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In this paper, we introduce fibonacci numbers of I'>(F) sequence space over p-metric
spaces defined by Musielak function and examine some topological properties of the resulting these

2010 Mathematics Subject Classification: 40A05; 40C05; 40D05

Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Throughout w, I and A denote the classes of all, entire and an-
alytic scalar valued single sequences, respectively.

We write w? for the set of all complex sequences (x,,,), where
m, n € N, the set of positive integers. Then, w? is a linear space
under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces are found in
Bromwich [1]. Later on it was investigated by Hardy [2], Moricz
[3], Moricz and Rhoades [4], Basarir and Solankan [5], Tripathy
et al. [6-18], Turkmenoglu [19], Raj [20-26] and many others.

We procure the following sets of double sequences:
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) 2. -
My (1) = {(Xn) € W 2 SUP,y e | Xl ™ < 00},
Cp(1):={ (Xpmn) € W p—limy, 0| Xpn—|""=1 for some € C},

Cop(1):={ (i) € W1 p—=liMyy o0 [ X" = 1},

o0 o0
2. mn
L,(1) = (Xpn) € W™ E E |an|l <,

m=1 n=1

Cop(t) = Cp(1) ) M) and Conp (1) = Cop (1) [ ) M (0);

where ¢ = (¢,,,) be the sequence of strictly positive reals
tmy for all m,n e N and p—lim,,,.~ denotes the limit in
the Pringsheim’s sense. In the case #,, =1 for all m,n e
N;M,, (1), Cp (1), Cop(t), Lu(1), Cop(t) and Copp(t) reduce to the
sets M, C,, Cop, Ly, Cpp and Copp, respectively. Now, we may
summarize the knowledge given in some document related to
the double sequence spaces. Gokhan et al. [27,28] have proved
that M, (¢) and C,(¢), Cy, (1) are complete paranormed spaces
of double sequences and obtained the «-, 8-, y-duals of the
spaces M, (t) and Cp,(7). Quite recently, in her PhD thesis,
Zeltser [29] has essentially studied both the theory of topo-
logical double sequence spaces and the theory of summabil-
ity of double sequences. Mursaleen et al. [30-35] have inde-
pendently introduced the statistical convergence and Cauchy

S1110-256X(15)00021-8 Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

http://dx.doi.org/10.1016/j.joems.2015.02.002


http://dx.doi.org/10.1016/j.joems.2015.02.002
http://www.etms-eg.org
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2015.02.002&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:prof.murugesanc@gmail.com
mailto:nsmaths@yahoo.com
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.joems.2015.02.002

234

C. Murugesan, N. Subramanian

for double sequences and established the relation between
statistical convergent and strongly Cesaro summable dou-
ble sequences. Altay and Basar [36] have defined the spaces
BS,BS(t),CS,, CSyp, CS, and BY of double sequences con-
sisting of all double series whose sequence of partial sums are
in the spaces M,, M, (), C,, Cy,C, and L, respectively, and
also examined some properties of those sequence spaces and
determined the «-duals of the spaces BS, BV, (S, and the
B(¥)-duals of the spaces CS;, and CS, of double series. Basar
and Sever [37] have introduced the Banach spacel, of double
sequences corresponding to the well-known space ¢, of sin-
gle sequences and examined some properties of the space L,.
Recently Subramanian and Misra [38] have studied the space
x3(p, q,u) of double sequences and proved some inclusion
relations.

The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [39] as
an extension of the definition of strongly Cesaro summable
sequences. Cannor [40] further extended this definition to a
definition of strong A-summability with respect to a modulus
where 4 = (a,x) is a nonnegative regular matrix and estab-
lished some connections between strong A-summability, strong
A-summability with respect to a modulus, and A-statistical con-
vergence. In Pringsheim [41] the four dimensional matrix trans-
formation (Ax);, = > o | > | di¥' X, was studied extensively
by Robison and Hamilton.

We need the following inequality in the sequel of the paper.
Fora,b,> 0and 0 < p < 1, we have
(a+ b)Y <a’+ D" (1.1)
The double series th;c,n=l Xmn 18 called convergent if and
only if the double sequence (s,,,) is convergent, where s, =
Zf"/':l x;;(m,n € N).

A sequence x = (x,,) is said to be double analytic if
SUP | Xl " < 00. The vector space of all double analytic
sequences will be denoted by A%. A sequence x = (X,,) is
called double gai sequence if |x,,|""*" — 0 as m, n — oo.
The double gai sequences will be denoted by I'’. Let ¢ =
{all finite sequences}.

Consider a double sequence x = (x;;). The (m, n)" section
bl of the sequence is defined by X = 37" x;;3;; for all
m,n € N; where J;; denotes the double sequence whose only
nonzero term is a (I%j), in the (i, j)"’ place for each i, j € N.

An FK-space(or a metric space)X is said to have AK
property if (J,,,) is a Schauder basis for X. Or equivalently
Xl s x

An FDK-space is a double sequence space endowed with
a complete metrizable; locally convex topology under which
the coordinate mappings x = (x;) — (X)) (m, n € N) are also
continuous.

Let M and ® be mutually complementary modulus func-
tions. Then, we have

(i) Forallu,y >0,

uy < M(u) + ®(y), (Young sinequality)

(1.2)
[See Kampthan et al., [42]).
(i1) Forallu > 0,
un() = Mu) + ®(n(u)). (1.3)

(iii)) Forallu > 0,and 0 < A < 1,

M(Ow) < M (u). (1.4)

Lindenstrauss and Tzafriri [43] used the idea of Orlicz
function to construct Orlicz sequence space

Ly = {xe WZM(M> < 00, forsome p > 0}.
o

k=1

The space £, with the norm

Ixl = inf{p > O:ZM<|%|> < 1},

k=1

becomes a Banach space which is called an Orlicz se-
quence space. For M (t) = t”(1 < p < 00), the spaces £,
coincide with the classical sequence space £,,.

A sequence f = (f,,) of modulus function is called a
Musielak-modulus function. A sequence g = (g,,,) de-
fined by

&mn (V) = SUP{|V|U - ﬁnn(u) u>0,mn=12,...

is called the complementary function of a Musielak-
modulus function /. For a given Musielak modulus func-
tion f, the Musielak-modulus sequence space 7 is defined
by

ty={xe w? L (|X )/ — Oasm, n — oo},

where I, is a convex modular defined by

oo o0

I/(x) = Z men(|xnm|)l/m+n, X = (Xym) € Ir.

m=1 n=1

We consider 7, equipped with the Luxemburg metric

00 o0 |xmn|1/m+n
d(x,y) = sup,, mf<Zme"(mn>) <l1yg.

m=1 n=1

The notion of difference sequence spaces (for single se-
quences) was introduced by Kizmaz [44] as follows

Z(A) ={x=(xx) ew: (Axy) € Z},

for Z =1¢¢) and €., where Ax; = x; — x4 for all
k eN.

Here ¢, ¢y and ¢, denote the classes of convergent, null
and bounded scalar valued single sequences respectively.
The difference sequence space bv, of the classical space
£, is introduced and studied in the case 1 < p < co by
Basar and Altay and in the case 0 < p < 1 by Altay et
al. The spaces c(A), cy(A), £ (A) and by, are Banach
spaces normed by

o0

1/p
Xl = 1| + supys11Axg] and [|x]lj,, = (Z m") (1 <p<o0).
k=1

Later on the notion was further investigated by many oth-
ers. We now introduce the following difference double se-
quence spaces defined by

Z(A) = {x = () € Wi (Axy) € Z},
Z = sz Xz and AXyy = (-xmn - xmn+1) -

(Xerln - Xm+1n+l) = Xpn — X+l — Xt ln + Xt int1 for
all m,n e N. The generalized difference double no-

where
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tion has the following representation: A”Xx,, =
Am*lxmn - A”171x111n+1 - Amilmerln + Amilxm+ln+1a

and also this generalized difference double no-
tion has the following binomial representation:

m m i+j m m
Amxmnzz,':ozj':o (_1)+j< i >< j )xn1+i.n+j'

2. Definition and preliminaries

Let ne N and X be a real vector space of dimension
w, where n <w. A real valued function d,(xi,...,x,) =
I(di(x1,0),...,dy(x,,0))], on X satisfying the following four
conditions:

(@) 11(di(x1,0),...,dy(x,,0)l, =0 if and only if o (x;, 0),
..., dy(xy, 0) are linearly dependent,

(i) [I(di(x1,0),...,d,(xy, 0))]l, is invariant under permuta-
tion,

(iii) [(ady (x1,0), ..., dy(x, O, = ||l (1 (x1,0), ..., d,
X, Opx €R

(V) dp((xr, y1)s (2, 32)5 -y (X, ya)) = (dx (X1, X2, ..., X))
+dy (y1, yas - - .,yn)")l/pfarl < p < o0; (or)

(v) d((x1,31), (X2, 92)5 -+ o (X, Yu)): = supldy (x1, X2, . . .,
Xn)s dy (V1. Y2, Y}

for xy, x2, ..., x, € X, 1,2, ..., s, € Y is called the p-product
metric of the Cartesian product of n-metric spaces is the p-norm
of the n-vector of the norms of the n-subspaces.

A trivial example of p-product metric of n-metric space is the
p-norm space is X = R equipped with the following Euclidean
metric in the product space is the p-norm:

”(dl (xlv 0)7 ey dn(xn, 0))”E = Sup(ldEZ(dmn(xmna 0))') =

dii(x11,0)  dip(x12,0) din(X1,, 0)
dr1 (x21,0)  dr(x2,0) dry (X1, 0)
sup i ,
dnl (-xnlv 0) dn2 (-an, 0) dnn (xnn’ 0)
where x; = (xj, ..., x;,) € R"foreachi=1,2,...,n.

If every Cauchy sequence in X converges to some L € X,
then X is said to be complete with respect to the p-metric. Any
complete p-metric space is said to be p-Banach metric space.

Definition 2.1. Let A = (a}";) denote a four dimensional
summability method that maps the complex double sequences
x into the double sequence Ax where the k, £-th term of Ax is
as follows:

o0 o0
(AX)ye =Y Dl X

m=1 n=1
such transformation is said to be non-negative if @} is non-
negative.
The notion of regularity for two dimensional matrix trans-
formations was presented by Silverman and Toeplitz. Follow-
ing Silverman and Toeplitz, Robison and Hamilton presented

the following four dimensional analog of regularity for dou-
ble sequences in which both added an additional assumption
of boundedness. This assumption was made since a double se-
quence which is P-convergent is not necessarily bounded.

Let » and p be two sequence spaces and 4 = (a}"}) be a
four dimensional infinite matrix of real numbers (4";), where
m,n, k, ¢ € N. Then, we say 4 defines a matrix mapping from
A into p and we denote it by writing 4 : A — u if for ev-
ery sequence X = (x,,,) € A the sequence Ax = {(Ax),,}, the 4-
transform of x, is in w. By (A : ), we denote the class of all
matrices 4 such that 4 : A — . Thus 4 € (A : ) if and only if
the series converges for each &, £ € N. A sequence x is said to
be A-summable to « if Ax converges to « which is called as the
A-limit of x.

Lemma 2.2. Matrix A = (&"}) is regular if and only if the fol-
lowing three conditions hold:

(1) There exists M > 0 such that for every k, £ = 1,2, ... the
following inequality holds: > 0> | > |ai| < M ;

(2) limy_oayy =0 foreveryk, £ =1,2,...

(3) Timypano Y, S @ = 1.

Let (qun) be a sequence of positive numbers and
koot
Q=Y qumlk teN). @.1)

m=0 n=0

Then, the matrix R? = (r}}')? of the Riesz mean is given by

Gmn .
ifO<mn<k,¢,
()" =1 0 (22)
0 if (m, n) > kt,

The fibonacci numbers are the sequence of numbers
Jik, €,m,n e N) defined by the linear recurrence equa-
tions f00 =1 and fll =1, fmn = ﬁnfl,nfl + fm—2,r172;ma n>2.
Fibonacci numbers have many interesting properties and applica-
tions in arts, sciences and architecture. Also, some basic properties

of Fibonacci numbers are the following.

m n

Zmen = fm+2,n+2 - l;m; n= 15

k=1 t=1

m n

Z nyf,,,, = f;n,nﬁ;1+l,n+1;mv n= ls

k=1 t=1

00 oo 1
PIED B T converges.
7 7. 7 5 — 'mn\ o0
In this paper, we define the fibonacci matrix F = (f}] gy
which differs from existing Fibonacci matrix by using Fi-
bonacci numbers fi, and introduce some new sequence
spaces x> and A*. Now, we define the Fibonacci matrix

F= (f}?zn)fno,nzl’ by

Jie

—— f0<k<m0<tl<n
(_)f(k+2)(£+2) -1

(o) =

if (m,n) > k¢

that is,



236

C. Murugesan, N. Subramanian

Nl= B = D
i e O O
e O O O
N

Gl Bl R —

1t follows from Lemma 2.2 that the method F is regular.

Let M be an Musielak modulus function. We introduce the
following sequence spaces based on the four dimensional infinite
matrix F.

[ 1 (x1.0), d(x2,0), ... d(xue1, O, ] = F(x)

~an | 30w

m=1 n=1

(S 1l "4 (1, 0), d (X2, 0), ., d (61, 0)]1))] < 00

o0 o0
= sup, S i
k({f<k+z>u+n) —1 Z Z[ (27" X

m=1 n=1

I1(d (x1,0), d(x2,0). ..., d(x,-1,0)[l,))] < oo}, (k, € €N).

Consider the metric space
(A 1(d(x1,0), d(x2,0), ...,
metric

d(xn-1,0))1l,] with the

d(x,y) = sup, {M(F/(x) — F,(») :m,n=1,2,3,...}. (2.3)

(T3 1(d (x1,0), d(x2,0). ... d(xu_1. O] = F,

[ DO M el 1 (d (31, 0), d (32,0, -, d (i, O)))] = 0}

m=1 n=1

00 00
= 1i1’1’1m,n~>oo{ M fﬁ”lxnmll/erny
f(A+7)(Z+7) -1 2.2 [M(

m=1 n=1
I(d(x1,0),d(x2,0), ..., d(xa-1,0l,))] = o}, (k, £ € N).
Consider the metric space

M35, 11(d (x1,0), d(x2,0), ...,

ric

d i, ), with the met-

d(x,y) = sup {M(F.(x) — F,(»)) :m,n=1,2,3,...}. (2.4)

3. Main results

Theorem 3.1.
d(xn—lv O))”p] and
[0, 1(d(x1,0), d(x2,0), ...,

to the spaces

The spaces [Aﬁf, 1(d(x1,0),d(x,,0),...,

d(x,—1, 0))l,] are isomorphic

(A% 1(d(x1,0),d(x2,0), ..., d(x,1, )] and T3, |
(d(x1,0),d(x2,0),...,d(x,-1,0)l,], respectively (ie.)
[AF, 1(d(x1,0),d(x2,0),....d (X1, onl,l = (A%l
(d(x1,0),d(x2,0), ..., d(x, 1, 0)Il,]  and T3], [(d(x1,0),

d(x2,0), ..., d(x,—1,0)Il,] = [T, 1(d(x1,0), d (x2,0), ...,
d(xp—1, 0)1I,]

Proof. Let us consider the space of I'?, since the four dimen-
sional infinite matrix F is triangular, it has a unique inverse,
which is also triangular. Therefore the linear operator

L 2 T3], 11(d(x1,0), d(x2,0), ..., d (x,m1, )|, = [T,
I1(d(x1,0), d(x2,0), ..., d(xu1, 0))|| l. defined by Lp(x) =

F(x) for all x € [T3f, [[(d(x1,0), d(x2,0), ... d(x,-1,0)],] =
(3 1(d(x1, 0, d(Xz, 0), ..., d(xu1, 0))||,,], is bijec-
tive and is metric preserving by (2.5) in Theorem 3.1.
Hence

(T3 1(d(x1,0), d(x2,0), ...
0), d(x2,0), ..., d(xu-1,0)),]-
other space can be established. (J

s d (X1, OD] = [Thp 11(d (1,
Similarly the proof for the

Theorem 3.2. The inclusion
[T, 1(d(x1,0), d(x2,0), ..., d(x,1, oni,lc (0375 11(d (x1,
0),d(x2,0),....d(xy-1, 0,1 and [A3,. (d(x1,0),d(x2,0)
S d(X-1, O] C A, 1(d(x1,0), d(x2,0), ..., d(x,-1,0))
| o] holds.

Proof. As Fis a regular four dimensional infinite matrix, so the
inclusion

T3 1(d(x1,0),d(x2,0), ...,
0),d(x2,0),...,

d(x,—1, 00,1 C (037 11 (x1,
d(x,-1,0))]l,] is obvious.

Now, let X = (Xm) € [A2E, 1(d(x1,0),d(x2,0), ...,
d(x,-1,0)),]. Then there is a constant M > 0 such that
| X/ < M for all m, n € N. Thus for each k, £ € N.

k ¢
F(x M ) X | 1(d (1, 0), d (X2, 0), ... d (X1, Ol
[y >\,[/M P ‘Z:.g. (2 Xomn | I(dx1,0), d(x2,0), ... d(xp )u,))]]
k 3
= [ /MW, = 3 S MO o 1 (d (51,00, d 2, 0), ...,d(x,,,.,mup))]]
m=1 n=1
< 00,

which shows that FX e [I'3,, [(d(x1,0),d(x2,0),...,d(x,_1,
0)[I,]. Thus we conclude that [T3,, |(d(x, 0), d(x2,0), ...,
d (X1, O] C [T, 1(d(x1,0), d(x2,0), ..., d(x,-1,0))

). O

Example. Consider the sequence

1 0 0 0 0 —1 0 0 0 0
[UN] 0 0 0 0 0 0 0 0
Xz Com) = [UN] 0 0 0 0 0 0 0 0
(VN 0 0 0 0 0 0 0 0
[UN] 0 0 0 o 0 0 0 o0
0 0 0 0 0 o 0 0 0 o0
(VN 0 0 0 o 0 0 0 o0
0o 0 0 0 0 o 0 0 0 o0

Then we have for every k, £ € N,

F(0) = 7oty Yo S I 0 13l
(d(x1,0),d(x2,0),...,d(x,_1, 0).||p))] # 0. This shows that
FX eT?but x is notin I'2. Thus the sequence x is in

[T, [1(d(x1,0), d(x2,0), ..., d(x,1,0)],]. Hence the
inclusion
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[F%/[s ”(d(.X'1, 0)5 d(XQ, 0)5 e d(xnfl’ 0))”p]
C I3 1 (x1,0), d(x2,0). ... d (xue1. O)], ]

is strictly holds.

Theorem 3.3. The sequence x = (Xp,) ¢ [I3F, (d(x,0),
d(x2,0),...,d(x,-1, 0)l,] but in[A3], [(d(x1,0), d(x2,0), ...,
d(xu—1,0))1l,]

Proof. Consider the sequence X = Xpm) =
1 1 1 1 1..
1 1 1 1 1..
T 11 I , for all k, £ € N. Then we have for
1 1 1 1 1..

everyk,£ e N, F,(x) = . This shows

—_ e = e
e e
—_— e e
e e
—_ e = e

that FX ¢ [T3f, [(d(x1,0),d(x2,0),...,d(x,—1,0)I],].

Again, consider the sequence X = (Xpm) =

(fl)m"(.fwzr::j*’"“"*‘H, for all k,¢ e€N. Then we have for
=™ (=™, ..
=D"™ (=)™ ...

every k, £ e N, F,(x) = =™ (=D™... . This shows
=™ (=™, ..

that FX € [A3], 1(d(x1,0), d(x2,0), ..., d(x,-1,0)],]. O
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