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1. Introduction

In 2009, Becker [1] considered the scalar linear homogeneous
Volterra integro-differential equation

X' (1) = —a(t)x(t) —|—/ b(t, s)x(s)ds, )]
0

for t > 0, where a and b are real-valued and continuous func-
tions on the respective domains [0, co) and € := {(¢,5) : 0 <
s <t < 0o}. The author studied the asymptotic behaviors of so-
lutions of Eq. (1) by using the Lyapunov functionals.

E-mail address: cemtunc@yahoo.com
Peer review under responsibility of Egyptian Mathematical Society.

Production and hosting by Elsevier

In this paper, instead of Eq. (1), we consider the non-linear
Volterra integro-differential equation of the form

X (1) = —a(®Oh(x(1)) +/ b(1, 5)g(x(s))ds, 2
0

for t >0, where a:[0,00) > [0,00), h: R—> R, g:R—>NR
and b : Q@ — R are continuous functions on their respective do-
mains, Q = {(¢,5) : 0 < s <t < 00}, that #(0) = g(0) =0, and
h(x) and g(x) are differentiable at x = 0.

We can write Eq. (2) in the form of

X(1) = *ll(l)hl(x(l))x(l)+/ b(t, $)g1(x(s))x(s)ds,
0

where

h(x)
meo=1~x 70

o), x=0
and

g(x)
am={x " 7 70

g20), x=0.
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In view of the mentioned information, it follows that the
equation discussed by Becker [1], Eq. (1), is a special case of
our equation, Eq. (2). That is, our equation, Eq. (2), includes
Eq. (1) discussed in [1]. As Becker [1] studied the asymptotic be-
havior of solutions of linear Volterra integro-differential equa-
tion, we investigate the same topic for the nonlinear case. This
case shows the novelty of this paper and is an improvement
on the topic in the literature. Our results will also be different
from that obtained in the literature (see [2-11,13-19] and the
references thereof). Namely, the equation considered and the as-
sumptions to be established here are different from that in the
mentioned papers above. It should be noted that this paper has
also a contribution to the subject in the literature, and it may
be useful for researchers working on the qualitative behaviors
of solutions for Volterra integro-differential equation.

We give some basic information related Eq. (2) and the non-
homogeneous equation

X (1) = —a(Oh(x(1) + fo b(t, $)g(x(s)ds + F(O), 3)

where 1 : [0, c0) — PR is a continuous function. It is worth men-
tioning that the following basic notations and definitions were
taken from Becker [1].

We use the following notation throughout this paper (see [1]):

Clty, t1] (resp. Cl[ty, 00)) will denote the set of all continuous
real-valued functions on [7y, ;] (resp. [y, 00)).

For ¢ € C[0, 1], |¢l;, :=sup{le(®)| : 0 <t < t}.

L'[0, c0) denotes the set of all real-valued functions f that
are Lebesgue measurable on [0, co) and for which the Lebesgue
integral fooo | f11s finite. However, we use it to denote those func-
tions in L'[0, co) that are also continuous on [0, 0o). For such
a function, say g, the improper Riemann integral fooc lg(®)|dt
converges, i.e., lim,_, fo’ lg(s)|ds exists and is finite. In short,
by g € L'[0, o) we mean that g is continuous and absolutely
Riemann integrable on [0, 00).

170, 0o) will denote the set of all continuous real-valued
functions that are square integrable on [0, c0). That is, & €
L*[0, co) will mean that / is continuous on [0, c0) and /* €
L'[0, c0).

Definition 1. A solution of Eq. (2) (resp. (3)) on [0, T'), where
0 < T < oo, with an initial value x, € R is a continuous func-
tion x : [0, ) — R that satisfies Eq. (2) (resp. (3)) on [0, T)
such that x(0) = x,.

Definition 2. The zero solution of Eq. (2) is

(i) stable if for each ¢ >0 and #, > 0, there exists a
8 =8(e, tp) > 0 such that ¢ € C[0, #y] with |¢],, < § im-
plies that |x(z, ty, ¢)| < € for all t > ¢,.

(ii) globally asymptotically stable (asymptotically stable in
the large) if it is stable and if every solution of Eq. (2) ap-
proaches zero as t — oo.

(iii) uniformly stable if for each & > 0, there exists a
8 =38(e) > 0 such that ¢ e C[0, ty] with |p],, < (any
to > 0) implies that |x(z, ty, ¢)| < ¢ forall t > 1.

(iv) uniformly asymptotically stable if it is uniformly sta-
ble and if there exits an n > 0 with the following prop-
erty: For each ¢ > 0, there exists a 7 = T'(¢) > 0 such
that ¢ € CI0, #y] with |¢|,, < n (any #, > 0) implies that
|x(t, to,9)| < eforallt >ty + T.

2. Main results

At the beginning, we obtain some sufficient conditions so that
all of the solutions of Eq. (2) belong to L*[0, co). Then we will
add more conditions that will drive these L? solutions tend to
Zero ast — o0.

Lemma 1. If

I<hx) <a, o=<gi(x)=<I1,

where « and o, o € (0, 1), are positive constants,

a(t) —/ |b(t, s)|ds >0
0

forallt > 0 and if

aa(s) — 0/ |b(u, s)|du >0

forallt > s> 0, then the zero solution of Eq. (2) is stable. In
addition, if for some t; > 0 there is a constant k > 0 such that
either

I<hx) <o, o=gix)=I,

a(t) —/ |b(t, s)|ds > k
0

forallt >t or

I<hx) <o, o=<gix)=<I,

aa(s) — O’/ |b(u, s)|du > k

for all t > s > t; holds, then every solution x(t) of Eq. (2) be-
longs to L*[0, 00) .

Proof. We define the Lyapunov functional
V 1[0, 00) x C[0, 00) — [0, 00)
by

V) = 00 + [0 (@) (¥ (s))
- / 1B, )1 (f () du > (s)ds. 4

It is clear from (4) that V' (¢,0) = 0 and V (¢, ¥ (.)) = ¥2(¢) for
allr > 0.

For any f#, >0 and initial function ¢ € C[0, ], let
x(t) = x(t, ty, ) denote the unique solution of Eq. (2) on
[0, 00) such that x(t) = ¢(¢) for 0 <t <ty. For brevity, let
V(t) = V(t,x(.)), that is, the value of the functional ' along
the solution x(#) at t. Taking the derivative of 7 with respect to
t, we have
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V' () = 2x(0)X (1) + a(t)h (x(1))x (1)
- /0 b )81 (x(5))|x* (s)ds
= 2x(O)[—a@®)h (x(@))x(t) + /0’ b(t, 5)g1(x(s))x(s)ds]
+a()h (x()x* (1) — fo bt 91 (DI 5)ds <
—a(t)h (x())X* (1) + 2 /0 bt 9l (IO 1x(6) s
- /0 1b(t. 9Nl I )ds < —a(h (D))
+ /0 ' 1b(t, g NI + 2 )ds
- /0 ' 1b(t, 9z () 1 (5)ds = —a()n () ()
4 /0 1btt, 9l () 1 (1) <
) - /O bt 9lds) 2 o). )
It follows that the assumptions of Lemma 1 imply
V'(t) < 0.

This last estimate, together with V' (¢) > x%(1), gives
() < V@) <V (k) (6)

for all 1 > ty. It is clear that
Vo) = ¢2(t0) + fo " lats)n (9(5))
- [ ' b(u, )g1 (9 ()| du}p® (s)ds
< ) + fo ’ loats) — o / " b, 9ldulgs)ds

< loli M (1),

where
M(ty) =1+ / 0[oca(s) -0 / ' |b(u, s5)|du}ds.
0 s

Then

[x()] < loliy,v/M(to) 7

for all 7 > t#yp. This implies the zero solution of the considered
equation is stable. Namely, for ¢ > 0, let § = m Then, for
¢ € C[0, to] with |¢l;, <8,

x| <8y M(t) = ¢ ®)

for all 7> t,. If the assumptions a(s) —fot |b(u, s)|du > k also
holds, then we can easily get

V(1) < —kx* (1)

forall t > 7, where T := max{to, 1;}. By integrating the last estimate,
we obtain

Vi)—V) < —k/ X2 (s)ds.

T

so that
t
X)) < V(@) <V(r) —k/ X2(s)ds 9)

for all > . If, on the other hand, the assumption wa(s) —
o f; |b(u, s)|du > k holds, then (4) and (6) together yield

t

X2 (1) +k/ X2(s)ds < V(1) < V(1) (10)
a1

for all t > ¢;. Either one, (9) or (10) implies that x> € L'[0, c0).

We have just proved that under the conditions of Lemma 1,
the solution x(t, ty, ) of Eq. (2) belongs to L?[0,00). It
seems plausible that x?(t) — 0 as t — oco. However, by itself
convergence of an improper Riemann integral of a function
f on [0, 00) does not ensure that f approaches 0 as t — oo (see
[12]). But if f were also known to be uniformly continuous, then
it would be according to the next lemma attributed to Barbalat
[20]. The proof of Lemma 1 is completed. [J

Lemma 2 (Barbalat’s Lemma). If f : [0, c0) — R is both uni-
formly continuous and Riemann integrable on [0, 00) , then
f@)—>0ast — oo (see [20]).

Lemma 3. If f : [0, 00) — R is uniformly continuous on [0, 00)
and if f* is Riemann integrable on [0, 0o) , then f(t) — O ast —

oo (see [1]).

Theorem 1. If 1 <h(x) <a«, 0 <g1(x) <1, where o and
o, o € (0, 1), are positive constants,

a(t) — / |b(t, s)|ds >0
0

forallt >0,

a(s) — / |b(u, s)|du >0

for all t > 5 >0, and if for some t; > 0 there are positive con-
stants k and K such that either

t
k +/ |b(t, 8)|ds < a(t) < Ka™!
0

forallt >t or

t
k—{—/ |b(u, s)|du < a(s) < Ko™

forallt > s > t, then all solutions of Eq. (2) are uniformly con-
tinuous on [0, oo) and belong to L*[0, 00). Furthermore, the zero
solution of Eq. (2) is globally asymptotically stable, (see also
[15]).

Proof. We only need to show that all solutions of Eq. (2) tend
to zero since the stability has already been established in
Lemma 1. To this end, for any #y > 0 and ¢ € CJ0, ty], consider
the corresponding solution x(¢) = x(¢, to, ¢). By (7), we have

XD = l@l,v M(to)

forall t > ¢,.
Consequently, since a(t) < Ka™' for t>1,1 <h(x) <
a o < g1(x) <1, it follows that
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Ty
X' (O] < a@h (x()|x(@)] +/ bz, )lIg1 (@ () lp(s)lds
0

4 f 1B, 9)l1g1 (x(5)) [x($)Ids
lo
< 2Klgl/ M) + Klol,

for t > t, where T = max{ty, t;}. Since x'(t) is bounded on

[r, 00), x(t) satisfies a Lipschitz condition on [z, 00). Conse-

quently, it is uniformly continuous on [z, co). This and the con-

tinuity of x(¢) on [0, co) imply x(t) is uniformly continuous

on the entire interval [0, 00). By Lemma 1, x%(¢) € L'[0, 00).

Therefore, by Lemma 3, it follows that x(z) — 0 ast — oo.
The proof of Theorem 1 is completed. [

Example 1. Consider the non-linear Volterra

differential equation of the form

P L X0
Y= <k+ 1+z><x(1)+ 1+x2(t)>

" coss [ x(s) X3(s)
+/o (1+1)° <T+ 1+2x2(S)>dS

for t > 0, where k is a positive real number.
When we compare this equation with Eq. (2), it follows that

integro-

1
a(l)—k+17+t
h(x)—x+l+ 5 1(x)—1+ o 2’(X¢0)

1
llshl(X):l—i_l_'_szz:a,
coss

b(t,s) = ——_,
(" (1+2)

x3
g(x):i_‘_m’

2
gl(x)z 22+1 L(x # 0).
_1<1+ 2 e
MR T B

! t
k+/ |b(t,s)|d_g:k+/ ICOSS|3ds
' o (I1+1)
t

=it k+ =a(t),
T

for all > 0. Hence, the estimate

t
k +/ |b(t, s)|ds < a(t) < Ko™
0

holds with K = 2(k + 1). Further, it is clear that

t t
1

1 1 1
<5 < <k+_—=a(s)
2(1+9) l+s l+s
for all (¢, s) € Q.

Thus, all the assumptions of Theorem 1 hold. Hence, we can
conclude that all solutions of the equation given are uniformly
continuous on [0, co) and belong to L2[0, co). Furthermore, the
zero solution of the equation given is globally asymptotically
stable.

Lemma 4. If
/ |b(u, )|du < a 'a(s) (11)

forallt > s >0, then the zero solution of Eq. (2) is stable. Fur-
thermore, if for some t| > 0 there is a constant k > 0 such that

a(t) >k (12)

forallt > t, and a constant A € (0, 1) such that

/ |b(u, s)|du < Aaa(s) (13)

for all t > 5 > ty, then every solution x(t) of Eq. (2) belongs to
L'[0, 00).

Proof. Define the Lyapunov functional

V 1[0, 0c0) x C[0, 00) — [0, 00)

by
Ve, ¢()) = |1/f(l)|+/ {a(s)hi (Y (s))
0

—/ b(u, 5)g1 (Y () du} |y (s)|ds. (14

It is clear from the assumptions of Lemma 4 that V' (¢,0) =0
and V (¢, ¥ (.)) > | (¢)| forallz > 0.

For any 7, >0 and initial function ¢ € C[0, 1], let
x(t) = x(t, ty, ¢) denote the solution of Eq. (2) on [0, co) with
x(t) = ¢(t) for 0 <t <t,. Then consider V(¢) := V (¢, x(.)),
that is, the value of the functional V' along the solution x(z)
at ¢ and the derivative of Vwith respect to ¢. Since x(¢) is con-
tinuously differentiable on [zy, 00), x(¢) has a right derivative
D,|x(t)| given by

if x(1) # 0
if x(1) =0

x'(1)sgn x(1),

Dxwl =1 "
X (01,

for all ¢ > ty. Thus, the right derivative of V for t > 1, is

d 1
DY) = Dxtn] + 5 / [a(s)n (x(5))
tJo
- / b, $)g1 (e(s)dullx()|ds < —a(tyh (1) |x(0)

t
+/0 [b(t, ) g1 (x(s)|x(s)lds + a(®)hy (x(2))|x ()]

t
7/0 |b(t, $)|1g1 (x())[|x(s)|ds =0 (15)
so that
DV () <0
Hence,
[x(®)] < V(1) < Vto) (16)

for all t > ¢y, where
lo
V() = o) + /0 (a5 (g (5))
]
—/ |b(u, )g1 (@ () |dutlp(s)|ds < |p(to)]

I N
+ f {aas) — o / b, 9)]dulp(s) ds < M)l
0

s
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and

) fp
M(ty) =1 +/ {aa(s) — o/ |b(u, s)|du}ds.
0 K}

£ Then, for ¢ € C[0, tp] with

For a given ¢ > 0, let § = )

ll;,, < &, we have
[x() = V(1) = M(t)lply, <SM(tg) =¢
for all ¢ > ty, which proves the stability.

Now suppose (12) and (13) also holds. In that case, let
y :=+/A and

t 1 t

V() = IX(l)\+/O [ya(s)hi(x(s)) — ;/ 1b(u, $)g1 (x(s))|du|x(s)|ds.
By (13),

Vy (1) = |x(0)]

forallt > ¢;. And

t
DV, (1) < —a(®)h (x())]x(1)] +/ |b(t, $)g(x(s))Ix(s)|ds
0
1 t
+ya(t)hy (x())]x(@)] — ;/0 [b(t, $)g1(x(s))||x(s)|ds
< =1 =yp)a®)h (x(@))|x(0)]

for all ¢ > 7, where T = max{z, #1}. Then, because of (12), we
have

DV, (1) < —k(1 —y)|x(@)|.
Integration along with V, (¢) > |x(¢)| yields

(O] < V,(6) <V, (2) — k(1 — y)/ 1x(s)lds

for all + > 7. Therefore, the improper integral

/oo [x(t)|dt
0

converges. The proof of Lemma 4 is completed. (J

Theorem 2. If

l<h®x <a, o=gix) =1,

where a and o, o € (0, 1), are positive constants,
t
/ |b(t, s)|ds < aa(t)
0
forallt >0,

/ |b(u, s)|du < aa(s)

forall t > s >0, and if for some t; > 0 there are positive con-
stants k and K such that

k<a(t) <akK

forallt > t, and a constant A € (0, 1) such that

/ |b(u, s)|du < raa(s)

t > s >t, then all solutions of (2) are uniformly continuous on
[0, 00) and belong to L'[0, 00) . Moreover, the zero solution of
(2) is globally asymptotically stable.

Proof. By Lemma 4, the zero solution of (2) is sta-
ble. For any ¢ € [0, ty], consider the corresponding solution
x(t) = x(t, ty, ¢). By (16), we have

[x(O)] = V(1)

forall t > ¢,.
This, together with fof |b(t,s)|ds < aa(t) and k <a(t) <
aK, applied to Eq. (2) gives

fy
X' ()] < a()h (x())|x()] +/0 16, $)l1g1 (@ (Nlp(s)lds
t
+/ (2, 5)|lg1 (x())]1x(s)|ds
ty

10 t
< oza(t)IX(t)lJr/0 Ib(t,S)Ilw(S)\der/ [b(t, )||x(s)|ds
ly
< 2KV (to) + aa(ty)|@ly,

for all 1 > t, where as before t = max{t, t;}. In short, x'(¢) is
bounded on [z, 00). Consequently, by the uniform continuity ar-
gument in the proof of Theorem 1, x(¢) is uniformly continu-
ous on [0, 00). Also, by Lemma 1, x(¢) € L'[0, co). Therefore, by
Barbalat’s Lemma, it follows that x(¢) — 0 as ¢t — oco. The proof
of Theorem 2 is completed. (J

Example 2. Consider the non-linear Volterra integro-

differential equation of the form

o, 148 (1)
X0 = (k+ 1+t><x(t)+1+x2(t))

T coss [ x(s) X3 (s)
+./0 <1+z>2<7+ 1+2x2(s>)ds

for ¢ > 0, where k and 8 are any positive constants.
It is obvious that the assumption

k<a(t) <akK

holds, where a(t) =k + % and a(¢) is bounded by positive

constants. Besides, the assumption

/ |b(t, 8)|ds < aa(t)
0

holds since

t

t
|coss| t
b(t,s)|ds = s < = aa(t
./ol( ) D U1 S A STy 0
for all ¢ > 0. Finally, we have
! ! 1 1 1 1+8
fs |b(u,s)|du§[s T T < 1+ﬂ<k+ 1+s>
: (s) 2 ()
= a(s) < a(s
1+8 1+8

for all > s > 0. Thus, all the assumptions of Theorem 2 hold.
Hence, we can conclude that all solutions of the equation given
are uniformly continuous on [0, oo) and belong to L'[0, c0).
Moreover, the zero solution of the equation given is globally
asymptotically stable.
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3. Conclusion

A kind of non-linear Volterra integro-differential equations
has been considered. The stability/global asymptotic stabil-
ity/uniformly continuity of the solutions on [0, co), bounded-
ness of the first order derivative of solutions and absolutely
Riemann integrability of the solutions on [0, co) have been dis-
cussed by using the Lyapunov’s second approach. The obtained
results extend and improve some recent results in the literature
from linear case to the non-linear case. Examples are also given
to illustrate the importance of our results. The results of this
paper are also new and complement previously known results.
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