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1. Introduction which are analytic in the punctured unit disc U* = U\{0},
where U={zeC:|z|<1}.
For two functions f{z) and g(z), analytic in U, we say that f{z)

Let X, denotes the subclass of meromorphic functions of the ) 4 ! : )
is subordinate to g(z) in U, written f < g or f(z) < g(z), if there

form
exists a Schwarz function w(z) which (by definition) is analytic
o0 in U, satisfying the following conditions (see [1,2]):
f@=z"+ > a (peN:={1,2,3..}, (1.1)
k=1=p w(0)=0 and |w(2)| <1, (zeU)
* Corresponding author. Tel.: +20 1066757776. such that
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Indeed it is known that

Production and hosting by Elsevier
Skl f(2) <g(2) (zeU)=> f(0)=g(0) and f(U)C gU).
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In particular, if the function g(z) is univalent in U, we have
the following equivalence:

f(z) <g(z) (zeU) <+ f(0)=g(0) and f(U) Cg).

Following the recent work of El-Ashwah [3], for a function
flz) € X, given by (1.1), also, for A, £ > 0 and m € No(Ny =
N U {0}), the integral operator LY 6, — %, is defined
as follows:

LIG. 0 (2)
(m = 0),

f(@
- %z*”*§/ht(f*”*l)Ll’f*‘(x,(Z)f(t)dt; m=1,2,...).
0
(1.2)

Also, following the recent work of El-Ashwah and Hassan
[4], for a function f(z) € X, given by (1.1), also, for u > 0, a, c €
C and Re(c —a) > 0, the integral operator J;+ : X, — X, is
defined as follows:

f(); (a=o0),
I'(c—pp)
Tpuf (2) = l”(al— p)T(c—a)
N1 =) f(ztMydt; (Re(e —a) > 0).

0

(1.3)

By iterations of the integral operators L} (4, ¢) defined by (1.2)
and J;- defined by (1.3), we define the linear operator

I (a,c,p): 2, — %, (1.4)

for the purpose of this paper by:

L)@, e, w) f(2) i= Ly, Oy [ (2)) = Ty (Ly (1, 0 f(2)).

(1.5)

Now, it is easily to see that the operator 1" (a, ¢, j1) can be
expressed as follows:

pm F(C_pl'b)

I (a,ce,n)f(z)=z" 7“61_1]“)
= T'(a+ pk) V4 "o
Xk;p F(c+uk)[€+x(k+p>] “

(u > 0;a,ceC,Re(a) > pu, Re(c —a) = 0;
>0;1>0;meNy peN). (1.6)

In view of (1.2)—(1.5), it is clear that

If’?(a ) f(z)=Jy.f(z) and
i@ amf@ =10, 0/@). (1.7)

Using (1.6), we can obtain the following recurrence relations
of the operator If v (a, ¢, p), which are necessary for our inves-
tigations

— PR

21 @ e, W f(2) = 2T a+ 1 e ) f(2)

- —Ipz’(a ) f(2). (1.8)

and

A e+ L f) = 2

1) (a, ¢, 1) f(2)
——I"Z"(a c+1, 1)1 (2). (1.9
Also

(0 @ e w @) = SE @ e )

_ 14 + )"plp.m-H
w4

- (1.10)

(a, ¢, ) f(2).

The operator 1] (a, ¢, ) defined by (1.7) has been exten-
sively studied by many authors with suitable restrictions on the
parameters as follows:

() I, (@, c.p) = I (a, ¢, W) £ (2) (1>0; a, c€C, Re(c—a)
>0, Re(a)>pu; £>0; A>0; neZ) (see El-Ashwah [5]);
(i) 1) (p+v, p+ 1, 1) =17 (&, 0) f(2)(m € No; &, £, v>0;
p € N) (see EI-Ashwah and Aouf [6]);
(ii1) 1] sa+ e+ 1, 1) f(z) =37 (a,0)f(2) (A v>0;a€
(C ce C\Z,;; m e Ny) (see Rama and Sharma [7]);
(iv) I} (a—l—p,c—}—p,l)f(z)_é(a o) f(z) (aeR;ceR\

Z \Zy ={0,1,2,...}; peN) (see Liu and Srivastava
[8]);

W LPo+ 12D @) =1L, f(2) (B=0;1>0;v > 0) (see
Piejko and Sokot [9]);

o) I+ 1,2, D) f(2) =1}, f(2)
(see Cho et al. [10]);
(vii) IAIV’?(V +1Ln+2,D)f(2)=4,,f(z) (n>—1;v > 0) (see
Yuan et al. [11]);
(vitl) I} (n+2p. p+ 1. 1) f(2) = D71 £ (2)
(nis aninteger,n > —p, p € N) (see Uralegaddi and
Somanatha [12]);

(meNg; L >0;v>0)

(ix) I (a,a, ) f(2) = Pif(2)(@ = 0; peN)  (see Aglan
et al. [13]);

(x) Iy (a, a, ) f(z) = P{f(z) (@, B > 0; p € N) (see Lashin
[14])

Now, by the help of the linear operator I/} (a, ¢, 1), we
introduce the subclass M7} (a, ¢, u; a; A, B) of meromorphic
functions as follows:

Definition 1. For fixed parameters 4, B(—1 < B < A < 1) and
0 < a < p, the function f(z) € %, is said to be in the class
M (a, ¢, u; a; A, B) if it satisfies the following subordination
condition:

(== @ e @)

1.11
p—a\ @ e/ (-1

1+AZ( %
oz<l+BZze ,

(u>0; a, ceC, Re(a)>pu, Re(c—a) > 0; £>0; 1>0; meNy; peN).
Or, equivalently
MV (a, ¢, s a; A, B)
(@)
17 a,cn) [ (2)

(1’”"(acu)f( )
1 a,en) ()

<1

=1/(2)ez,:
B +[pB+(A—B)(p—a)]

(1.12)
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We note that, by specializing the parameters 4, B, a, ¢, p,
A, €, n and m we obtain the following subclasses introduced by
various authors.

@O MY (p+v.p+1 L1, =1) = ES*’””(a) (m € Ny; 0
<a<p; i, £L,v>0; p e N) (see El- Ashwah and Aouf [6]);

(i) M;_;?(v +Ln+2, e, - =8 (@) @@>-1;0<
a<1;v>0) (see Yuan et al. [11]);

(i) M) (a, a, ;05 A, B) = Q*(p. o, A, B)
1;0 < a<p; peN) (see Owa et al. [15]);

(iv) M'V(a.a, o B, —B) = (@, p) (0 <a<p:0<p < I;
peN) (see El-Ashwah et al. [16]);

(v) M;j?(a, a, w; a1, —1) = X*(a) (0 < a < 1) (see Clunie
[17]).

(-1<B<A4<

2. Preliminaries

To establish our main results, we shall need the following
lemmas.

Lemma 1 ([1]). If =1 <B<A<1, B # 0 and the complex

number y satisfies Re {y} > %, then the differential
equation
zq'(z 14 A4z
A AC (e U,
Bg(z)+y 1+ Bz

has a univalent solution in U given by

A7 (1 4 Bz)PAU-B)/B

14
B :zﬂ+yfl(1+3z)ﬁ<f‘*3>/3dz 2

q(2) = ’ P17 exp (BAz) _ 17 B—o. @1

B / P+ =Vexp (BAn)dt P
0

If p(z) = 1 4+ ¢z + 2% + . .. is analytic inUand satisfies

z¢'(2) 1+ Az
PO+ oy < Ty GV (2.2)

then

1+ Az
9(z) < q(z) < 1+ B

(zel),

and q(z) is the best dominant of (2.2).

Lemma 2 ([18]). Let v be a positive measure on [0, 1]. Let h be a
complex-valued function defined on U x [0, 1] such that h (., t) is
analytic in U for each t € [0, 1], and h(z, .) is v-integrable on [0, 1]
forall z € U. In addition, suppose that Re {h(z, t)} >0, h(—r, t) is
real andRe {1/h(z, t)} = 1/h(—rt) for|z| <r<landt € [0, 1]
Ifh(z) = [} h(z, 1)dv(1), then Re {1/h(z)} = 1/h(—r).

Lemma 3 ([19]). For real numbers a, b, ¢ (¢ #0,—1,-2,...),
we have

T(b)[(c — b)

1
b—1 1— c—b—1 1— —adt —
/0 P A=)t (1 —12) s e

2Fi(a, b; ¢; z),
(2.3)

forRe {c} > Re {b} > 0 and z € U.Also, we have

2Fi(a b2y = 2R (boas e ), 24

and

2Wh(a,bieiz)=(1—-2)"" LR (a, c—b;c Ll) (2.5
T

In this paper, we find three inclusion theorems for the class

M?}(a, ¢, p; a; A, B) with respect to variations in the parame-
ters a, ¢ and m. In particular, we show that increasing a by one
reduces the size of the class M} (a, ¢, u; ; A, B), but increas-
ing the parameters ¢ or m by one increases its size.

3. Inclusion results

Unless otherwise mentioned, we assume throughout the re-
mainder of the paper that -1 < B <A <1,0<a <p, A >
0,6>0,u>0,a,ceR,a>pu,c—a>0,peN, meNy, and
ze U.

We begin with some inclusion relationships concerning the
parameter a of the class M} (a, ¢, u; a; 4, B).

Theorem 1. (i) If f(z) € M} (a+ 1, ¢, w; a; A, B) and

a (p-—a)d-4)
then

1 (_ (I @, e, W f(2) _a>

p—a Ifé (a,c, ) f(2)
(G- -ae)
< — — o) —
pP—a\\u 0i(2)
1+ Az
=q(2) < I (ze U), (3.2)
where
1 B —(p—a)(A—B)/B
(u)r—l" ( 11 BZ“> du, B#0,
z
0 ="
(uyi Pl A=z g, B=0,

0

and q,(z) is the best dominant of (3.2). Consequently
M} (a+1, ¢, u;a; 4, B) € M} (a, ¢, u; a; A, B). (3.3)

(ii) Furthermore, if the additional constraints 0 < B < 1 and

a_ (p—a)d—B)
nw B
are satisfied. Then

ESZ N N G (I (@, e, W f(2) Ca) <)
1—1Bl  p—«a 7 (a, e 0 f(2) a

where

+p—1 (3.4)
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a

1 a A
= n %) (- (A-B)
poa|\n (1, LD

p+1; %) }

(3.6)
The bound p, is the best possible.
Proof. Let f € M} (a+ 1, ¢, u; a; A, B). Set
1 (1) @, e, W f(2)
() = = e ) _ al. (3.7)
p—a I)»l (av c, M)f(z)

It is clear that ¢(z) is analytic in U and ¢(0) = 1. An appli-
cation of the identity (1.8) in (3.7), yields

a—pu I (@+1,¢,1)f(2)
2 I (a, ¢, 1) f(2)

)

—(p—a)p(2) + (* —Ot> =
(3.8)

using the logarithmic differentiation of both sides of (3.8) with
respect to z, we obtain
z¢'(z)
~(p- () + (4 ~a)
L (A el ewf@)
p—a Iy (atl e, ) f(2)

1+ Az
<
1+ Bz

¢(2) +

(zeU).

Therefore, an application of Lemma 1 with 8 = —(p — @)
and y = ﬁ — o, we have

14+ A4z U
P(2) < qi(2) < T+ B (zel),

where the best dominant ¢(z) is defined by (3.2). The proof of
(1) of Theorem 1 is completed. [

In order to establish (3.5) of (ii), we observe that an applica-
tion of the principle of subordination in (1.11) gives

1— 14| 1 (1 @, e, p f(2)
— < — —Re o —-o,
1—-|B] p-a I/ (a, ¢, n) f(2)

which is precisely the left hand inequality in (3.5). Also, by the
principle of subordination in (3.2), we have

1 (1)@, e, ) f(2)
—Re oo —a
p—« I)L,e a, ¢, ,bL)f(Z)
< S_ul]/D Re {q1(2)}

1 a 1
—sp| (S o —re{ 55 )]

1 a . 1
=p—a<;_a_—}££Re{Q1(z)}>' (3.9)

The rest of the proof is devoted to find inf. . yRe {1/0:(2)}.
By hypothesis B # 0, therefore by (3.2) we have

1
0:(z) = (1+ Bz)’ / @' —w) P (A + Bzu) P du,
0

where § = W B=4%<—pandy = B+ 1. Alsosince y >
B > 0, by successively using (2.3)—(2.5) of Lemma 3, we obtain

() B
T(y) 2F‘(1’8’y’ Bz+1>'

Furthermore, the condition ¢ > £=2=5) 4 ) _ 1 with 0 <
B < 1 implies that y > § > 0. Another apphcatlon of (2.5) of
Lemma 3 to (3.10) gives

0i(2) = (3.10)

1
Ql(z):/ h(z, uydv(u),
0

where
1+ Bz
h(z,u) = m O=<u=<l,
and
T
dv(u) = TN —3) W)’ (1 —u) du,

is a positive measure on u« € [0, 1]. We note that Re {i(z, u)} > 0
and h(—r, u) isreal for 0 < r < 1 and u € [0, 1]. Therefore, using
Lemma 2 implies

(Izl =r <1,

Re{ 1 }2 1
01(2) 01(=1)

thus
'fR{ 1 } 1
m (5} = Su
2o 0@ T ot 01—
|
=sup ———
0<r<1/ h(—r, u)dv
B 1 o
= — = ——
/h(—l,u)dv a=h
0
s=p

- . @31
Y (1, 7(”_“);’_3); s—ptl; %)

Hence, in view of (3.9), the right hand inequality of (3.5) fol-
lows from (3.11).

The result is the best possible as the function ¢,(z) is the best
dominant of (3.2). This completes the proof of Theorem 1.

The next theorem gives the corresponding results due to the
parameter c.

Theorem 2. (i) If f(z) € M} (a. ¢, u; a; A, B) and

M (1-18)
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Il (a, e+, 1) f(2)

) ab)
p—a \\ i 0:(2)

1+4
— ) < 2 e,

1 (_ 21 (a, e+1, ) f(2) _a)

3.13
14+Bz ( )
where
L | + Boy\ ~P—)A=B)/B
(u)ﬁ‘l"1< 11 ;“) du, B0,
z
@) =1"
(u)yi Pl A=z gy, B=0,
0
and q,(z) is the best dominant of (3.13). Consequently
M) (a, ¢, s A, B) € M} (a, ¢+ 1, s a5 A, B). (3.14)

(ii) Furthermore, if the additional constraints 0 < B < 1 and

¢ (p-a)(d-B)
nw B
are satisfied. Then

L IS N (I (@ e+ 1, w) f(2) o)<
I1—|B  p-—ua IV (a,c+ 1, ) f(2) >

(3.16)

+p—1 (3.15)

where

’ B-1

1 c il
P2 = ——a)— 5 .
p—o | \n B (1, 2200 oy 2

(3.17)
The bound p, is the best possible.
Proof. Let / € M} (a, ¢, u; a; A, B). Set
1 nwy +1,
$(2) = AL m(“ cHLw/@) ) (3.18)
- )»l (a’c+ 17 M)f(z)

Then using (1.9) and logarithmic differentiation for (3.18),
we can obtain

24/(2)
~(p- () + (£ - )

1 (1””’(a oW f(@)

= P —
p—« ,l (a! ¢, ,bL)f(Z)

1+ Az

=<
1+ Bz

Therefore by an application of Lemma 1,with 8 = —(p — @)
and y = i — «a, we have

o(2) +

(zeU). (3.19)

14+ A4z U
9(2) < qp(2) < T B (zel),

where the best dominant g¢,(z) is defined by (3.13). The
proof of (i) of Theorem 2 is completed.

In order to establish (3.16) of (ii), we use the same technique
used in the proof of Theorem 1. Write

1
0,(z) = (1+ Bz)5/ @' (1 = w1 + Bzu)’du
0
I'(8)
=To) 2R (L8 y: 5255). (3.20)
where § = M B=4—pandy =g+1
Furthermore the condition < w +p—1with0 <

B < 1 implies that y > § > 0. Another apphcatron of (2.5) of
Lemma 3 to (3.20) gives

1
0:() = fo hz udv(u),

where
1+ Bz
h(z,u) = m O=<u=<l),
and
dv(u) = L) @' = w " du.

L@y —98)

Hence, by Lemma 2

. 1 D
infRe { 0 (z)} B pe)U-B). ¢ ‘
: 2h(L B -+l B B-1

(3.21)

The right hand inequality of (3.16) now follows from (3.21).
The bound p; is sharp by the principle of subordination. The
proof of Theorem 2 is thus completed. O

Also, the corresponding results due to the parameter m is
established in the following theorem.

Theorem 3. (i) If f(2) € M} (a, ¢, ju; a; A, B) and

41 —o)(1-4
i, el 622
A (I1-1B)
then
1 z([ﬂn“ (¢, M)f(Z))
p—a 7 a e p) f(2)
1 <<z+xp ) ! )
< i
p—a A 05(2)
14 Az
=502 <7 Yy (ze ), (3:23)
where
Loy 1+ Bzu et
-1 2T 2= du, B#0,
03(2) /o(u) <1+BZ> v
3 =
(u)ﬂ_p L= (=) dw=1)z g, B=0,

0
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and q3(z) is the best dominant of (3.23). Consequently
M7 a, ¢, ws oz A, B) © MPY (a, e, i s A, B). (3.24)

(ii) Furthermore, if the additional constraints 0 < B < 1 and

L+ Ap - (p—a)(4—B)
2 B

+p—1 (3.25)

are satisfied. Then

A1 @ e f )

1— 14| 1 R
< —Re —~ —a| < ps,
l1-|Bl p-a Iffz “(a, ¢, W) f(z)
(3.26)
where
1 L+ Ap
= — —«
03 r—a 3
thip
A
— (3.27)
oA (1, e ey gt)
The bound ps is the best possible.
Proof. Let f € Mf:;”(a, ¢, ;o A, B). Set
1 Z(Iﬁ’g"+1(a, c u)f(Z))
¢(z) = — pre -« (3.28)
p—a L) (a, e, p) f(2)

Then using (1.10) and logarithmic differentiation for (3.28),
we can obtain

2¢/(2)
~(p =)@ + (5 ~a)
1 (_ZUﬁWchwf@»/_a>

¢(2) +

p—« L) (a, ¢, ) f(2)
1+ Az
<irg G (3.29)

Therefore by an application of Lemma 1, with 8 = —(p — @)
and y = “*2 — o, we have

14+ A4z U
d(2) < q3(2) < m (zel),

where the best dominant ¢;(z) is defined by (3.23). The proof of
(1) of Theorem 3 is completed.

Also, in order to establish (3.26) of (ii), we use the same tech-
nique used before. Write

1
0:(2) = (1 +Bz)5/ @'l = w? P71 + Bzu)du
0

) B
‘FWVEOA%BHJ)

where § = =D g = HA2  pandy = B+ 1.

(3.30)

Furthermore, the condition 22 > @=0=0 | p, _ | with 0
< B < 1 implies that y > § > 0. Another application of (2.5) of
Lemma 3 to (3.30) gives

1
@@=fhmmwm,
0

where
14+ Bz
h(z,u) = 1o (=B Ty O=<su=x<l,
and
B e
dv(u) = NOITED W)’ (1 —u) du.

Hence, by Lemma 2

Lhp
inf Re = P :
U1 05(2) za(l,@:%giﬂ;ﬁ%ﬁ—p+l;#%)

(3.31)

The right hand inequality of (3.26) now follows from (3.31).
The bound p5 is sharp by the principle of subordination. The
proof of Theorem 3 is thus completed. [J

Remark 2.

(i) Taking p =1, a=p+v and ¢ = p+ 1 in Theorems 1
and 3, we can obtain the inclusion relationship of El-
Ashwah and Aouf [6, Theorem 2.1];

(ii) Taking A=pu=p=1, B=—-1, a=v+1, c=n+2
and m = 0, in Theorems 1 and 3, we can obtain the in-
clusion relationship of Yuan et al. [11, Theorem 1];

(iii) By specializing the parameters in Theorems 1,2,3 we can
obtain various results of different subclasses defined by
operators mentioned in the introduction as special cases
of the operator I{’:Z”(a, ¢, ).
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