Journal of the Egyptian Mathematical Society (2016) 24, 220-225

Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society

WWW.etms-eg.org
www.elsevier.com/locate/joems

Original Article

On certain subclasses of analytic and bi-univalent

functions

A.Y. Lashin*

@ CrossMark

Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt

Received 15 November 2014; revised 13 March 2015; accepted 25 April 2015

Available online 7 July 2015

KEYWORDS Abstract

Univalent functions;
Bi-univalent functions;
Starlike with respect to
symmetric points

cases are also indicated.

In this paper, we introduced two interesting subclasses of the function class o of analytic
and bi-univalent functions in the open unit disk U. Estimates on the first two Taylor-Maclaurin
coeflicients |a,| and |as| for functions belonging to these classes are determined. Certain special
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1. Introduction

Let A denote the class of all functions of the form

f@ =2+ a7, (1.1)
n=2

which are analytic in the open unit disk U ={z:z € C and
|z] < 1}, C being, as usual, the set of complex numbers. We
also denote by S the subclass of all functions in 4 which are
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univalent in U. Let S¥ be the subclass of S consisting of func-
tions of the form (1.1) satisfying

Re (Zfi> -0, zeU. (1.2)
f@) = f(=2)

These functions are called starlike with respect to symmetric

points and were introduced by Sakaguchi [1] (see also Robert-

son [2], Stankiewicz [3], Wu [4] and Owa et al. [5]). Das and

Singh [6] introduced another class C; namely, convex functions

with respect to symmetric points and satisfying the condition

/() )
e(———FF——1]>0, zeUl. (1.3)
<(f(2) = f(=2)

If f'and g are analytic functions in U, we say that f'is subor-
dinate to g, written f{z) < g(z) if there exists a Schwarz func-
tion ¢, which (by definition) is analytic in U with ¢(0) =0
and |¢(z)| < 1 for all z € U, such that f(z) = g(¢(2)), z € U.
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Furthermore, if the function g is univalent in U, then we have
the following equivalence

f(2) <g2)(zelU) <« f(0)=g0) and [f(U) Cg).

For each f € S, the Koebe one-quarter theorem [7] ensures the
image of U under f contains a disk of radius 1/4. Thus every
univalent function f € S has an inverse f~!, which is defined
by

T f@) =z (zeU)

and
1
fU @) =0 (oD<r(f); r(f) = Z)'

In fact, the inverse function g = /! is given by

g) = [Hw)=w—aw + (26 - a3)w’

— (Sag — Sayas + a4)w4 +

A function f € 4 is said to be bi-univalent in U if fand f~!
are univalent in U. Let o denote the class of bi-univalent func-
tions in U given by (1.1). The familiar Koebe function is not a
member of o because it maps the unit disk U univalently onto
the entire complex plane minus a slit along the line ’71 to —oo.
Hence the image domain does not contain the unit disk U.

In 1985 Branges [8] proved the celebrated Bieberbach Con-

jecture which states that, for each f(z) € S given by the Taylor—
Maclaurin series expansion (1.1), the following coefficient in-
equality holds true:
la,l <n (ne N —{1}),
N being the set of positive integers. The class of analytic bi-
univalent functions was first introduced and studied by Lewin
[9], where it was proved that |ay| < 1.51. Subsequently,
Brannan and Clunie [10] improved Lewin’s result to |a,| < +/2.
Brannan and Taha [11] and Taha [12] considered certain sub-
classes of bi-univalent functions, similar to the familiar sub-
classes of univalent functions consisting of strongly starlike and
convex functions. They introduced bi-starlike functions and bi-
convex functions and found non-sharp estimates on the first
two Taylor—Maclaurin coefficients |a,| and |a;|. For further
historical account of functions in the class o, see the work by
Srivastava et al. [13] (see also [11,14]). In fact, the above-cited
recent pioneering work of Srivastava et al. [13] has apparently
revived the study of analytic and bi-univalent functions in re-
cent years; it was followed by such works as those by Frasin and
Aouf [15], Xu et al. [16,17], Hayami and Owa [18], and others
(see, for example, [19-35] ).

In the present paper, certain subclasses of the bi-univalent
function class o were introduced, and non-sharp estimates on
the first two coeflicients |a, | and | a3 | were found.

2. Coefficient estimates

In the sequel, it is assumed that ¢ is an analytic function with
positive real part in the unit disk U, satisfying ¢ (0) = 1, ¢'(0) >

0, and ¢(U) is symmetric with respect to the real axis. Such a
function has a Taylor series of the form

¢(z) =1+ Biz+ B> + By +--- (B > 0). 2.1
Suppose that u(z) and v(z) are analytic in the unit disk U with

u(0) =v0) =0, lu(z)| <1, |v(z)| <1, and suppose that

uz) =biz+ Yy b, vE) =az+ )y ¢ (zel). (22)

n=2 n=2
It is well known that (see Nehari [36, p. 172])

bil<1, |l <l—1Ih% ol <1, el <l—|al. (2.3)

By a simple calculation, we have

¢(z)) =1+ Bibiz+ (Biby+ Bb7)> + -+ (z€U), (24)
and

¢(v(®) =1+ Bicio+ (Bics + Bacj)o* + -+ (w € U). (2.5)
Definition 1. A function /' € o given by (1.1) is said to be in

the class S,(«, ¢)(0 < « < 1) if the following conditions are
satisfied:

2217 (2) 20z/'(2))
- U
( a)f(z) — f(=2) "‘(f(z) T <¢(2) (zeU)
and

20¢ (@) 2(0g (@)
1 - ’ -
09 @ —sw) T @ —gwyy P @)

where g(0) = ().
Theorem 1. Iff(z) given by (1.1) be in the class S, (o, ¢). Then

BB

las| < i (2.6)

\/4(1 +a)2B) +2|(1 + 20) B} — 2(1 + @)?B,|

and
B ; 2(1+)?
+30) if Bi < S5,
o)? . «)?
las| < (l - (21:{;;))&) if Bi > 2(114-%
1 + By
4(1+0)2 By +2[(14+20) B —2(14e) By | ' 2(1420) "

2.7)

Proof. Let f'€ S,(a, ¢). Then there are analytic functions u, v:
U — U given by (2.2) such that

2Zf/(z) 2(Zf’(z))’
- = 28
O T T -y M Y
and

2g (@) 2(g (@)
- = . 2.9
( a)g(w)—g(—w) (g(w) — g(—w))’ p((@). (29)
Since



222 A.Y. Lashin
1 2zf"(z) 2(zf'(2)) in Definition 1 of the bi-univalent function class S,(«, ¢),
(1 —a) 7)) = f(=2) o (f(z) — f(=2)) we obtain a new class S, («, y) given by Definition 2 below.
=14+2(1 4+ a)az +2(1 + 2a)azz> + -+, Definition 2. For 0 <« < 1and 0 < y < 1, a function f € o
given by (1.1) is said to be in the class S, («, y) if the following
and conditions are satisfied:
2wg (w) 2(wg (w))
(1 —a) 7 2zf" 2(zf'(2)) 1 4
g@ —g—) @) —g—e)) (-2l o 2D (1) cew)
=1-2(1+a)aw+2(1 +20)(2a; — as)’ + -+ -,
it follows from (2.4), (2.5), (2.8) and (2.9) that and
2 2 ! 1 4
2(1 + @)as = Biby, 2100 (-a)—228@ ., 20g¢©) << +“’) (€ U),
g(@) —g(—w) (g(w) —g(—w)) l-w
2(1 4+ 2a)a; = B\by + sz%, (2.11) where g(w) = (o).
“2(1 + @)y = Bye (2.12) Using the parameter setting of Definition 2 in Theorem 1,
’ e ' we get the following corollary.
2(1 4 2a)(2a5 — a3) = Bica + Bacy. (2.13) Corollary 1. For 0 <o <1 and0 < y <1, let the function f €
From (2.10) and (2.12), we get S, (a, y) be of the form (1.1). Then
Y
_ . o] < ———
b=~ @1 = e f oy
8(1 +a)’a; = Bi(b] + c7). (2.15)  and
By adding (2.13) to (2.11), further computations using (2.15) las] < )4
lead to TS 1% 2
[4(1 +20) B = 8(1 + @)’ By ]2 = B (b + ¢), (2.16) If we set
1+ (1-2v)z 3
(2.14), (2.16), together with (2.3), give that ¢@) = —F——— =1+20-v)z+20-y)z
+---0<v<lzel)
2|(1 +2a)B] — 2(1 + a)’Bs||a3| < B} (1 — |b7]). (2.17)
in Definition 1 of the bi-univalent function class S, (¢, ¢), we
From (2.10) and (2.17) we get obtain a new class S () given by Definition 3 below.
Definition 3. For 0 <o <1 and 0 <wv < 1, a function f € o
lay] < B\V/B, . @18) given by (1.1) is said to be in the class SY(«), if the following
\/4(1 +a)?B, + 2|(1 +20) B2 — 2(1 —|—a)sz} conditions hold true:
RN A C BN I )
Next, from (2.13) and (2.11), we have 12— f(—2) (f(z) — f(=2))
1+ (1-2v)z
4(1 4 2a)ay = 4(1 + 2a)d2 + By (by — ¢2). D E G
From (2.3), (2.10), (2.14) and (2.18), it follows that and
) B 2 (1 -a) 2og (w) 2(wg (w))
lasl < a3+ 5 s (U= i) 2) —g(—w) | ¢w) - g-w))
(20, B L)
- (1+2)B; )" 2(1 + 2) wc
B -1
2(1112&) if B < 2(11:;1) ! where g(w) := ' (w).
_ (l B 2(1+a)z> if B > 2(14a)? Using the parameter setting of Definition 3 in the
= (1+2e) By " ! 142 Theorem 1, we get the following corollary.
1 B,
4(14+@)? B +2[(14+20) B} —2(1+)2 B, | MEGE=E 0O Corollary 2. For 0 <a <1l and 0 <v < 1, let the function [ €
SY(at), be given by (1.1). Then
If we set

1+z
1—z

¢(2) = (

¥
) =142yz4+2y*2+---0O<y <lzel)

1—v

las| <
O+ + ]+ 20)(1 —v) = (1 +ap|
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and —22 —a)a, = Bycy, (2.25)
las| < —-v ’ 2[(3 - 2a)(2a§ - a3) —a(l — oz)a%] = Bic, + Bch. (2.26)
1+ 2a From (2.23) and (2.25), we get
Definition 4. A function /' € o given by (1.1) is said to be in by = —c (2.27)
the class C,(a, ¢)(0 < « < 1) if the following conditions are ’ ’
satisfied: and
., o , ’ 1—«
( 22/"(2) ) ( 2(zf"(2)) /) <6 e U) 82— a)’d = BB +J). (2.28)
f@) = f(=2) (f ()= f(=2))

and

( 2og (@) )( 2@ (@) )l_a < ). e )
g() — g(—w) (g(w) — g(—w)) ' '
where g(0) == f~ ().

Theorem 2. Let f € o given by (1.1) be in the class C,(a, ¢).
Then

Biv/B;
laz| < ,
\/4(2 — @By + 2|02 + 31 — @)]B — 22 — a)2By|
(2.19)
and
By .
N 130 =) if |B:] < B,
BIZY 20— aBB + Bille? 430 — @B~ 20— o) By B 5
2e? +3(1 — )22 — )’ B + |[e? + 3(1 —)]B} —2(2 —)?B,|] i 1Bl > Br.
(2.20)

Proof. Let f'e C,(«, ¢). Then there are analytic functions u, v:
U — U given by (2.2) such that

220\ 26\
<f(2) —f(—z)) ((f(z) _ f(—z))’) =¢(z) (221
and

ng(w) a Z(a)g“(a)))/ I—a B
(g(w) - g(—w)) <(g(w) - g(_w))/> =¢(v(w). (222
Since

< 221'(2) )“( 2zf'(2)) )“”‘
f@=f=) \(f@) = f(=2))
=142Q-a)mz+2[B-2w)a; —a(l —a)@ ]z + -+,

and

o / l—a
( 2wg (w) ) ( 2(wg (w)) ) 1220 - w)aw
g(w) — g(—w) (g(w) — g(~w))

+2[(3 = 20)(2a3 — a3) —a(l —a)d3]w* + -+,

it follows from (2.4), (2.5), (2.21) and (2.22) that

2(2—0{)612 =Blb1, (223)

2[(3 = 2a)a; — a(1 — a)a3| = Bib, + Byby, (2.24)

By adding (2.24) to (2.26), further computations using (2.28)
lead to

4[(@* +3(1 —a))B —2Q2 —a)’ByJas = Bi (b + ¢2),  (2.29)
(2.27), (2.29), together with (2.3), give that
2|l +3(1 —a)]Bf =22 —a)*Bo||a3| < Bi (1 —|b7]). (2.30)
From (2.23) and (2.30) we get
B\/B
las] < N s
\/4(2 —a)2B; +2|[0? + 3(1 — @)]B — 22 — )2 B,
(2.31)

Next, from (2.24) and (2.26), we have
403 = 20)[e® +3(1 —a)]as = [2(3 — 2a) — a (1l — @)]Byb,
+a(l —a)Bicy +2(3 — 2a) Byb3.

Then, in view of (2.3), we have
2[e +3(1 — w)las| < By +[|1B2] — B[}

Notice that
42 — a)?

pl=——"|d

il = =5l

- 22 — a)?B,

T 2Q-a)Bi+ [ +3(1 —)]B 22 — a)?B,|

we get

By .
_ f|B:| <B
e +3(1— )] Bl =B,
las| =
2(2 —a)’B|B: Billo® +3(1 —a)]B? =22 — a)’B,
(2 =)’ Bi|Ba| + Bil[a” + 3(1 —a)]B] —2(2 — a)’By| 18] > By,

2 +3(1 = )22 — @)2By + [[¢? + 3(1 — )] B} =22 — @) B2}

If we set

14+2z\” -
¢(z) = I =142yz42yz4+---0O<y<l,zelU)
—z

in Definition 4 of the bi-univalent function class C,(«, ¢), we
obtain a new class C,(«, y) given by Definition 5 below.

Definition 5. For 0 <o <1 and 0 < y <1, a function f € o
given by (1.1) is said to be in the class C,(«, y) if the following
subordinations hold:

2Zf/(z) )01( 2(2]”(2))/ >1a <i>y ;
<f(z>—f<—z> To—fnay) “i=z) eV

and




224

A.Y. Lashin

( 2wg (@) )( 2(wg (@) )‘“<<1+w>y(wew
gw) —g(—w) ) \ (gw) — g(—w))’ l-w '

where g(w) = (o).

Using the parameter setting of Definition 5 in Theorem 2,
we get the following corollary.

Corollary 3. For 0 <o <1l and 0 < y <1, let the function f €
Cy (e, y) be of the form (1.1). Then

ol = J(Z—a)zyw(l =)
and
las| < m
If we set
o0 = U2 o)

+2(1—y)z2+--~(0§v<1,zeU)

in Definition 4 of the bi-univalent function class C,(«, ¢), we
obtain a new class C (o) given by Definition 6 below.

Definition 6. For 0 < o <1 and 0 <v < 1, a function f € o
given by (1.1) is said to be in the class CY (), if the following
conditions are satisfied:

< 221'(2) )( 221" (2)) )‘“
O —f=) \(f@) - f(=2))

. 1+ (11_— 2U)Z(Z cU)

and

( 20g (@) )( 2(wg (@) )1‘“
g) —g(—0)) \(gw) — g(—w))
- 1+ (11_—Z2U)w(w cU).

where g(w) = (o).

Using the parameter setting of Definition 6 in Theorem 2,
we get the following corollary.

Corollary 4. For 0 <a <1,0<v <1, let the function [ €
CY(at) be of the form (1.1). Then

1—v

las| <
V2= + [ +31—a)]1-v) — 2—a)

and

1—
las| < S S —
a2+ 3(l —a)
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