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Abstract We are concerned here with the existence of uniformly Lyapunov stable integrable solu-
tion of linear and nonlinear nonautonomous discontinuous dynamical systems.
© 2011 Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

Open access under CC BY-NC-ND license.

1. Introduction

The discrete dynamical system [1,4]
n=12... (1)

Xo = c. (2)

Xp = AXp—1,

has the discrete solution
X, =d'xy, n=12.... (3)
The more general dynamical system

x(t)=ax(t—r), t€ (0,7 and r >0 4)
x(t) =x,, t < 0. (5)
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has the discontinuous (integrable) solution

x(t) = a"*Px, € L,(0, 7], where [] is the bract function.

(6)
The nonlinear discrete dynamical system
X, =fx,1), n=12... (7
with the initial data (2)
Xo=-¢
has the discrete solution
X, =f(x,), n=12... (8)
but the nonlinear problem
x(t) =flx(t=r)), r>0 ©)

with the initial data (5) is more general than the problem (7)—
(14) and has the discontinuous (integrable) solution

Xn :fHH (X,,) € L1(07 T) (10)
So, we can call the systems (4)—(5) and (9)—(5)) are discontinu-

ous dynamical systems.

Definition 1. The discontinuous dynamical system is the
problem of the retarded functional equation
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x(t)=ft,x(t—r)), r, t>0 (11)
x(t) =g(t), te(—o0,0]. (12)

Let Ly[a,b], —oo < a < b < 0o be the class of Lebesgue
integrable function defined on [a, b] with the equivalent norm

b
X1 2y oy = / e Mx(0)|dt, x € Li[a,b], N> 0 is arbitrary

and let ,L[a,b], — 00 < a < b < co be the class of Lebesgue
integrable column vectors X(¢) = (x1(¢),x2(f),..., x,(t)) de-
fined on [a,b] with the equivalent norm

n b
X, L) = Z / e M| x(0)|dt, xi € Li[a,b], N> 0is arbitrary
k=0 Ja

Here we prove the existence of a unique uniformly Lyapunov
stable solution x € L[0, 7] for the nonautonomous nonlinear
discontinuous dynamical system.

xi(t) =filt,x1(t =), x2(t—r2), ..., x4(t—1y)), t, r;>0
(13)
(1) = gi(0) € Li(—r,0], limg () = (0), i=1,2..n
[—
(14)
where r = min{r,r,...,r,}.
The nonautonomous linear discontinuous dynamical
system
xXi(t) =Y apx(t) + > by(1)x(t = 1) (15)
= =1

xi(1) = gi(1) € Li(=r,0], limg;(1) = x(0)

where a; and r; > 0, r = min{ry,r,..., r,} are constants and
b; are bounded functions on (0,7],7 < oo for i,j = 1,2...,n
will be studied.

2. Nonlinear systems

Consider the nonlinear nonautonomous nonlinear discontinu-
ous dynamical system (13) and (14).

Theorem 1. If the functions f;, i = 1,2...,n are continuous on
[0, T] and satisfy the Lipschitz condition

lf[(taxlax27 s 7-xﬂ) 7fi(t7y17y2a s 7yn)| < klz |x.i 7}Tf|7
J=1

then the discontinuous dynamical system (13) and (14) has a
unique integrable solution x € L;(0,T], T < oco.

This solution is uniformly Lyapunov stable in the sense that
Ve > 0, there exists 0 > 0 such that

nL1(0,7]

IG=Gll = llgi = &ll1,(pg) < 0. implies||X — X°

i=1

< e
where G = (2.1, G* = (&)1, X = (X)), and X* = (x7)

Proof. Define the map F = (F)usa
Ly[0,T] — Ly[0,T), i = 1,2, ...,n are defined by

nx1’ nx1®

where  F;

Fxi(t) =fi(t,xi(t — 1), x2(t — 12), ...
we find that

’ xn(t - rn))a

[Fixi(1) = Fp(0)] < ki (e = 1) = it = 1)
=
and

n T
||Fixi _ F:y,‘ ‘L] o gkize—]\/r// e*N(t—r/)
0

J=1

n T
:ki E e—Nr/ / e—N(z—r/)
Jj=1 Tj

n T—r;
=k;y e / e (s7) = () dis
=1 0

Xi(t=r1;) = y;(t—r;)|dt

Xi(t=r1;) = y;(t—r;)|dt

n T
<k Y e / e NO|x;(t) — y,(v)|de
=1 0

n
S(kiZfNr/)HX_ YH,,LI(O.T]'

J=1

This implies that

n
[|FX — FY||,,L1(0.T] = Z [|Fix; — FiyiHLl((),T]
i1

n n
< (ZkiZeM"> [|1X - YH,,L](O‘T]‘
i= j=

Choose N so large enough such that (37 k>0 V") < 1 we
deduce by the contraction fixed point theorem that there exists
a unique solution x € L;(0, T]of the problem (13)—(14) [3].

Consider now the problem consisting of Eq. (13) and the
initial data

xi(1) = g (1) € Li(=r,0], limgi (1) = x;(0), i
=1,2...,n (16)

Then we have
n T
oo =1 <> e ™ [T e e - ) e -l
j=1 0
n I‘/
=k Yy e { / e Mgyt — 1)) — g (t — ry)|dt
=1 0 '
T
b [ Mo =) - rmdr}
n i 0
— kY e / g (t) — g (5)]de
=1 1/~

7

T—r;
s

n r ro
<> e | [ e Mg (0) - g (010
=1 -

r

T
+ / V() —x;(u)\du}
| ‘

— ki e [llg ~ gl o +

J=1

< (k,-ZeN"> 116 = Gl ) + 11X = X7, 1,01

=

Xj— X;HLI(OJJ
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This implies that

[|X—X*

#L1(0,7]
< (4 ) 16l =] 09
-1 =1

Hence

X =X, 1,0
-1
< <1 Zkizé’m’> <Zk,~ZeN”> G=Gllp g (18)
[ = e

and the result follows. Consider the problem consisting of
Eq. (13)

xi(t) =filt,x1(t—r1),x2(t = 12), ..., xu(t—14)), 8, 1 >0
and the initial data
xi(l):x,-m téO, l.:1,2...7f’l‘ (19)

Then the following corollary can be proved. [

Corollary 1. If the assumptions of Theorem 1 are satisfied, then
the discontinuous dynamical system (13) and (19) has a unique
integrable solution x € L;(0,T], T < co.

This solution is uniformly Lyapunov stable [2] in the sense
that Ye > 0, there exists 0 > 0 such that

||A/07X2

55

i=1

Xip — X;,| < 0, implies ||X — X*HWLI(O.T] <e.

where X, = (X; o) nxs and X, = (x;))

nx1®

Corollary 2. If the function f satisfies the Lipschitz condition

If([7X]7X2, RS xn) _4fi([7y17y27 . "7yn)‘ < kz ‘x/_yf‘7
j=1

then the discontinuous dynamical system
x()=flt,x(t—r1),x(t —r2),...,x(t —=ry), ¢, >0 (20)
x(1) =g(t) € Li(-r,0], ltlll(}g(l) =x(0),r = min{ry,ry, ..., rn}
(21)
has a unique integrable solution x € L;(0,T]. This solution is

uniformly Lyapunov stable.

Example 1. Let p be a bounded function on (0, 7]. The nonau-
tonomous nonlinear discontinuous dynamical system of the
Logistic equation

x()=pO)x(t—r)(1—x(t—r),t>0and r, >r >0 (22)
with the initial data

x(1) = g(1) € Ly(=r1,0], lim g(1) = x(0)

has a unique integrable solution x € L(0, 7]. This solution is
uniformly Lyapunov stable.

3. Linear systems

Consider the linear nonautonomous nonlinear discontinuous
dynamical system of the equation

50 = Y by(0(1= 1) )

with the data (14)
(1) = g(1) € Ly, 0, limg (1) = x,(0)

where r; > 0, r = min{r,r,,...,r,} are constants and b; are
bounded functions on (0,7], T < oo for i,j = 1,2...,n.
Let f; in (13) be given by

n

filt,x1(t — 1), x2(t — 1p), dots, x,(t —r,)) = Zb,;,-(t)xj(z —r).

Jj=1

Then, by the same way as in Theorem 1, we can prove the fol-
lowing theorem

Theorem 2. Let by(t) are bounded on (0,T]. Then the
discontinuous dynamical system (23) and (14) has a unique
integrable solution x € L;(0,T], T < oo. This solution is
uniformly Lyapunov stable.

Consider now the discontinuous dynamical system (15)—(14)
i) = agx(t) + Y by(0)x;(t — 1)
= =1
xi(1) = gi(1) € Li(=r,0], limg;(1) = x(0)
11—

where a; and r; > 0, r = min{r;,r,,..., r,} are constants and b
are bounded functions on (0,T], T < oo fori,j = 12...,n will
be studied.

As a corollary of Theorem 2, we can prove the following
theorem for the discontinuous dynamical system (15) and (14).

Theorem 3. Let b;(t)are bounded on (0,T]. If the matrix
I—A,A4= (ay),ij= 12...,n is nonsingular matrix, then the
discontinuous dynamical system (15)—-(14) has a unique integra-
ble solution x € L;(0,T], T < co. This solution is uniformly
Lyapunov stable.

Proof. Let B(1) = (b()mu and C(1)=(I—A) 'B(1) =
(Zzizlaijb[,(t)) = (¢y(1)), then ¢;() are bounded on (0, 7].

Let ' means the transpose of the matrix and write (15) in the
form

X(t) = AX(6) + B(t)(x1(t — 1), x2(t — 12), ooy x(t — 1)),
then

(I—AX(t) = B(t)(x1(t = 1), x2(t —12), ..., x(t = 1)),
which implies that

X()y=(U- A)le(t)(xl(z —r)yx2(t—r), ..., x(t— )

and (15) can be written as

n

xi(t) = Z ci(O)x;(t —17)

and the proof follows from Theorem 2. [

Corollary 3. The discontinuous dynamical system (15)—(19)

50 = Y a0+ 3 b0 7)

xi(1) = Xio,
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has a unique integrable solution x € L(0,7], T < oco. This [2] G.A. Coddington, N. Levinson, Theory of Differential
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