Journal of the Egyptian Mathematical Society (2016) 24, 244-249

Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society

WWW.etms-eg.org
www.elsevier.com/locate/joems

Original Article

A new 2-inner product on the space of p-summable

sequences

Siikran Konca **, Mochammad Idris *, Hendra Gunawan

@ CrossMark

b

& Department of Mathematics, Bitlis Eren University, 13000, Bitlis, Turkey
® Department of Mathematics, Institute of Technology Bandung, Bandung 40132, Indonesia

Received 14 February 2015; revised 29 May 2015; accepted 1 July 2015

Keywords Abstract  In this paper, we wish to define a 2-inner product, non-standard, possibly with weights,
2-inner product spaces; on ¢”. For this purpose, we aim to obtain a different 2-norm ||., .||2,,.», Which is not equivalent to
2-normed spaces; the usual 2-norm ||., .||, on £” (except with the condition p = 2), satisfying the parallelogram law. We
p-summable sequences; discuss the properties of the induced 2-norm ||., .||2.,.,» and its relationships with the usual 2-norm on

Weights

£7. We also find that the 2-inner product (., .|.),,, is actually defined on a larger space.

2010 MATHEMATICS SUBJECT CLASSIFICATION: Primary 46C50; Secondary 46B20; 46CO05;

46C15; 46B99

Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

By ¢7 = ¢7(R) we denote the space of all p-summable sequences
of real numbers. For p # 2, (¢7,]/x||,) is not an inner product

. 1
space, since the usual norm |x||, = (3o, [x|?)? on ¢ does
not satisfy the parallelogram law. One alternative is to define
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a semi-inner product on ¢” as in [1], but having a semi-inner
product is not as nice as having an inner product.

In [2], Gunawan defined a usual 2-norm ||, .||, on the space
of p-summable sequences of real numbers. The usual 2-norm
ll., .ll, also is not a 2-inner product with p # 2 because it does
not satisfy the parallelogram law.

In this paper, we eventually wish to define a 2-inner prod-
uct (., .|.)yw, non-standard, possibly with weights, on ¢ , so
that orthogonality and many other notions on this space can be
defined. For this purpose, we aim to obtain a different 2-norm
l., .ll2,0w,» Which is not equivalent to the usual 2-norm |., .|,
on ¢’ (except with the condition p = 2), not only satisfies the
parallelogram law, but also it is non-standard. For p > 2, we
also obtain a result which describes how the weighted 2-inner
product space is associated to the weights. We discuss the prop-
erties of the induced 2 -norm ||., .||, and its relationships with

S1110-256X(15)00046-2 Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

http://dx.doi.org/10.1016/j.joems.2015.07.001


http://dx.doi.org/10.1016/j.joems.2015.07.001
http://www.etms-eg.org
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2015.07.001&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:skonca@beu.edu.tr
mailto:skonca@sakarya.edu.tr
mailto:mochidris@students.itb.ac.id
mailto:hgunawan@math.itb.ac.id
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.joems.2015.07.001

A new 2-inner product on the space of p-summable sequences

245

the usual 2-norm on ¢”. We also find that the 2-inner product
(., ..}y 1s actually defined on a larger space.

2. Definitions and preliminaries

Let X be a real vector space of dimension d > 2. The real-valued
function ( -, -| - ) which satisfies the following properties on X?
is called 2-inner product on X, and the pair (X, (-, -| -)) is called
a 2-inner product space:

1. {(x,x|z) >0; (x, x|z) = 0if and only if x and z are linearly
dependent,

X, ylZ) = <ys x|Z>1

X, x|z) = (z, z|x),

ax, ylz) = a(x, y|z), fora € R,

X1+ X2, ylz) = (x1, plz) + (x2, y[2).

[V OS]

.t
-
-
-

The function ||., .||: X x X — [0, oo), which follows four
properties, is called a 2-norm and the pair (X, | -, -||) is called a
2-normed space:

1. |Ix, z]l = 0 if and only if x and z are linearly dependent,
2. |Ix, z|| = ||z, x]|, for x, z € X,

3. |lax, z|| = |a|||lx, z||, for x,z€ Xand o € R,

4. x4y zll < llx, zll + Iy, zll, for x, y, z € X.

Definition 2.1. A sequence (x™) in a linear 2-normed space
(X, |I., .ID is called a Cauchy sequence, if for every y in X,
1My, s oo [ X™ — X, y| = 0, [3].

Definition 2.2. Let {a;, a»} be a linearly independent set on
a 2-normed space (X, |., .||). A sequence (x™) in X is called
a Cauchy sequence with respect to the set {a;, a,} if [|x™ —
X" a;|| = 0and [|x™ — x" a,|| — 0asm, n — oo, [4].

Definition 2.3. A sequence (x?) in a linear 2-normed space (X,
I, .|l is called a convergent sequence, if there is an x in X such
that for every y in X, lim, . |x™ — x, y|| = 0, [4].

Definition 2.4. Let {a;, a,} be a linearly independent set on a
2-normed space (X, ||, .||). A sequence (x) in X is called a con-
vergent sequence with respect to the set {a;, a,} if there exists
an x € X such that ||x™ — x,a;| > 0 and [x™ —x, | - 0
asn — oo.

Definitions 2.1 and 2.3 are clearly stronger than
Definitions 2.2 and 2.4. But in some cases, like in finite
dimensional case and the standard case the respective two
definitions are equivalent, which is not clear in the infinite
dimensional case. But from the results in [5], we understand
that the respective two definitions are still equivalent in the
spaces ¢” and L? (the space of p-integrable functions).

As we work with sequence spaces of real numbers, we will use
the sum notation Y, instead of ) ;- ,, for brevity. Throughout
the paper we will use the following inequalities, (see, [6]):

D lac+bl” < lal” + Y bd” (0 <p<1). 2.1)
k k k

n p n
(ZI@I) <Y lal” (p= 1), (22)
k=1

k=1

Note: The inequality (2.2) is a case of Holder’s inequality in the
finite dimensional.

3. Main results

In this section, we begin with observation on ¢, 1 <p < oo . It
is well known that there exists x € £4 but x € €” while 1 <p < ¢
< 00. As sets, we have £#C¢? and the inclusion is strict. So, for 1
< p < ¢, £’ can actually be considered as a subspace of ¢4. For
q = 2, we know that the norm || - ||, satisfies the parallelogram
law. Then we can equip ¢, 1 < p < 2, with || - ||», so that ¢
became an inner product space with the inner product

o) = 3 e
k

Similarly, we realize that ¢7 is a subspace of (¢2, ||., .|l»). Here,
£ can be equipped with the 2-inner product

1 Xe Xiey | (Vi Vi
X, plz) = = 1 2 1 2
tx. ylz) 2 AXI: %: Zky  Zky |2k Zky
and the 2-norm
1
1 X x| ’
k k-
llx,zll i = | 5 ! :
2 ; ; Zkl Zkz
We can check that the 2-norm ||., .||, satisfies the parallelogram

law:
x4 », zl5 + llx =y, 2115 = 2lIx, 213 + 2lIy, 213

for every x, y, z € £7.

Next, we work on ¢, 2 < p < oo. We note that the
space 7 is now larger than ¢>. Consequently, the usual
2-inner product and 2-norm on ¢ are not used for all sequences
in ¢¢. Here, we present a new definition of 2-inner product
and 2-norm on ¢”, which satisfies the parallelogram law, using
weights.

For arbitrary v = (v;) € €7, v, > 0 (Vk € N), set of €2 is de-
fined by

=1y = () va_zx,% <00, v= () et vy >0 (VkeN)}t.
K

As set, we observe ¢7 ¢ ¢2 and the inclusion is strict. It is also
known that vis not unique. Thus we have V,, the collection of
all sequences v = (v;) € ¢” where v, > 0 for every k e N. Let v, w
be in V,, then v and w are equivalent, write v ~ w, if and only if
there exists a constant C > 0 such that

1
— v < wp < Cg
C

for every k € N.
Let v ~ w and | 1}21 | # 0 if k; # k,. Next we define the

Viey
mapping which maps every triple of sequences x = (x;), y =
(yx) and z = (z;) from £ to

-2
Vi, Wi

Vi, Wi,

Xy Zhy || Vi Zky

Vi, Zks

ERENEED ) (3.1)

ky ks

sz Zky
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and the mapping ||., .|, Which maps every pair of sequences

x = (xx) and z = (z;) from ¢ to
1
—2 2712
Wk. xk, Z/‘»1
01, 2l = (3.2)
" 2]: Z Ve Wh|| e %k

We observe that the mappings are well-defined on ¢’. Indeed,
for x = (x1), y = (%) and z = (z;) in ¢2, it follows from Holder’s
Inequality that

p—2
ZZ Vi Wk Xy ||V Zk
PR Vie, Wi, Xip Zky || Vs Zky
17
ZZ S
sz Wk2
P 4 %
% EZZ Xk Zky Vi, Zky
2 P RY Zky Vi, Zk,
1
plr
_ Xk Zk
< llvwip? ‘ !
P Xk Zkey
rlr
PO i 6.3
% Vi, Zk

Thus the two mappings are defined on ¢2. Moreover, we have
the following proposition, whose proof is left to the reader.

Proposition 3.1. The mappings in (3.1) and (3.2) define a weighted
2-inner product and a weighted 2-norm, respectively, on €7,

From (3.3), we see that the following inequality

P2
”-xv Z”Zv,w =< ||V7 W”p2 ”x7 Z”p (34)

holds for every x, z € ¢7. It is then tempting to ask whether
the two 2-norms are equivalent on ¢”. The answer, however, is
negative, due to the following result.

Proposition 3.2. There is no constant C > 0 such that

X, Z”p S C“X, Z”Zv,w

forevery x, z € £P.

Proof. Let {z;, z»} be a linearly independent set where z; =
(1,0,...) and z, = (0, 1,0, ...). Suppose that such a constant
exists. Then, for x :=¢, = (0,...,0,1,0,...), where the 1 is the
nth term, we have

p=2
1 < Clviw, —wiv,| 2

for each n € N and for each i= 1,2, since |x,z], =1 and

p=2 . .
lx, zillae = [Viwy — w;v,| 2. But this cannot be true, since v,,

w, > 0asn—oco. 0O

According to Proposition 3.2, it is possible to find a sequence
in ¢ which is divergent with respect to the 2-norm ||., .||,, but
convergent with respect to the 2-norm |, .[[2,y,-

Example 3.1. Let x* := ¢, € 7, wheree, = (0,...,0,1,0,...)
(the 1 is the nth term) and let {z;, z,} be a linearly inde-
pendent set where z; = (1,0,...) and z, = (0, 1,0, ...), then
[ — xm, Zf“,, —27 »0as m, n — oo. Since (x) is not a
Cauchy sequence with respect to ||, .|, it is not convergent with
-0

p=2
= [viw, — wiv,| 2

respect to ||, .||,. However,

as n — oo, since v,, w, — 0 as n — oo. Hence, (x™) is conver-
gent with respect to the 2-norm ||., .[|l2.y-

If we wish, we can also define another weighted 2-norm
I, llgv on €7, where 1 < B < p < o0, by

==

-8
L vkl Wi, Xk, Zfy
1, 2l = Z 2l A
ki ko 2 2 2
Here p may be less than 2. Note that if 8 = p, then ||, .|l4,, =

[
The following proposition gives a relationship between two
such weighted 2-norms on ¢7.

Proposition 3.3. Let 1 < B8 <y < p. Then we have

py—p)

||X, Z”ﬁ v = ||V W”p P ||X, Z”y,v,w

forevery x, z € £2.

Proof. Suppose x, z € ¢ we compute

B
B vkl Wiy Xy Zky
Ix. 2l =
Wiy Xiy Zley
ki ky
ry=58) P=y)B B
_EZZ vie w7 e w2z
2 Pl Vi, Wk, Vi, Wik, Xy Zky
v=8
1 Y
<§ ZZ vkl wkl
- Vi w,
ki ky k2 ez
B
Y
Py Y
o5 sz sz xkz Zky
= v Wllp ||x leyw

Taking Ath roots of both sides, we obtain ||x, z|lg . <
Py=B)

Iz

v, wilp, ™ l1x, 2l . O

Corollary 34. If 1 < B <2 < y < p. Then there are constants
Cy, Cy > 0 such that

Cl ||X, Z”ﬂ,v.w = ”X, Z”Z,v,w = C2||X, Z”y,v,w

forevery x, z € £2.

4. Further results

In the main result, we have €7 C €2 (as sets), for 2 < p < oo,
and the inclusion is strict. With respect to the 2-norms on these
spaces as we have seen in the beginning of this section, for every



A new 2-inner product on the space of p-summable sequences

247

X, z € £ we have ||x, z|l2,, < oo. This suggests that ¢ lives
inside a larger space, consisting all x, z with ||x, z||2,,, < co.

Proposition 4.1.

1. If x, z € € with ||x, z|, < 0o, then x, z € £2 with ||x, z||2,.. <
0.
2. The converse is not true.

Proof. Let x, z € ¢” with |x, z||, < oo. It follows from (3.4)

p—2
that [|x, zll,,w < IV, wll,* |IX, zll,, which means that x, z € Z%
with ||x, z|l2,,» < co. To show that the converse is not true, we
need to find ||x, z[|2,., < oo but |[x, z||, = co. We know that
vie >0, we >0forall keN, and vy - 0, wy —> 0 as k —
00. So, choose m; € N such that vﬁ{z 1 and wﬁflz <i.m

<3

> m,; such that vff,f < 2% and wﬁ,;z < 3%, ms > m, such that
vf:,f < 2% and M,Z,} 33, and so on. Since the process never
stops, we obtain an increasing sequence of nonnegative integers
(m;) such that v,’i,jz <27/ and w,‘;;z < 37/ for every j € N. Now
put x; =1 for k = my, my, ms, ... and x; = 0 otherwise. Let
{e1, e} be a linearly independent set where ¢; = (1,0, ...) and
e; = (0,1,0,...). We will give the proof for 1 < p —2 < o0, by
using the inequality (2.2) and the triangle inequality. The proof
for 0 < p—2 < 1 can be done similarly by using the inequality
(2.1) and the triangle inequality. Hence for i = 1, 2, we have

%;Z

ky

<

-2
Vi, Xk,

sz

Wl\’l
sz

Cilk,

2
llx, el en
ik

Xisy

1 —2 2
< 3 3 (illvd + Il 2o
k
1 2
— 2
+ 5 2 (villwil =+ el w2 el
k
= 2'”731)1',)72 Z Wm/r’72 + 2p73wiﬂ72 Z vm/- p-2
J J

1 1
=3, p-2 p=3,, p=2
< 2777y, E 3 + 27 w; E >
j J

= 2774y P72 4 2P 32 < oo,

wherei=1,2

1
322
ki ks

Theorem 4.2. The space (2, ].,
Accordingly, (Zf, (E

Xk Ciky

X, ell? =
I, eil? o

Xy O

Alavw) is @ 2-Banach space.
)V,w) is a 2-Hilbert space.

Proof. It is easy to see that the space (€2, |.,.l,,,) is a linear
2-normed space, so we omit the details. To prove the complete-
ness, let (x) be any Cauchy sequence in the space (2, |.. .ll2....)
where x™ = (xli”)> = (xi") X, ) Then for every nonzero
z € €2, for every ¢ > 0 there is an ng € N such that for all n, m >
no

n) _ .(m)
||X X ’ Z”Z,V,w
1
o _ 2\ ?
Vkl Wkl xkl X Zky &
w Xyl =7
kl ka ks ky ka

4.1

Since this is true for every nonzero z €

2, then we can choose

v

privately, u = uy;, := (—1)¥z,. The vectors u and z are clearly lin-
early independent. Then from the definition of Cauchy sequence

in a 2-norme

d space, we have

) _ m) |2
||x X5 Z”Z,V,w
1 2| .(m) (m) 2 2
_t Vi, Wik, xkl Xk Zk, i 49
=3 v W NON x(m) - < 4 4.2)
ok Ik ey ks ky ka
and
) _ m) |2
||X X ’ u||2,v.w
1 p=2| ) m) 2
— Vi Wiy M T Ay Uy & 43
T2 Ve, Wk X — x(m) u = 4 (4.3)
ki ky 2 2 Ty ky ky
From (4.2) and (4.3) we can write
pP—<
v Wy
hth=2 Y Y| e
Viy Wiy
k» 2
ky+ky=odd
x [ (x = x"™)z XM ) - ’
ky ko )<k T \ Pk, ky )“k2
p-2
SED VDM I
Vie Wi
1‘1 2 2
kq+ky=even
L ) (o), 2
ky ky )<k ks ky )Pka
&2
< =
4
and
-2
Vi, Wi, r
ety Yy
2 T Vi Wi,
/<1+ka odd
2
() (m) (n) (m)
X [(xkl - X )uk1 — (‘Ckz Xy, )ukz]
p—2
S YD
v w,
2 ok IR2 k2
kq+ky=even
2
(n) (m) (1) (rn)
N[ P R
g2
< —.
4
82 82 82 .
Clearly, I] + Hl < T =+ i that 1S,
=2 )
I Z Z Vi, Wiy [(x(n) W))Zk,—()f(n) (m))7k]
T Vi, Wi, ki ki 2 ky !

ky +/<7 =odd

-

g2

5

<

(m)
Xk,

5
)uA, (XI(('ZI) X(M))ukz} )

(4.4)

Now, check H;. If k| + k> is odd, then we have two cases:

1. Ifk] iS
2. Ifk] iS

odd and £k, is even;
even and k, is odd.
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For both cases, we obtain the following.

DD
2 o
ky+ky=0dd
(n) (m) (n) ( ) 2
[(x/tl = Xk, ) Uy — (xk7 Xy )”kl]
p-2
Z P R

sz sz
ko
ky +k2 =odd

. [<x,g;> -
PIDY

ky
ky+ky=odd

2
(n) (m) (n) (m)
[(xk] - X )zk2 + <xk7 Xk, )zk]] .

Then for every k; and k,, we conclude that

222

ky
ky+ky=0dd

2
(n) (m) (n) (m)
[(xk] — Xk, ) Uy — (xlm Xy )”/q]
-2
l
ky+ky=0dd
x[ (v - xz':”)zkz + (i -
By (4.4) and (4.5), we obtain
1
52 X
ka
Ky +hky=odd
(n) (m) (n) (m) 2
X [(xk] Xg, )zk2 (x,\I - X )zkl]
) _ () ™ 2
+[(ku X, ) Zky, + <xkl - X ) /»1]

&
5

P2
Vk| Wk]

sz W,/‘»2

2
(m) k ( k
30Dz = (5 = x) (<D, |
p-2
Vi, Wi

Vi, Wi,

p—2
Vkl Wkl

sz Wi

2

P
Vi Wiy
sz Wi

2

X,E,’:))Zk] ]2. (4.5)

Vi, Wi,
sz W,/‘»2

o

<

(4.6)

We know that, for every a, b € R we have (a — b)*> + (a + b)> =
2a* + 2b*. Then from (4.6), for all n, m > ny we obtain

p—2 2
(n) (m)

> 2 ([(xkl — )z

k ks
k) +ky=odd

2 €
(n) (m)

+ [()ckl xkl )Zkl] ) < Z

Since for all n, m > ny

Vi, Wi,
Viey Wi,

(%)

P2 2

Viy Wi, (n) (m) £
Xp, = Xk zk2 < T

Wi,

1;2

ky+ky=0dd

and

ZZ

ky ko
ky+ky=odd

-2 2
w, &
ki ( (? x;’:)) zk1 < T

Vi, Wiy

Then for every k;, k, € N and for every n, m > ny we have

Vi Wi p=2 &2
1 1 (x/({n) x,i"”) ZI% - —
Vi, Wik, ! ! 2 4
and
=2 2
v w &
% ki (x,((") x,((m)> < .
Vi, Wik, 2 2 ! 4

Hence for every n, m > no and for every ki, k€
) _ \m))2 22 (n) _ (m> 2 -
N|xkI X1t <e Cl(k k) and Xk, o]
202 h = 71 d
where = - an
2(kiky) — l(klvkz) o wn ’ 2_2
Vky Wy “ky
sz(k ) = ——L . Thus for each fixed ki, k» € N,
.72 4 Vi Wiy 2
Viy Wiy kq
(x(”)) is a Cauchy sequence of real numbers. Hence it is conver-
gent, say x(”) — X as n — oo for each k = ky, k, € N. Using

these 1nﬁmtely many limits x|, x5, ..., we define the sequence
X := (X1, X2, ...). Then we have constructed a candidate limit
for the sequence (x™). However, so far, we only have that each
individual component of x" converges to the corresponding
component of x, i.e., (x™) converges componentwise to x. To
prove that (x) converges to x in 2-norm, we go back (4.1) and
pass it to the limit m — oo. We obtain for every nonzero z € />
and for all n > ny

(n)

H.X - X ZHZ.V,W
%
p=2|.(n)
1 Vi, Wi X =X Ik £
2 :2 : (1) .
2 el KRS Xp, =X, Ik 2

Since the space /2 is linear, we also get x = (x — x™) + x™ €
£2. This completes the proof. [

The following proposition tells us that €7 is not “too far”
from €2.

Proposition 4.3. As a subspace of €2, (€, |., .||2.v.) is not com-
plete, but dense in ¢2.

Proof. Since (¢2,|I., .l15,,,) is complete, it suffices to show that
£ is not closed in £2. As in the proof of Proposition 4.1, we con-
struct an increasing sequence of non-negative integers (k;) such
that v p-2

je N we define x = (»c(”)) by x(" = lfork = ki, ko, ...k,
and x,((") = 0 otherwise. Let {e;, e;} be a linearly independent
set where e; = (1,0, ...)and e; = (0, 1,0, ...). We will give the
proof for the case 1 < p — 2 < oo, by using the inequality (2.2)
and the triangle inequality. The proof for thecase0 < p —2 < 1
can be done similarly by using the inequality (2.1) and the trian-
gle inequality. Then we see that (x) forms a Cauchy sequence

2 <27 and Wi, T < 37/ for every j € N. Next, for each
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in €2 since for m > n we have

) _ m |12
||X X ) €i ”2,v,w
p=2 () (m)
1 Z Z Vip Wiy X TN Gk
- (n) (m) .
2 P Vi, Wiy Xy — Xk, €ik,

2

IA

1
—2
5 D (willvel + il b2 e =
k
1 p=2| om |
5 2 (il =+ el w2 —
k

m
<207 )
| 7 J
J=n+

m
_ 2 p-2 2 e
+2773 E v? zwi. + v w %)
J J
Jj=n+1

m 1 m 1
= 2[;73\),‘1]72 Z i + 2‘”73Wl'p72 Z 5 — 0

Jj=n+1 Jj=n+1

as m, n — oo for each i = 1, 2. Since ¢? is complete, (x™) is
convergent and we know that the limit is the sequence x =
(xx) where x, = 1 for k = ky, k, ks, ... and x; = 0 otherwise.
While x™ € ¢ for every n € N, the limit x &¢”. This shows
that ¢7 is not closed in (€2, ||., .|l2.v.v). The fact that ¢” is dense
in (€2, ., ll2,,,,) is easy to see, since every x = (x;) € £ can
be approximated by x™ := (x, X2,...,x,,0,0,...) for suffi-

ciently large values of n € N with |x™ —x, ¢/||, ~— 0 and

||x(”) —X, e szw —0asn—oco. O

Proposition 4.1 motivates us to study ¢2 further as the ambi-
ent space, replacing ¢7. So far, we have fixed the weights v = (vy)
and w = (wy). We now would like to know how the space ¢2 de-
pends on the choice of pairs (v, w).

Let V), be the collection of all sequences. Let v = (v)
and w = (wy) € £ with v > 0, w; > 0 for every k € N and

||ri; :::;II # 0if ki # ka. Let vy, wi,v2, w2 € V,. We say that

the pairs (vy, wy) and (v,, wy) are equivalent, write (vy, wy) ~ (v,
w,), if and only if there exists a constant C > 0 such that

1

C

Vik, Wik,
Vik, Wik,

Vak, Wor,
Vaky Wk,

Vik, Wik,
Vik, Wik,

<

<C

for every ki, k» € N.

Theorem 4.4. Let v, wy,v2,ws € V.. Then, the following state-
ments are equivalent:

1. (Vl’ Wl) ~ (V2’ WZ)‘
2. There exists a constant C > 0 such that

1
E”x’ Z“Z,vl,w] = ”-xv Z”Z.vz,wz = C”xv Z||2.V],W| X,z € e

Proof. (1) = (2): Let x, z € £7 and (v, wy) ~ (v2, wy), then

1
-2
Vaky  Woky

Vaky Wk,

Xk, Zky
sz Zj

2

1
||X, Z”Z.vz,wz = E Z Z
ki ky

ol

2
lzch—z Vik,€ Wik Xky  Zky
— 12 T Vik, Wik, Xy Zky
1 2
p=2
=
=C ”x»Z”Z,v R
1.1
On the other hand, we have
_ 1
1 v w | 21°
2k 2k k Zk
||x’Z||2,V2,Wz = E E E ! ! ! !
o Vaky W2k, Xky  Zky
— !
p—2 2
- 122 1 Vik, Wik Xky  Zky
T 244 C iy, Wik, Xk, Zhky
1 2

1
= =2 ”-xsZ”Z,vl.wl-
Hence, the implication (1) = (2) holds.

(2) = (1): Let x, z € € and L[|x, zllo, 0 < 1%, Zll2,0p00 <
Cllx, zll2,y,w, where C > 0. Take x =¢, = (0,...,0,1,0,...)
andz=¢, =(0,...,0,1,0,...), n, m € N, where the 1 is the
nth and mth term, respectively. Then x, z € ¢/, so that x, z € £2.

22
Vi Vi
1%, 202,00 = || " " and
Win  Wim
—2
Von Vom
X, Z| 2.9y =
” ”2,\2m2 Won Wan

Hence, from our assumption, we obtain

22 22 22
2 2

Von Vom Vin Vim

Wap Wom Win Wim

1

C

Vin Vim
Win Wim

< <C

and this holds for every n, m € N. Taking the (pT_z)th roots, we
conclude that (vi, wi) ~ (v2, wo). O
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