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Abstract We are concerned here with the existence of uniformly Lyapunov stable integrable solu-

tion of linear and nonlinear nonautonomous discontinuous dynamical systems.
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1. Introduction

The discrete dynamical system [1,4]

xn ¼ axn�1; n ¼ 1; 2 . . . ð1Þ
x0 ¼ c: ð2Þ

has the discrete solution

xn ¼ anx0; n ¼ 1; 2 . . . : ð3Þ

The more general dynamical system

xðtÞ ¼ axðt� rÞ; t 2 ð0;T� and r > 0 ð4Þ
xðtÞ ¼ xo; t 6 0: ð5Þ
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has the discontinuous (integrable) solution

xðtÞ ¼ a1þ½
t
r�xo 2 L1ð0;T�; where ½:� is the bract function:

ð6Þ

The nonlinear discrete dynamical system

xn ¼ fðxn�1Þ; n ¼ 1; 2 . . . ð7Þ

with the initial data (2)

x0 ¼ c

has the discrete solution

xn ¼ fnðxoÞ; n ¼ 1; 2 . . . ð8Þ

but the nonlinear problem

xðtÞ ¼ fðxðt� rÞÞ; r > 0 ð9Þ

with the initial data (5) is more general than the problem (7)–
(14) and has the discontinuous (integrable) solution

xn ¼ f1þ½
t
r�ðxoÞ 2 L1ð0;TÞ ð10Þ

So, we can call the systems (4)–(5) and (9)–(5)) are discontinu-
ous dynamical systems.

Definition 1. The discontinuous dynamical system is the
problem of the retarded functional equation
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xðtÞ ¼ fðt; xðt� rÞÞ; r; t > 0 ð11Þ
xðtÞ ¼ gðtÞ; t 2 ð�1; 0�: ð12Þ

Let L1[a,b], �1< a< b <1 be the class of Lebesgue
integrable function defined on [a,b] with the equivalent norm

jjxjjL1 ½a;b� ¼
Z b

a

e�NtjxðtÞjdt; x 2 L1½a; b�; N > 0 is arbitrary

and let nL1[a,b], �1< a < b<1 be the class of Lebesgue

integrable column vectors X(t) = (x1(t),x2(t), . . ., xn(t))
0 de-

fined on [a,b] with the equivalent norm

jjXjj
nL1 ½a;b� ¼

Xn
k¼0

Z b

a

e�NtjxkðtÞjdt; xk 2L1½a;b�; N> 0 is arbitrary

Here we prove the existence of a unique uniformly Lyapunov
stable solution x 2 L1[0,T] for the nonautonomous nonlinear
discontinuous dynamical system.

xiðtÞ ¼ fiðt; x1ðt� r1Þ; x2ðt� r2Þ; . . . ; xnðt� rnÞÞ; t; ri > 0

ð13Þ

xiðtÞ ¼ giðtÞ 2 L1ð�r; 0�; lim
t!0

giðtÞ ¼ xið0Þ; i ¼ 1; 2 . . . ; n

ð14Þ

where r= min{r1,r2, . . ., rn}.
The nonautonomous linear discontinuous dynamical

system

xiðtÞ ¼
Xn
j¼1

aijxjðtÞ þ
Xn
j¼1

bijðtÞxjðt� rjÞ ð15Þ

xiðtÞ ¼ giðtÞ 2 L1ð�r; 0�; lim
t!0

giðtÞ ¼ xið0Þ

where aij and rj > 0, r= min{r1, r2, . . ., rn} are constants and
bij are bounded functions on (0,T],T <1 for i, j = 1,2 . . .,n
will be studied.

2. Nonlinear systems

Consider the nonlinear nonautonomous nonlinear discontinu-

ous dynamical system (13) and (14).

Theorem 1. If the functions fi, i = 1,2 . . ., n are continuous on
[0,T] and satisfy the Lipschitz condition

jfiðt; x1; x2; . . . ; xnÞ � fiðt; y1; y2; . . . ; ynÞj 6 ki
Xn
j¼1
jxj � yjj;

then the discontinuous dynamical system (13) and (14) has a
unique integrable solution x 2 L1(0,T], T <1.

This solution is uniformly Lyapunov stable in the sense that

"e > 0, there exists d > 0 such that

jjG� G�jj ¼
Xn
i¼1
jjgi � g�i jjL1ð�r;0� < d; impliesjjX� X�jj

nL1ð0;T�

< �:

where G ¼ ðgiÞn�1; G� ¼ ðg�i Þn�1; X ¼ ðxiÞn�1 and X� ¼ ðx�i Þn�1:

Proof. Define the map F= (Fi)n·1 where Fi:
L1[0,T] fi L1[0,T], i = 1,2, . . .,n are defined by
FixiðtÞ ¼ fiðt; x1ðt� r1Þ; x2ðt� r2Þ; . . . ; xnðt� rnÞÞ;

we find that

jFixiðtÞ � FiyiðtÞj 6 ki

Xn
j¼1
jxjðt� rjÞ � yjðt� rjÞj

and

jjFixi�FiyijjL1ð0;T�6ki
Xn
j¼1

e�Nrj

Z T

0

e�Nðt�rjÞjxjðt� rjÞ�yjðt� rjÞjdt

¼ki
Xn
j¼1

e�Nrj

Z T

rj

e�Nðt�rjÞjxjðt� rjÞ�yjðt� rjÞjdt

¼ki
Xn
j¼1

e�Nrj

Z T�rj

0

e�NðsjÞjxjðsjÞ�yjðsjÞjds

6ki
Xn
j¼1

e�Nrj

Z T

0

e�NðsÞjxjðsÞ�yjðsÞjds

6ðki
Xn
j¼1

e�NrjÞjjX�Yjj
nL1ð0;T�:

This implies that

jjFX� FYjj
nL1ð0;T� ¼

Xn
i¼1
jjFixi � FiyijjL1ð0;T�

6

Xn
i¼1

ki
Xn
j¼1

e�Nrj

 !
jjX� Yjj

nL1ð0;T�:

Choose N so large enough such that ð
Pn

i¼1ki
Pn

j¼1e
�NrjÞ < 1 we

deduce by the contraction fixed point theorem that there exists
a unique solution x 2 L1(0,T]of the problem (13)–(14) [3].

Consider now the problem consisting of Eq. (13) and the

initial data

xiðtÞ ¼ g�i ðtÞ 2 L1ð�r; 0�; lim
t!0

g�i ðtÞ ¼ x�i ð0Þ; i

¼ 1; 2 . . . ; n: ð16Þ

Then we have

jjxi � x�i jj 6 ki
Xn
j¼1

e�Nrj

Z T

0

e�Nðt�rjÞjxjðt� rjÞ � yjðt� rjÞjdt

¼ ki
Xn
j¼1

e�Nrj

Z rj

0

e�Nðt�rjÞjgjðt� rjÞ � g�j ðt� rjÞjdt
�

þ
Z T

0

e�Nðt�rjÞjxjðt� rjÞ � yjðt� rjÞjdt
�

¼ ki
Xn
j¼1

e�Nrj

Z 0

�rj
e�Nsj jgjðsjÞ � g�j ðsjÞjds

"

þ
Z T�rj

0

e�NðsjÞjxjðsjÞ � x�j ðsjÞjds
�

6 ki

Xn
j¼1

e�Nrj

Z 0

�r
e�NhjgjðhÞ � g�j ðhjÞjdh

�

þ
Z T

0

e�NðuÞjxjðuÞ � x�j ðuÞjdu
�

¼ ki
Xn
j¼1

e�Nrj jjgj � g�j jjL1ð�r;0� þ jjxj � x�j jjL1ð0;T�

h i

6 ki
Xn
j¼1

e�Nrj

 !
½jjG� G�jjL1ð�r;0� þ jjX� X�jj

nL1ð0;T��:
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This implies that

jjX�X�jj
nL1ð0;T�

6

Xn
i¼1

ki
Xn
j¼1

e�Nrj

 !
jjG�G�jjL1ð�r;0� þ jjX�X�jj

nL1ð0;T�

h i
: ð17Þ

Hence

jjX�X�jj
nL1ð0;T�

6 1�
Xn
i¼1

ki
Xn
j¼1

e�Nrj

 !�1 Xn
i¼1

ki
Xn
j¼1

e�Nrj

 !
jjG�G�jjL1ð�r;0� ð18Þ

and the result follows. Consider the problem consisting of
Eq. (13)

xiðtÞ ¼ fiðt; x1ðt� r1Þ; x2ðt� r2Þ; . . . ; xnðt� rnÞÞ; t; ri > 0

and the initial data

xiðtÞ ¼ xio; t 6 0; i ¼ 1; 2 . . . ; n: ð19Þ

Then the following corollary can be proved. h

Corollary 1. If the assumptions of Theorem 1 are satisfied, then

the discontinuous dynamical system (13) and (19) has a unique
integrable solution x 2 L1(0,T], T <1.

This solution is uniformly Lyapunov stable [2] in the sense
that "e > 0, there exists d > 0 such that

jjXo � X�ojj
� ¼

Xn
i¼1
jxio � x�ioj < d; implies jjX� X�jj

nL1ð0;T� < �:

where Xo = (xi o)n·1 and X�o ¼ ðx�ioÞn�1:

Corollary 2. If the function f satisfies the Lipschitz condition

jfðt; x1; x2; . . . ; xnÞ � fiðt; y1; y2; . . . ; ynÞj 6 k
Xn
j¼1
jxj � yjj;

then the discontinuous dynamical system

xðtÞ ¼ fðt; xðt� r1Þ; xðt� r2Þ; . . . ; xðt� rnÞÞ; t; ri > 0 ð20Þ
xðtÞ ¼ gðtÞ 2 L1ð�r; 0�; lim

t!0
gðtÞ ¼ xð0Þ; r ¼ minfr1; r2; . . . ; rng

ð21Þ

has a unique integrable solution x 2 L1(0,T]. This solution is
uniformly Lyapunov stable.

Example 1. Let q be a bounded function on (0,T]. The nonau-
tonomous nonlinear discontinuous dynamical system of the

Logistic equation

xðtÞ ¼ qðtÞxðt� r1Þð1� xðt� r2Þ; t > 0 and r2 > r1 > 0 ð22Þ

with the initial data

xðtÞ ¼ gðtÞ 2 L1ð�r1; 0�; lim
t!0

gðtÞ ¼ xð0Þ

has a unique integrable solution x 2 L1(0,T]. This solution is
uniformly Lyapunov stable.
3. Linear systems

Consider the linear nonautonomous nonlinear discontinuous

dynamical system of the equation
xiðtÞ ¼
Xn
j¼1

bijðtÞxjðt� rjÞ ð23Þ

with the data (14)

xiðtÞ ¼ giðtÞ 2 L1ð�r; 0�; lim
t!0

giðtÞ ¼ xið0Þ

where rj > 0, r= min{r1, r2, . . ., rn} are constants and bij are
bounded functions on (0,T], T <1 for i, j = 1,2 . . .,n.

Let fi in (13) be given by

fiðt; x1ðt� r1Þ; x2ðt� r2Þ; dots; xnðt� rnÞÞ ¼
Xn
j¼1

bijðtÞxjðt� rjÞ:

Then, by the same way as in Theorem 1, we can prove the fol-
lowing theorem

Theorem 2. Let bij(t) are bounded on (0,T]. Then the
discontinuous dynamical system (23) and (14) has a unique

integrable solution x 2 L1(0,T], T <1. This solution is
uniformly Lyapunov stable.

Consider now the discontinuous dynamical system (15)–(14)

xiðtÞ ¼
Xn
j¼1

aijxjðtÞ þ
Xn
j¼1

bijðtÞxjðt� rjÞ

xiðtÞ ¼ giðtÞ 2 L1ð�r; 0�; lim
t!0

giðtÞ ¼ xið0Þ

where aij and rj > 0, r = min{r1, r2, . . ., rn} are constants and bij
are bounded functions on (0,T], T <1 for i, j = 1,2 . . ., n will
be studied.

As a corollary of Theorem 2, we can prove the following

theorem for the discontinuous dynamical system (15) and (14).

Theorem 3. Let bij(t)are bounded on (0,T]. If the matrix
I � A,A = (aij),i,j = 1,2 . . ., n is nonsingular matrix, then the
discontinuous dynamical system (15)–(14) has a unique integra-

ble solution x 2 L1(0,T], T <1 . This solution is uniformly
Lyapunov stable.

Proof. Let B(t) = (bij(t))n·n and CðtÞ ¼ ðI� AÞ�1BðtÞ ¼Pn
i;j¼1aijbijðtÞ

� �
¼ ðcijðtÞÞ; then cij(t) are bounded on (0,T].

Let 0 means the transpose of the matrix and write (15) in the

form

XðtÞ ¼ AXðtÞ þ BðtÞðx1ðt� r1Þ; x2ðt� r2Þ; . . . ; xðt� rnÞÞ0;

then

ðI� AÞXðtÞ ¼ BðtÞðx1ðt� r1Þ; x2ðt� r2Þ; . . . ; xðt� rnÞÞ0;

which implies that

XðtÞ ¼ ðI� AÞ�1BðtÞðx1ðt� r1Þ; x2ðt� r2Þ; . . . ; xðt� rnÞÞ0

and (15) can be written as

xiðtÞ ¼
Xn
j¼1

cijðtÞxjðt� rjÞ

and the proof follows from Theorem 2. h

Corollary 3. The discontinuous dynamical system (15)–(19)

xiðtÞ ¼
Xn
j¼1

aijxjðtÞ þ
Xn
j¼1

bijðtÞxjðt� rjÞ

xiðtÞ ¼ xio; t 6 0; i ¼ 1; 2 . . . ; n
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has a unique integrable solution x 2 L1(0,T], T <1. This

solution is uniformly Lyapunov stable.
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