
Journal of the Egyptian Mathematical Society (2016) 24 , 226–232 

Egyptian Mathematical Society 

Journal of the Egyptian Mathematical Society 

www.etms-eg.org 
www.elsevier.com/locate/joems 

Original Article 

Properties of certain subclass of p -valent 

meromorphic functions associated with certain 

linear operator 

Rabha M. El-Ashwah 

a , Alaa H. Hassan 

b , ∗

a Department of Mathematics, Faculty of Science, Damietta University, New Damietta 34517, Egypt 
b Department of Mathematics, Faculty of Science, Zagazig University, Zagazig 44519, Egypt 

Received 5 March 2015; revised 22 April 2015; accepted 2 May 2015 
Available online 7 July 2015 

Keywords 

Meromorphic functions; 
P -valent functions; 
Differential 
subordination; 
Gauss hypergeometric 
function 

Abstract We investigate several inclusion relationships of certain subclass of p -valent meromorphic 
functions defined in the punctured unit disc, having a pole of order p at the origin. The subclass under 
investigation is defined by using certain linear operator defined by combining two integral operators. 

2010 MATHEMATICAL SUBJECT CLASSIFICATION: 30C45; 30C80; 30D30 

Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 

1

L
f

 

∗

a

w  

w
 

i  

e  

i

S
u
h

. Introduction 

et �p denotes the subclass of meromorphic functions of the 
orm 

f (z ) = z −p + 

∞ ∑ 

k =1 −p 

a k z k (p ∈ N := { 1 , 2 , 3 , . . . } ) , (1.1)
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hich are analytic in the punctured unit disc U 

∗ = U \ { 0 } ,
here U = { z ∈ C : | z | < 1 } . 

For two functions f ( z ) and g ( z ), analytic in U , we say that f ( z )
s subordinate to g ( z ) in U , written f ≺ g or f ( z ) ≺ g ( z ), if there
xists a Schwarz function ω( z ) which (by definition) is analytic
n U , satisfying the following conditions (see [1,2] ): 

(0) = 0 and | ω(z ) | < 1 ; (z ∈ U ) 

uch that 

f (z ) = g(ω(z )) ; (z ∈ U ) , 

Indeed it is known that 

f (z ) ≺ g(z ) ( z ∈ U ) �⇒ f (0) = g(0) and f (U ) ⊂ g(U ) . 
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In particular, if the function g ( z ) is univalent in U , we have
the following equivalence: 

f (z ) ≺ g(z ) ( z ∈ U ) ⇐⇒ f (0) = g(0) and f (U ) ⊂ g(U ) . 

Following the recent work of El-Ashwah [3] , for a function
f ( z ) ∈ �p , given by (1.1) , also, for λ, � > 0 and m ∈ N 0 (N 0 =
N ∪ { 0 } ) , the integral operator L 

m 

p (λ, � ) : �p −→ �p is defined
as follows: 

L 

m 

p (λ, � ) f (z ) 

= 

⎧ ⎨ 

⎩ 

f (z ) ; (m = 0) , 

� 

λ
z −p− � 

λ

∫ z 

0 
t ( 

� 
λ
+ p−1 ) L 

m −1 
p (λ, � ) f (t ) dt ; (m = 1 , 2 , . . . ) . 

(1.2)

Also, following the recent work of El-Ashwah and Hassan
[4] , for a function f ( z ) ∈ �p , given by (1.1) , also, for μ > 0, a, c ∈
C and Re (c − a ) ≥ 0 , the integral operator J a,c 

p,μ : �p −→ �p is
defined as follows: 

J a,c 
p,μ f (z ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

f (z ) ; ( a = c ) , 
�(c − pμ) 

�(a − pμ)�(c − a ) ∫ 1 

0 
t a −1 (1 − t ) c −a −1 f (zt μ) dt ; ( Re (c − a ) > 0 ) . 

(1.3)

By iterations of the integral operators L 

m 

p (λ, � ) defined by (1.2)
and J a,c 

p,μ defined by (1.3) , we define the linear operator 

I p,m 

λ,� (a, c, μ) : �p −→ �p (1.4)

for the purpose of this paper by: 

I p,m 

λ,� (a, c, μ) f (z ) := L 

m 

p (λ, � ) 
(
J a,c 

p,μ f (z ) 
) = J a,c 

p,μ

(
L 

m 

p (λ, � ) f (z ) 
)
. 

(1.5)

Now, it is easily to see that the operator I p,m 

λ,� (a, c, μ) can be
expressed as follows: 

I p,m 

λ,� (a, c, μ) f (z ) = z −p + 

�(c − pμ) 

�(a − pμ) 

×
∞ ∑ 

k =1 −p 

�(a + μk ) 

�(c + μk ) 

[
� 

� + λ( k + p ) 

]m 

a k z k , 

(μ > 0 ; a, c ∈ C , Re (a ) > pμ, Re (c − a ) ≥ 0 ;
� > 0 ; λ > 0 ; m ∈ N 0 ; p ∈ N ) . (1.6)

In view of (1.2) –(1.5) , it is clear that 

I p, 0 λ,� (a, c, μ) f (z ) = J a,c 
p,μ f (z ) and 

I p,m 

λ,� (a, a, μ) f (z ) = L 

m 

p (λ, � ) f (z ) . (1.7)

Using (1.6) , we can obtain the following recurrence relations
of the operator I p,m 

λ,� (a, c, μ) , which are necessary for our inves-
tigations 

z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ = 

a − pμ
μ

I p,m 

λ,� (a + 1 , c, μ) f (z ) 

− a 
μ

I p,m 

λ,� (a, c, μ) f (z ) . (1.8)
and 

z 
(
I p,m 

λ,� (a, c + 1 , μ) f (z ) 
)′ = 

c − pμ
μ

I p,m 

λ,� (a, c, μ) f (z ) 

− c 
μ

I p,m 

λ,� (a, c + 1 , μ) f (z ) . (1.9)

Also 

z 
(

I p,m +1 
λ,� (a, c, μ) f (z ) 

)′ 
= 

� 

λ
I p,m 

λ,� (a, c, μ) f (z ) 

− � + λp 
λ

I p,m +1 
λ,� (a, c, μ) f (z ) . (1.10)

The operator I p,m 

λ,� (a, c, μ) defined by (1.7) has been exten-
sively studied by many authors with suitable restrictions on the
parameters as follows: 

(i) I 1 , −n 
λ,� (a, c, μ) = I n λ,� (a, c, μ) f (z )(μ> 0 ; a, c ∈ C , Re (c −a ) 

≥ 0 , Re (a ) > μ; � > 0 ; λ> 0 ; n ∈ Z ) (see El-Ashwah [5] ); 
(ii) I p,m 

λ,� (p + ν, p + 1 , 1) = I m 

p,ν (λ, � ) f (z )(m ∈ N 0 ; λ, �, ν> 0 ;
p ∈ N ) (see El-Ashwah and Aouf [6] ); 

(iii) I 1 ,m 

ν,λ (a + 1 , c + 1 , 1) f (z ) = � 

m 

λ,ν (a, c ) f (z ) (λ, ν> 0 ; a ∈
C ; c ∈ C \ Z 

−
0 ; m ∈ N 0 ) (see Raina and Sharma [7] ); 

(iv) I p, 0 λ,� (a + p, c + p, 1) f (z ) = � p (a, c ) f (z ) (a ∈ R ; c ∈ R \
Z 

−
0 , Z 

−
0 = { 0 , 1 , 2 , . . . }; p ∈ N ) (see Liu and Srivastava

[8] ); 
(v) I 1 ,β1 ,λ (ν + 1 , 2 , 1) f (z ) = I βλ,ν f (z ) ( β ≥ 0; λ > 0; ν > 0) (see

Piejko and Sokół [9] ); 
(vi) I 1 ,n 1 ,λ (ν + 1 , 2 , 1) f (z ) = I n λ,ν f (z ) ( n ∈ N 0 ; λ > 0 ; ν > 0 )

(see Cho et al. [10] ); 
(vii) I 1 , 0 λ,� (ν + 1 , n + 2 , 1) f (z ) = � n,ν f (z ) ( n > −1 ; ν > 0 ) (see

Yuan et al. [11] ); 
(viii) I p, 0 λ,� (n + 2 p, p + 1 , 1) f (z ) = D 

n + p−1 f (z ) 
( n is an integer, n > −p, p ∈ N ) (see Uralegaddi and
Somanatha [12] ); 

(ix) I p,α1 , 1 (a, a, μ) f (z ) = P 

α
p f (z ) ( α ≥ 0 ; p ∈ N ) (see Aqlan

et al. [13] ); 
(x) I 1 ,α1 ,β (a, a, μ) f (z ) = P 

α
β f (z ) ( α, β > 0 ; p ∈ N ) (see Lashin

[14] ). 

Now, by the help of the linear operator I p,m 

λ,� (a, c, μ) , we
introduce the subclass M 

p,m 

λ,� (a, c, μ; α; A, B) of meromorphic
functions as follows: 

Definition 1. For fixed parameters A , B ( −1 ≤ B < A ≤ 1 ) and
0 ≤ α < p , the function f ( z ) ∈ �p is said to be in the class
M 

p,m 

λ,� (a, c, μ; α; A, B) if it satisfies the following subordination
condition: 

1 
p − α

( 

−z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 
− α

) 

≺ 1 + Az 
1 + Bz 

(z ∈ U ) , (1.11)

( μ> 0 ; a, c ∈ C , Re (a ) > pμ, Re (c −a ) ≥ 0 ; � > 0 ; λ> 0 ; m ∈ N 0 ; p ∈ N

Or, equivalently 

M 

p,m 

λ,� (a, c, μ; α; A, B) 

= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

f (z ) ∈ �p : 

∣∣∣∣∣∣∣∣
z 
(

I p,m 
λ,� 

(a,c,μ) f (z ) 
)′ 

I p,m 
λ,� 

(a,c,μ) f (z ) 
+ p 

B 

z 
(

I p,m 
λ,� 

(a,c,μ) f (z ) 
)′ 

I p,m 
λ,� 

(a,c,μ) f (z ) 
+ [ pB + (A −B)(p −α) ] 

∣∣∣∣∣∣∣∣
< 1 

⎫ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎭ 

. 

(1.12)
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where 
We note that, by specializing the parameters A , B , a , c , p ,
, � , μ and m we obtain the following subclasses introduced by
arious authors. 

(i) M 

p,m 

λ,� (p + ν, p + 1 , 1 ;α; 1 , −1) = �S 

∗m,λ,� 
p,ν (α) (m ∈ N 0 ; 0

≤ α< p; λ, �, ν> 0 ; p ∈ N ) (see El-Ashwah and Aouf [6] ); 
(ii) M 

1 , 0 
λ,� (ν + 1 , n + 2 , 1 ; α; 1 , −1) = S 

∗
n,ν (α) (n > −1 ; 0 ≤

α< 1 ; ν> 0) (see Yuan et al. [11] ); 
(iii) M 

p, 0 
λ,� (a, a, μ; α; A, B) = Q 

∗(p, α, A, B) (−1 ≤ B < A ≤
1 ; 0 ≤ α< p; p ∈ N ) (see Owa et al. [15] ); 

(iv) M 

1 , 0 
λ,� (a, a, μ; α; β, −β) = �∗(α, β) (0 ≤ α< p; 0 < β ≤ 1 ;

p ∈ N ) (see El-Ashwah et al. [16] ); 
(v) M 

1 , 0 
λ,� (a, a, μ; α; 1 , −1) = �∗(α) (0 ≤ α < 1) (see Clunie

[17] ). 

. Preliminaries 

o establish our main results, we shall need the following 
emmas. 

emma 1 ( [1] ) . If −1 ≤ B < A ≤ 1 , β � = 0 and the complex
umber γ satisfies Re { γ } ≥ −β(1 −A ) 

1 −B , then the differential 
quation 

 (z ) + 

zq ′ (z ) 
βq (z ) + γ

≺ 1 + Az 
1 + Bz 

(z ∈ U ) , 

as a univalent solution in U given by 

 (z ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

z β+ γ (1 + Bz ) β( A −B ) /B 

β

∫ z 

0 
t β+ γ−1 (1 + Bz ) β( A −B ) /B dt 

− γ

β
, B � = 0 , 

z β+ γ exp ( βAz ) 

β

∫ z 

0 
t β+ γ−1 exp ( βAt ) dt 

− γ

β
, B = 0 . 

(2.1) 

f φ(z ) = 1 + c 1 z + c 2 z 2 + . . . is analytic inUand satisfies 

(z ) + 

zφ′ (z ) 
βφ(z ) + γ

≺ 1 + Az 
1 + Bz 

(z ∈ U ) , (2.2) 

hen 

(z ) ≺ q (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , 

nd q ( z ) is the best dominant of ( 2.2 ). 

emma 2 ( [18] ) . Let v be a positive measure on [0, 1] . Let h be a
omplex-valued function defined on U × [0 , 1] such that h (., t ) is
nalytic in U for each t ∈ [0 , 1] , and h ( z , .) is v-integrable on [0, 1]
or all z ∈ U. In addition, suppose that Re { h ( z , t )} > 0 , h (−r, t) is
eal and Re { 1 /h (z, t) } ≥ 1 /h (−r, t) for | z | ≤ r < 1 and t ∈ [0 , 1] .
f h (z ) = 

∫ 1 
0 h (z, t ) dv (t ) , then Re { 1 /h (z ) } ≥ 1 /h (−r ) . 

emma 3 ( [19] ) . For real numbers a, b, c ( c � = 0 , −1 , −2 , . . . ),
e have 

 1 

0 
t b−1 ( 1 −t ) c −b−1 ( 1 −tz ) −a dt = 

�(b)�(c − b) 

�(c ) 2 F 1 ( a, b; c ; z ) , 

(2.3) 
or Re { c } > Re { b } > 0 and z ∈ U . Also, we have 

 

F 1 ( a, b; c ; z ) = 2 F 1 ( b, a ; c ; z ) , (2.4) 

nd 

 

F 1 (a, b; c ; z ) = (1 − z ) −a 
2 F 1 

(
a, c − b; c ; z 

z − 1 

)
. (2.5)

In this paper, we find three inclusion theorems for the class
 

p,m 

λ,� (a, c, μ; α; A, B) with respect to variations in the parame-
ers a , c and m . In particular, we show that increasing a by one
educes the size of the class M 

p,m 

λ,� (a, c, μ; α; A, B) , but increas-
ng the parameters c or m by one increases its size. 

. Inclusion results 

nless otherwise mentioned, we assume throughout the re- 
ainder of the paper that −1 ≤ B < A ≤ 1 , 0 ≤ α < p , λ >

, � > 0, μ > 0 , a, c ∈ R , a > p μ, c −a ≥ 0 , p ∈ N , m ∈ N 0 , and
 ∈ U . 

We begin with some inclusion relationships concerning the 
arameter a of the class M 

p,m 

λ,� (a, c, μ; α; A, B) . 

heorem 1. (i) If f (z ) ∈ M 

p,m 

λ,� (a + 1 , c, μ; α; A, B) and 

a 
μ

− α ≥ (p − α)(1 − A ) 

(1 − B) 
, (3.1) 

hen 

1 
p − α

( 

− z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 
− α

) 

≺ 1 
p − α

((
a 
μ

− α

)
− 1 

Q 1 (z ) 

)

= q 1 (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , (3.2) 

here 

 1 (z ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

∫ 1 

0 
( u ) 

a 
μ −p−1 

(
1 + Bzu 
1 + Bz 

)−(p−α)(A −B) /B 

du, B � = 0 , 

∫ 1 

0 
( u ) 

a 
μ −p−1 e −(p−α) A (u −1) z du, B = 0 , 

nd q 1 ( z ) is the best dominant of ( 3.2 ). Consequently 

 

p,m 

λ,� (a + 1 , c, μ; α; A, B) ⊆ M 

p,m 

λ,� (a, c, μ; α; A, B) . (3.3)

(ii) Furthermore, if the additional constraints 0 < B < 1 and

a 
μ

> 

(p − α)(A − B) 

B 

+ p − 1 (3.4) 

re satisfied. Then 

1 − | A | 
1 − | B | < 

1 
p − α

( 

−Re 

{ 

z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 

} 

− α

) 

< ρ1 , 

(3.5) 
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ρ1 = 

1 
p − α

⎨ 

⎩ 

(
a 
μ

− α

)
−

a 
μ

− p 

2 F 1 
(

1 , ( p−α) ( A −B ) 
B ; a 

μ
− p + 1 ; B 

B−1 

)⎬ 

⎭ 

.

(3.6)

The bound ρ1 is the best possible. 

Proof. Let f ∈ M 

p,m 

λ,� (a + 1 , c, μ; α; A, B) . Set 

φ(z ) = 

1 
p − α

( 

− z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� ( a, c, μ) f (z ) 
− α

) 

. (3.7)

It is clear that φ( z ) is analytic in U and φ(0) = 1 . An appli-
cation of the identity (1.8) in (3.7) , yields 

−( p − α) φ(z ) + 

(
a 
μ

− α

)
= 

a − pμ
μ

I p,m 

λ,� (a + 1 , c, μ) f (z ) 

I p,m 

λ,� (a, c, μ) f (z ) 
, 

(3.8)

using the logarithmic differentiation of both sides of (3.8) with
respect to z , we obtain 

φ(z ) + 

zφ′ (z ) 

−( p − α) φ(z ) + 

(
a 
μ

− α
)

= 

1 
p − α

( 

− z 
(
I p,m 

λ,� (a + 1 , c, μ) f (z ) 
)′ 

I p,m 

λ,� (a + 1 , c, μ) f (z ) 
− α

) 

≺ 1 + Az 
1 + Bz 

(z ∈ U ) . 

Therefore, an application of Lemma 1 with β = −( p − α)

and γ = 

a 
μ

− α, we have 

φ(z ) ≺ q 1 (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , 

where the best dominant q 1 ( z ) is defined by (3.2) . The proof of
(i) of Theorem 1 is completed. �

In order to establish (3.5) of (ii), we observe that an applica-
tion of the principle of subordination in (1.11) gives 

1 − | A | 
1 − | B | < 

1 
p − α

( 

−Re 

{ 

z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 

} 

− α

) 

, 

which is precisely the left hand inequality in (3.5) . Also, by the
principle of subordination in (3.2) , we have 

1 
p − α

( 

−Re 

{ 

z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 

} 

− α

) 

≤ sup 

z ∈ U 
Re { q 1 (z ) } 

= sup 

z ∈ U 

[
1 

p − α

(
a 
μ

− α − Re 
{

1 
Q 1 (z ) 

})]

= 

1 
p − α

(
a 
μ

− α − inf 
z ∈ U 

Re 
{

1 
Q 1 (z ) 

})
. (3.9)
The rest of the proof is devoted to find inf z ∈ U 

Re {1/ Q 1 ( z )}.
By hypothesis B � = 0, therefore by (3.2) we have 

Q 1 (z ) = ( 1 + Bz ) δ
∫ 1 

0 
( u ) β−1 ( 1 − u ) γ−β−1 ( 1 + Bzu ) −δdu, 

where δ = 

(p−α)(A −B) 

B , β = 

a 
μ

− p and γ = β + 1 . Also since γ >

β > 0, by successively using (2.3) –(2.5) of Lemma 3 , we obtain

Q 1 (z ) = 

�(β) 

�(γ ) 
2 F 1 

(
1 , δ; γ ; Bz 

Bz + 1 

)
. (3.10)

Furthermore, the condition 

a 
μ

> 

(p−α)(A −B) 

B + p − 1 with 0 <
B < 1 implies that γ > δ > 0. Another application of (2.5) of
Lemma 3 to (3.10) gives 

Q 1 (z ) = 

∫ 1 

0 
h (z, u ) dv (u ) , 

where 

h (z, u ) = 

1 + Bz 
1 + (1 − u ) Bz 

(0 ≤ u ≤ 1) , 

and 

dv (u ) = 

�(β) 

�(δ)�(γ − δ) 
( u ) δ−1 ( 1 − u ) γ−δ−1 du, 

is a positive measure on u ∈ [0, 1]. We note that Re { h ( z , u )} > 0
and h (−r, u ) is real for 0 ≤ r < 1 and u ∈ [0, 1]. Therefore, using
Lemma 2 implies 

Re 
{

1 
Q 1 (z ) 

}
≥ 1 

Q 1 (−r ) 
( | z | ≤ r < 1) , 

thus 

inf 
z ∈ U 

Re 
{

1 
Q 1 (z ) 

}
= sup 

0 ≤r< 1 

1 
Q 1 (−r ) 

= sup 

0 ≤r< 1 

1 ∫ 1 

0 
h (−r, u ) dv 

= 

1 ∫ 1 

0 
h (−1 , u ) dv 

= 

1 
Q 1 (−1) 

= 

a 
μ
−p 

2 F 1 
(

1 , ( p −α) ( A −B ) 
B ; a 

μ
−p + 1 ; B 

B −1 

) . (3.11)

Hence, in view of (3.9) , the right hand inequality of (3.5) fol-
lows from (3.11) . 

The result is the best possible as the function q 1 ( z ) is the best
dominant of (3.2) . This completes the proof of Theorem 1 . 

The next theorem gives the corresponding results due to the
parameter c . 

Theorem 2. (i) If f (z ) ∈ M 

p,m 

λ,� (a, c, μ; α; A, B) and 

c 
μ

− α ≥ (p − α)(1 − A ) 

(1 − B) 
, (3.12)
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hen 

1 
p −α

( 

− z 
(
I p,m 

λ,� (a, c + 1 , μ) f (z ) 
)′ 

I p,m 

λ,� (a, c + 1 , μ) f (z ) 
− α

) 

≺ 1 
p −α

((
c 
μ

−α

)
− 1 

Q 2 (z ) 

)

= q 2 (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , (3.13) 

here 

 2 (z ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

∫ 1 

0 
(u ) 

c 
μ −p−1 

(
1 + Bzu 
1 + Bz 

)−(p−α)(A −B) /B 

du, B � = 0 , 

∫ 1 

0 
(u ) 

c 
μ −p−1 e −(p−α) A (u −1) z du, B = 0 , 

nd q 2 ( z ) is the best dominant of ( 3.13 ). Consequently 

 

p,m 

λ,� (a, c, μ; α; A, B) ⊆ M 

p,m 

λ,� (a, c + 1 , μ; α; A, B) . (3.14)

(ii) Furthermore, if the additional constraints 0 < B < 1 and

c 
μ

> 

(p − α)(A − B) 

B 

+ p − 1 (3.15) 

re satisfied. Then 

1 − | A | 
1 − | B| < 

1 
p − α

( 

−Re 

{ 

z 
(
I p,m 

λ,� (a, c + 1 , μ) f (z ) 
)′ 

I p,m 

λ,� (a, c + 1 , μ) f (z ) 

} 

− α

) 

< ρ2 , 

(3.16) 

here 

2 = 

1 
p − α

⎧ ⎨ 

⎩ 

(
c 
μ

− α

)
−

c 
μ

− p 

2 F 1 
(

1 , ( p−α) ( A −B ) 
B ; c 

μ
− p + 1 ; B 

B−1 

)
⎫ ⎬ 

⎭ 

.

(3.17) 

he bound ρ2 is the best possible. 

roof. Let f ∈ M 

p,m 

λ,� (a, c, μ; α; A, B) . Set 

(z ) = 

1 
p − α

( 

− z 
(
I p,m 

λ,� (a, c + 1 , μ) f (z ) 
)′ 

I p,m 

λ,� ( a, c + 1 , μ) f (z ) 
− α

) 

. (3.18) 

Then using (1.9) and logarithmic differentiation for (3.18) , 
e can obtain 

(z ) + 

zφ′ (z ) 

−( p − α) φ(z ) + 

(
c 
μ

− α
)

= 

1 
p − α

( 

− z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 
− α

) 

≺ 1 + Az 
1 + Bz 

(z ∈ U ) . (3.19) 

Therefore by an application of Lemma 1 ,with β = −( p − α) 

nd γ = 

c 
μ

− α, we have 

(z ) ≺ q 2 (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , 
here the best dominant q 2 ( z ) is defined by (3.13) . The
roof of (i) of Theorem 2 is completed. 

In order to establish (3.16) of (ii), we use the same technique
sed in the proof of Theorem 1 . Write 

 2 (z ) = ( 1 + Bz ) δ
∫ 1 

0 
( u ) β−1 ( 1 − u ) γ−β−1 ( 1 + Bzu ) −δdu 

= 

�(β) 

�(γ ) 
2 F 1 
(
1 , δ; γ ; Bz 

Bz +1 

)
, (3.20) 

here δ = 

( p−α) ( A −B ) 
B , β = 

c 
μ

− p and γ = β + 1 . 

Furthermore, the condition 

c 
μ

> 

(p−α)(A −B) 

B + p − 1 with 0 < 

 < 1 implies that γ > δ > 0. Another application of (2.5) of
emma 3 to (3.20) gives 

 2 (z ) = 

∫ 1 

0 
h (z, u ) dv (u ) , 

here 

 (z, u ) = 

1 + Bz 
1 + (1 − u ) Bz 

(0 ≤ u ≤ 1) , 

nd 

v (u ) = 

�(β) 

�(δ)�(γ − δ) 
( u ) δ−1 ( 1 − u ) γ−δ−1 du. 

Hence, by Lemma 2 

inf 
 ∈ U 

Re 
{

1 
Q 2 (z ) 

}
= 

c 
μ
−p 

2 F 1 
(

1 , ( p −α) ( A −B ) 
B ; c 

μ
−p + 1 ; B 

B −1 

) . (3.21) 

The right hand inequality of (3.16) now follows from (3.21) .
he bound ρ2 is sharp by the principle of subordination. The 
roof of Theorem 2 is thus completed. �

Also, the corresponding results due to the parameter m is 
stablished in the following theorem. 

heorem 3. (i) If f (z ) ∈ M 

p,m 

λ,� (a, c, μ; α; A, B) and 

� + λp 
λ

− α ≥ (p − α)(1 − A ) 

(1 − B) 
, (3.22) 

hen 

1 
p − α

⎛ 

⎜ ⎝ 

−
z 
(

I p,m +1 
λ,� (a, c, μ) f (z ) 

)′ 

I p,m +1 
λ,� (a, c, μ) f (z ) 

− α

⎞ 

⎟ ⎠ 

≺ 1 
p − α

((
� + λp 

λ
− α

)
− 1 

Q 3 (z ) 

)

= q 3 (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , (3.23) 

here 

 3 (z ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

∫ 1 

0 
( u ) 

� + λp 
λ

−p−1 

(
1 + Bzu 
1 + Bz 

)−(p−α)(A −B) /B 

du, B � = 0 , 

∫ 1 

0 
(u ) 

� + λp 
λ

−p−1 e −(p−α) A (u −1) z du, B = 0 , 
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and q 3 ( z ) is the best dominant of ( 3.23 ). Consequently 

M 

p,m 

λ,� (a, c, μ; α; A, B) ⊆ M 

p,m +1 
λ,� (a, c, μ; α; A, B) . (3.24)

(ii) Furthermore, if the additional constraints 0 < B < 1 and 

� + λp 
λ

> 

(p − α)(A − B) 

B 

+ p − 1 (3.25)

are satisfied. Then 

1 − | A | 
1 − | B| < 

1 
p − α

⎛ 

⎜ ⎝ 

−Re 

⎧ ⎪ ⎨ 

⎪ ⎩ 

z 
(

I p,m +1 
λ,� (a, c, μ) f (z ) 

)′ 

I p,m +1 
λ,� (a, c, μ) f (z ) 

⎫ ⎪ ⎬ 

⎪ ⎭ 

− α

⎞ 

⎟ ⎠ 

< ρ3 , 

(3.26)

where 

ρ3 = 

1 
p − α

{(
� + λp 

λ
− α

)

−
� + λp 

λ
− p 

2 F 1 
(

1 , ( p−α) ( A −B ) 
B ; � + λp 

λ
− p + 1 ; B 

B−1 

)
⎫ ⎬ 

⎭ 

. (3.27)

The bound ρ3 is the best possible. 

Proof. Let f ∈ M 

p,m 

λ,� (a, c, μ; α; A, B) . Set 

φ(z ) = 

1 
p − α

⎛ 

⎜ ⎝ 

−
z 
(

I p,m +1 
λ,� (a, c, μ) f (z ) 

)′ 

I p,m +1 
λ,� ( a, c, μ) f (z ) 

− α

⎞ 

⎟ ⎠ 

. (3.28)

Then using (1.10) and logarithmic differentiation for (3.28) ,
we can obtain 

φ(z ) + 

zφ′ (z ) 

−( p − α) φ(z ) + 

(
� + λp 

λ
− α

)
= 

1 
p − α

( 

− z 
(
I p,m 

λ,� (a, c, μ) f (z ) 
)′ 

I p,m 

λ,� (a, c, μ) f (z ) 
− α

) 

≺ 1 + Az 
1 + Bz 

(z ∈ U ) . (3.29)

Therefore by an application of Lemma 1 , with β = −( p − α)

and γ = 

� + λp 
λ

− α, we have 

φ(z ) ≺ q 3 (z ) ≺ 1 + Az 
1 + Bz 

(z ∈ U ) , 

where the best dominant q 3 ( z ) is defined by (3.23) . The proof of
(i) of Theorem 3 is completed. 

Also, in order to establish (3.26) of (ii), we use the same tech-
nique used before. Write 

Q 3 (z ) = ( 1 + Bz ) δ
∫ 1 

0 
( u ) β−1 ( 1 − u ) γ−β−1 ( 1 + Bzu ) −δdu 

= 

�(β) 

�(γ ) 
2 F 1 

(
1 , δ; γ ; Bz 

Bz + 1 

)
, (3.30)

where δ = 

( p−α) ( A −B ) 
, β = 

� + λp − p and γ = β + 1 . 
B λ
Furthermore, the condition 

� + λp 
λ

> 

(p−α)(A −B) 

B + p − 1 with 0
< B < 1 implies that γ > δ > 0 . Another application of (2.5) of
Lemma 3 to (3.30) gives 

Q 3 (z ) = 

∫ 1 

0 
h (z, u ) dv (u ) , 

where 

h (z, u ) = 

1 + Bz 
1 + (1 − u ) Bz 

(0 ≤ u ≤ 1) , 

and 

dv (u ) = 

�(β) 

�(δ)�(γ − δ) 
( u ) δ−1 ( 1 − u ) γ−δ−1 du. 

Hence, by Lemma 2 

inf 
z ∈ U 

Re 
{

1 
Q 3 (z ) 

}
= 

� + λp 
λ

−p 

2 F 1 
(

1 , ( p −α) ( A −B ) 
B ; � + λp 

λ
−p + 1 ; B 

B −1 

) . (3.31)

The right hand inequality of (3.26) now follows from (3.31) .
The bound ρ3 is sharp by the principle of subordination. The
proof of Theorem 3 is thus completed. �

Remark 2. 

(i) Taking μ = 1 , a = p + ν and c = p + 1 in Theorems 1
and 3 , we can obtain the inclusion relationship of El-
Ashwah and Aouf [6, Theorem 2.1]; 

(ii) Taking A = μ = p = 1 , B = −1 , a = ν + 1 , c = n + 2
and m = 0 , in Theorems 1 and 3 , we can obtain the in-
clusion relationship of Yuan et al. [11, Theorem 1 ]; 

(iii) By specializing the parameters in Theorems 1,2,3 we can
obtain various results of different subclasses defined by
operators mentioned in the introduction as special cases
of the operator I p,m 

λ,� (a, c, μ) . 
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