 7a
and b images of such multifocal M-Cassini curves with three
and four focal points.

6. Conclusion

Conics in the Minkowski space-time plane have some criti-
cal points coming from the transition between future and past
timelike directions into spacelike directions through asymptotes
lines of the equilateral hyperbolas unit circle (lightlike lines).
Furthermore, their topological form depends on its foci and

(b)

(a) Multifocal M-Cassini curves in M? with three foci. (b) Multifocal M-Cassini curves in M2 with four foci.

some factors in the case of M-ellipse and M-hyperbola, also the
position of the directrix in the case of M-hyperbola. It is sur-
prising to find that in some cases the foci lie on the conics as
singular points. In Euclidean plane, the conic is a section of the
usual quadratic cone. However in Minkowski plane, the shape
of analogues of such cones is still unknown.

Almost all M-Cassini curves in Minkowski Space-Time
plane are defined using hyperbolic functions. We believe that
in pseudo-Minkowski plane it can be clearly introduced by us-
ing the functions of a hypercomplex variable since its confor-
mal mappings have the same geometrical properties as the con-
formal mappings corresponding to the functions of a complex
variable. See [1].
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