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1. Introduction 

Let � denote the class of functions of the form 

f (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k z k , (1.1)
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which are analytic and univalent in E 

∗ = { z : 0 < | z | < 1 } =
E{ 0 } . For the functions 

f (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k z k and g(z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

b k z k , z ∈ E 

∗, 

analytic in E 

∗, their Hadamard product or convolution, f ∗ g,
is the function defined by 

( f ∗ g)(z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k b k z k , z ∈ E 

∗, 

where (∗) stands for convolution sign. 
The theory of linear operators plays an important role

in geometric function theory. Several differential and inte-
gral operators were introduced and studied, see for example
[1,3,16,21,22,25,27] . For the recent work on linear operators for
oduction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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eromorphic functions, we refer to [4,6,10,11] . In this work 

e consider the operator defined by El-Ashwah [10] and El- 
shwah and Aouf [11,12] . For λreal, l > 0 and n ∈ N 0 = N ∪

 0 } , the linear operator D 

n (λ, l ) : � → � was defined by 

 

n f (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

[
l + λ( k + 1 ) 

l 

]n 

a k z k , z ∈ E 

∗. (1.2) 

learly D 

0 f (z ) = f (z ) and D 

1 (1 , 1) f (z ) = 2 f (z )) + z f ′ (z ) . 
It is noted that 

z 
(
D 

n f (z ) 
)′ n +1 f (z ) − ( λ + l ) D 

n f (z ) , z ∈ E 

∗. (1.3) 

or λ = 1 , the operator D 

n (1 , l ) f (z ) was introduced and stud-
ed by Cho et al. [7,8] . The case D 

n (λ, 1) f (z ) was considered by
l-Oboudi and Al-Zkeri [2] . Further the operators D 

n (1 , 1) f (z )
nd D 

1 (−1 , 1) f (z ) were investigated by Uralegaddi and So-
anatha [27] and Noor and Ahmad [23] respectively. 

For α, (0 ≤ α < 1) , a function f (z ) ∈ � is said to be mero-
orphic starlike and convex of order α if it satisfies 

R e 
{

z f ′ (z ) 
f (z ) 

}
> α, z ∈ E , 

nd 

R e 

{ (
z f ′ (z ) 

)′ 

f ′ (z ) 

} 

> α, z ∈ E , 

espectively. We denote the former class of functions as �∗(α) 

nd the later one by �k (α) . These classes have been studied by
ommerenke [24] , Clunie [9] and Miller [19,20] . Further a func-
ion f (z ) ∈ � is said to be from the class �c (α) , if it satisfies 

R e 
{
z 2 f ′ (z ) 

}
> α, z ∈ E . (1.4) 

his class was investigated by Ganigi and Uralegaddi [14] , Cho 

nd Owa [5] and Wang and Guo [28] . 

efinition 1. A function f given by (1.1) is said to belong to the
lass �g (α) of meromorphic close-to-convex functions if there 
xists a function g ∈ �∗(α) such that 

R e 
{

z f ′ ( z ) 
g ( z ) 

}
> 0 , z ∈ E . 

his class of functions was introduced and studied by Libera 
nd Robertson [17] . 

emark 1. In [14] it was shown that if a function f (z ) ∈ �c (α) ,
hen it is meromorphic close-to-convex of order α. 

Let f and g be two analytic functions in E . We say that f is
ubordinate to g , written f ≺ g, if there exists a Schwarz func-
ion w (z ) , analytic in E with w (0) = 0 and | w (z ) | < 1 such that
f (z ) = g(w (z )) . If g is univalent in E , then f ≺ g is equivalent
o f (0) = g(0) and f (E ) ⊂ g(E ) . 

A sequence of non-negative numbers { c n } is said to be a con-
ex null sequence if c k → 0 as k → ∞ and 

 0 − c 1 ≥ c 1 − c 2 ≥ · · · ≥ c k − c k +1 ≥ · · · ≥ 0 . 

ow we define the following class of functions by using the op-
rator defined in (1.2) . 
efinition 2. A function f (z ) ∈ � is said to be in the class
n (λ, α) , if and only if 

R e 
{ 

z 2 
(
D 

n f (z ) 
)′ } 

> α, z ∈ E , ( n ∈ N 0 ) . 

When n = 0 , we obtain the class �c (α) of meromorphic
unctions, which was studied by Ganigi and Uralegaddi [14] , 
ho and Owa [5] and Wang and Guo [28] . 

. Preliminary results 

e need the following results. 

emma 1 [26] . If p(z ) is analytic in E with p(0) = 1 and
 e { p(z ) } > 1 / 2 , z ∈ E, then for any analytic function F, in E, the

unction P ∗ F takes its values in the convex hull of F (E ) . 

emma 2 [13] . Let { c k } ∞ 

k =0 be a convex null sequence. Then the
unction 

p(z ) = 

c 0 
2 

+ 

∞ ∑ 

k =1 

c k z k , z ∈ E , 

s analytic and R e { p(z ) } > 0 in E. 

The following result is due to Hallenbeck and Ruscheweyh. 

emma 3 [15] . Let the function h (z ) be convex univalent in E
ith 

 (0) = 1 , γ � = 0 and R eγ > 0 , z ∈ E . 

uppose that the function 

p(z ) = 1 + p 1 z + p 2 z 2 + · · · , 

s analytic in E and satisfying the following differential subordina- 
ion 

p(z ) + 

zp ′ (z ) 
γ

≺ h (z ) , z ∈ E , 

hen 

p(z ) ≺ q (z ) ≺ h (z ) , z ∈ E , 

here 

 (z ) = 

γ

z γ

∫ z 

0 
h ( t ) t γ−1 d t . 

he function q (z ) is convex and is the best dominant. 

emma 4 [18] . Let q (z ) be a convex function in E and let 

 (z ) = q (z ) + βzq ′ (z ) , 

here β > 0 . If p(z ) is analytic and satisfies 

p(z ) + βzp ′ (z ) ≺ h (z ) , z ∈ E , 
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then 

p(z ) ≺ q (z ) , z ∈ E , 

and this result is sharp. 

3. Main results 

In this section we shall prove our main results. 

Theorem 1. Let n ∈ N 0 , λ > 0 , 0 ≤ α < 1 and let f (z ) belong to
�n +1 (λ, α) . Then f (z ) belongs to �n (λ, α) . Further 

−z 2 
(
D 

n f (z ) 
)′ ≺ q (z ) ≺ 1 + ( 2 α − 1 ) z 

1 + z 
, z ∈ E , 

where 

q (z ) = 

l 

λz 
l 
λ

∫ z 

0 

1 + ( 2 α − 1 ) z 
1 + z 

t 
l 
λ
−1 d t . (3.1)

Proof. Let f (z ) ∈ �n +1 (λ, α) , then from Definition 1 , we have 

−R e 
{ 

z 2 
(
D 

n +1 f (z ) 
)′ } 

> α, z ∈ E , ( n ∈ N 0 ) . 

Set 

p(z ) = −z 2 
(
D 

n f (z ) 
)′ 

. (3.2)

Then p(z ) is analytic in E with p(0) = 1 . Differentiation of
(3.2) with the use of (1.3) , yields 

p(z ) + 

λ

l 
zp ′ 2 

(
D 

n +1 f (z ) 
)′ 

, 

which can be written as 

p(z ) + 

zp ′ (z ) 
γ

= −z 2 
(
D 

n +1 f (z ) 
)′ ≺ h (z ) = 

1 + ( 2 α − 1 ) z 
1 + z 

, 

where γ = l/λ. Using Lemma 3 , we have 

p(z ) ≺ q (z ) ≺ h (z ) , z ∈ E , 

where q (z ) is given in (3.1) . Moreover, the function q (z ) is con-
vex and is the best dominant. �

Putting n = 0 , in Theorem 1 , we obtain the following result. 

Corollary 1. For 0 ≤ α < 1 and λ > 0 . Let f (z ) ∈ �, satisfy the
following inequality 

R e 
{
−z 2 

((
1 + 

2 λ
l 

)
f ′ (z ) + 

λ

l 
z f ′′ (z ) 

)}
> α, 

then 

R e 
{−z 2 f ′ (z ) 

}
> α, 

that is f (z ) ∈ �c (α) . 

Remark 2. Since �0 (α) = �c (α) is a subclass of meromorphic
close-to-convex functions of order α, the univalence of members
in �n (λ, α) is a consequence of Theorem 1 . 
Theorem 2. Let n ∈ N 0 , λ > 0 , 0 ≤ α < 1 . Let q (z ) be a convex
function with q (0) = 1 and let h (z ) be a function such that 

h (z ) = q (z ) + zq ′ (z ) , z ∈ E . 

If f (z ) ∈ �n +1 (λ, α) and satisfies the differential subordination 

−z 2 
(
D 

n +1 f (z ) 
)′ ≺ h (z ) , z ∈ E , 

then 

−z 2 
(
D 

n f (z ) 
)′ ≺ q (z ) , z ∈ E , 

and this result is sharp. 

Proof. Set 

p(z ) = −z 2 
(
D 

n f (z ) 
)′ 

, (3.3)

then p(z ) is analytic and p(0) = 1 . By differentiating (3.3) and
using (1.3) , we have 

p(z ) + 

λ

l 
zp ′ 2 

(
D 

n +1 f (z ) 
)′ ≺ h (z ) = q (z ) + zq ′ (z ) . 

By using Lemma 4 for β = λ/l , we have 

p(z ) ≺ q (z ) , 

or 

−z 2 
(
D 

n f (z ) 
)′ ≺ q (z ) , z ∈ E , 

and this result is sharp. square 

Theorem 3. Let f (z ) ∈ �, λ � = 0 and 0 < α ≤ 1 / 2 . Suppose
that for arbitrary r , (0 < r < 1) , f (z ) satisfies the conditions 

min 

| z |≤r 
R e 

{ 
−z 2 

(
D 

n f (z ) 
)′ } = min 

| z |≤r 

∣∣∣−z 2 
(
D 

n f (z ) 
)′ ∣∣∣, 

and 

l 
λ
R e 

{ (
D 

n +1 f (z ) 
)′ 

( D 

n f (z ) ) ′ 
− 1 

} 

> α − 1 , z ∈ E . 

Then, we have 

f (z ) ∈ �n (λ, α) . 

Proof. Let 

p 1 (z ) = −z 2 
(
D 

n f (z ) 
)′ 

, (3.4)

then p 1 (z ) is analytic and p 1 (0) = 1 . From (1.3) , it follows that 

p 1 (z ) 
z 

= −
{

l 
λ

(
D 

n +1 f (z ) 
) −

(
1 + 

l 
λ

)(
D 

n f (z ) 
)}

, 

which on differentiation, yields 

zp ′ 1 (z ) 
p 1 (z ) 

= 1 + 

{ 

l 
λ

(
D 

n +1 f (z ) 
)′ 

( D 

n f (z ) ) ′ 
−

(
1 + 

l 
λ

)} 

. 
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ow by the hypothesis of theorem and using a result by Wang
nd Guo [ [28] , Lemma 2.2], we have 

 ep 1 (z ) > α, z ∈ E . 

his completes the proof. square 

For n = 0 , we have the following result. 

orollary 2. Let f (z ) ∈ � and 0 < α ≤ 1 / 2 . Suppose that for
rbitrary r , (0 < r < 1) , f (z ) satisfies the conditions 

in 

| z |≤r 
R e 

(−z 2 f ′ (z ) 
) = min 

| z |≤r 

∣∣−z 2 f ′ (z ) 
∣∣, 

nd 

 e 

{ 

1 + 

(
z f ′ (z ) 

)′ 

f ′ (z ) 

} 

> α − 1 , z ∈ E . 

hen, we have 

f (z ) ∈ �c (α) . 

heorem 4. Let f (z ) ∈ � and 1 / 2 < α < 1 . Suppose that for
rbitrary r , (0 < r < 1) , f (z ) satisfies the conditions 

in 

| z |≤r 
R e 

{ 
−z 2 

(
D 

n f (z ) 
)′ } = min 

| z |≤r 

∣∣∣−z 2 
(
D 

n f (z ) 
)′ ∣∣∣, 

nd 

l 
λ
R e 

{ (
D 

n +1 f (z ) 
)′ 

( D 

n f (z ) ) ′ 
− 1 

} 

> 

α

2 
− 1 , z ∈ E . 

hen, we have 

f (z ) ∈ �n (λ, α) . 

roof. Let 

p 1 (z ) = −z 2 
(
D 

n f (z ) 
)′ 

, (3.5) 

hen p 1 (z ) is analytic and p 1 (0) = 1 . Proceeding in a similar way
s in the proof of previous theorem, we have 

zp ′ 1 (z ) 
p 1 (z ) 

= 1 + 

{ 

l 
λ

(
D 

n +1 f (z ) 
)′ 

( D 

n f (z ) ) ′ 
−

(
1 + 

l 
λ

)} 

. 

ow by the hypothesis of theorem and using a result by Wang
nd Guo [ [28] , Lemma 2.4], we have 

 e { p 1 (z ) } > α, z ∈ E . 

his completes the proof. square 

orollary 3. Let f (z ) ∈ � and 1 / 2 < α < 1 . Suppose that for
rbitrary r , (0 < r < 1) , f (z ) satisfies the conditions 

in 

| z |≤r 
R e 

{−z 2 f ′ (z ) 
} = min 

| z |≤r 

∣∣−z 2 f ′ (z ) 
∣∣, 
nd 

 e 

{ 

1 + 

(
z f ′ (z ) 

)′ 

f ′ (z ) 

} 

> 

α

2 
− 1 , z ∈ E . 

hen, we have 

f (z ) ∈ �c (α) . 

heorem 5. If f (z ) ∈ �0 (α) = �c (α) , then 

 

{ 

f (z ) ∗ m ( 1 − 2 z ) {
z ( 1 − z ) 2 

}
} 

− 1 � = 0 , θ ∈ [0 , 2 π) and z ∈ E , 

here 

 = 

(
1 + e iθ

)(
1 + ( 2 α − 1 ) e −iθ

)
1 + ( 2 α − 1 ) 2 + ( 2 α − 1 ) cos θ

. (3.6) 

roof. If f (z ) ∈ �0 (α) = �c (α) , then by definition, we have 

R e 
(
z 2 f ′ (z ) 

)
> α, 

r using subordination we can write 

z 2 f ′ (z ) ≺ 1 + ( 2 α − 1 ) z 
1 + z 

. 

ow according to the definition of subordination, there exists a 
unction w (z ) analytic in E , with w (0) = 0 and | w (z ) | < 1 , z ∈
, such that 

z 2 f ′ (z ) = 

1 + ( 2 α − 1 ) w (z ) 
1 + w (z ) 

, z ∈ E . 

r we can write 

z 2 f ′ (z ) 

(
1 + e iθ

)
1 + ( 2 α − 1 ) e iθ

− 1 � = 0 , z ∈ E and θ ∈ [0 , 2 π) . 

(3.7

ince 

z f ′ (z ) = f (z ) ∗ 1 − 2 z 

z ( 1 − z ) 2 
, 

hen (3.7) can be written as 

 

[
f (z ) ∗ m ( 1 − 2 z ) 

z ( 1 − z ) 2 

]
− 1 � = 0 , θ ∈ [0 , 2 π) and z ∈ E , 

here m is given by (3.6) , which is the desired convolution con-
ition. This completes the proof. �

heorem 6. The class �n (λ, α) , is a convex set. 

roof. Let the functions 

f 1 (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k 1 z 
k , 



Applications of the differential operator to a class of meromorphic univalent functions 185 

 

 

 

 

 

 

 

 

 

and 

f 2 (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

a k 2 z 
k , 

be in the class �n (λ, α) . For t ∈ (0 , 1) , it is enough to show that
the function 

h (z ) = ( 1 − t ) f 1 (z ) + t f 2 (z ) , 

is in the class �n (λ, α) . Since 

h (z ) = 

1 
z 

+ 

∞ ∑ 

k =0 

[
( 1 − t ) a k 1 + ta k 2 

]
z k , 

then 

−z 2 
(
D 

n h (z ) 
)′ = 1 + 

∞ ∑ 

k =0 

−k ( 1 − t ) 
[

l + λ( 1 + k ) 

l 

]n 

a k 1 z 
k +1 

+ 

∞ ∑ 

k =0 

−kt 
[

l + λ( 1 + k ) 

l 

]n 

a k 2 z 
k +1 , 

from which we can write 

−R e 
{ 

z 2 
(
D 

n h (z ) 
)′ } = ( 1 − t ) R e 

{ 

1 + 

∞ ∑ 

k =0 

−k 
[

l + λ( 1 + k ) 
l 

]n 

a k 1 z 
k +1 

} 

+ tR e 

{ 

1 + 

∞ ∑ 

k =0 

−k 
[

l + λ( 1 + k ) 
l 

]n 

a k 2 z 
k +1 

} 

. (3.8)

Since f 1 (z ) and f 2 (z ) belongs to �n (λ, α) , this implies that 

R e 

{ 

1 + 

∞ ∑ 

k =0 

−k 

[
l + λ(1 + k ) 

l 

]n 

a k i z 
k +1 

} 

> α, (i = 1 , 2) . (3.9)

From (3.8) and (3.9) , we have 

R e 
{ 
−z 2 

(
D 

n h (z ) 
)′ } 

> α. 

This completes the proof. �

Theorem 7. Let f (z ) ∈ �n (λ, α) and g(z ) ∈ � such that 

R e { zg (z ) } > 

1 
2 

. 

Then ( f ∗ g)(z ) ∈ �n (λ, α) . 

Proof. Let 

h (z ) = ( f ∗ g ) (z ) . 

Using convolution properties, we have 

−z 2 
(
D 

n h (z ) 
)′ 2 (D 

n f (z ) 
)′ ∗ zg (z ) , z ∈ E . (3.10)

Since f (z ) ∈ �n (λ, α) and 

R e { zg (z ) } > 

1 
, 
2 
then it follows from Lemma 1 

( f ∗ g ) (z ) ∈ �n (λ, α) , z ∈ E . 

This completes the proof. �

Theorem 8. For λ > 1 and let f (z ) and g(z ) belong to �n (λ, α) ,
with 

f (z ) = 

1 
z 

+ 

∞ ∑ 

k =1 

a k z k , 

and 

g(z ) = 

1 
z 

+ 

∞ ∑ 

k =1 

b k z k , z ∈ E 

∗. 

Then ( f ∗ g)(z ) ∈ �n (λ, β) , where 

α ≤ β = 

4 α − λ( 2 α + 1 ) − 1 
2 ( 1 − λ) 

. 

Proof. Since g(z ) ∈ �n (λ, α) , we have 

R e 

{ 

1 + 

∞ ∑ 

k =1 

−k 

[
l + λ( 1 + k ) 

l 

]n 

b k z k +1 

} 

> α, z ∈ E . (3.11)

For 1 ≤ λ ≤ 2 . Let c 0 = 1 and 

c k = 

λ − 1 
k 

[
l 

l + λ( 1 + k ) 

]n 

, k ≥ 1 . 

Then { c k } ∞ 

k =0 is a convex null sequence. Therefore by Lemma 2 ,
we have 

R e 

{ 

1 + 

∞ ∑ 

k =1 

λ − 1 
k 

[
l 

l + λ( 1 + k ) 

]n 

b k z k +1 

} 

> 

1 
2 

, z ∈ E . 

(3.12)

Now taking the convolution of (3.11) and (3.12) and applying
Lemma 1 , to have 

R e 

{ 

1 + 

∞ ∑ 

k =1 

( 1 − λ) b k z k +1 

} 

> α, z ∈ E . 

Or 

R e { zg (z ) } = R e 

{ 

1 + 

∞ ∑ 

k =1 

b k z k +1 

} 

> 

α − λ

( 1 − λ) 
. 

Thus 

R e 
{

zg (z ) − 2 α − λ − 1 
2 ( 1 − λ) 

}
> 

1 
2 

. 

Since f (z ) ∈ 

∑ n 
(λ, α) , applying Lemma 1 , we obtain 

R e 
{
−z 2 

(
D 

n f (z ) 
)′ ∗

(
zg (z ) − 2 α − λ − 1 

2 ( 1 − λ) 

)}
> α, 
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[

[

[  

[

[  
r we can write 

 e 
{ 
−z 2 

(
D 

n f (z ) 
)′ ∗ zg (z ) 

} 
> 

4 α − λ( 2 α + 1 ) − 1 
2 ( 1 − λ) 

. 

ence the result follows from (3.10) . �

cknowledgements 

he authors express deep gratitude to Dr. S. M. Junaid Zaidi, 
ector, CIIT, for his support and providing excellent research 

acilities. This research is carried out under the HEC project 
nder Grant No. NRPU No. 20-1966/R&D/11-2553 . 

eferences 

[1] J.W. Alexander , Functions which map the interior of the unit circle 
upon simple regions, Ann. Math. 17 (1915) 12–22 . 

[2] F.M. Al-Oboudi , H.A. Al- Zkeri , Applications of Briot–Bouquet 
differential subordination to certain classes of meromorphic func- 
tions, Arab J. Math. Sci. 12 (2005) 1–14 . 

[3] S.D. Bernardi , Convex and starlike univalent functions, Trans. Am. 
Math. Soc. 135 (1969) 429–446 . 

[4] T. Bulboaca , M.K. Aouf , R.M. Ashwah , Convolution properties 
for subclasses of meromorphic univalent functions of complex or- 
der, Filomat 26 (2012) 153–163 . 

[5] N.E. Cho , S. Owa , Sufficient conditions for meromorphic starlike- 
ness and close-to-convexity of order α, Int. J. Math. Math. Sci. 26 
(2001) 317–319 . 

[6] N.E. Cho , K.I. Noor , Inclusion properties for certain classes of 
meromorphic functions associated with the Choi–Saigo–Srivastava 
operator, J. Math. Anal. Appl. 320 (2006) 779–786 . 

[7] N.E. Cho , O.S. Kwon , H.M. Srivastava , Inclusion and argument
properties for certain subclasses of meromorphic functions asso- 
ciated with a family of multiplier transformations, J. Math. Anal. 
Appl. 300 (2004) 505–520 . 

[8] N.E. Cho , O.S. Kwon , H.M. Srivastava , Inclusion relationship for
certain subclasses of meromorphic functions associated with a fam- 
ily of multiplier transformations, Int. Trans. Spec. Fun. 16 (2005) 
647–659 . 

[9] J. Clunie , On meromorphic Schlicht functions, J. London Math. 
Soc. 34 (1959) 215–216 . 
10] R.M. El-Ashwah , A note on certain meromorphic p-valent func- 
tions, Appl. Math. Lett. 22 (2009) 1756–1759 . 

11] R.M. El-Ashwah , M.K. Aouf , Some properties of certain sub-
classes of meromorphically p -valent functions involving extended 
multiplier transformations, Comput. Math. Appl. 59 (2010) 
2111–2120 . 

12] R.M. El-Ashwah , M.K. Aouf , Differential subordination and 
superordination on p-valent meromorphic functions defined by 
extended multiplier transformations, Eur. J. Math. 3 (2010) 
1070–1085 . 

13] L. Fejer , Über die positivital von summen, die nach 
trigonometrischen order Legendresch funktionen fortschreiten, 
Acta Litt. Ac Soc. Szeged 2 (1925) 75–86 . 

14] M.D. Ganigi , B.D. Uralegaddi , Subclasses of mermorphic close–
to-convex functions, Bull. Math. Soc. Sci. Math. R.S. Roumanie 
( N . S .) 33 (1989) 105–109 . 

15] D.J. Hallenbeck , S. Ruscheweyh , Subordination by convex func- 
tions, Proc. Am. Math. Soc. 52 (1975) 191–195 . 

16] R.J. Libera , Some classes of regular univalent functions, Proc. Am.
Math. Soc. 16 (1965) 755–758 . 

17] R.I. Libera , M.S. Robertson , Meromorphic close-to-convex func- 
tions, Michigan Math. J. 8 (1961) 167–175 . 

18] S.S. Miller , P.T. Mocanu , On some classes of first-order differential
subordinations, Michigan Math. 32 (1985) 185–195 . 

19] J.E. Miller , Convex meromorphic mappings and related functions, 
Proc. Am. Math. Soc. 25 (1970) 220–228 . 

20] J.E. Miller , Convex and starlike meromorphic functions, Proc. Am. 
Math. Soc. 80 (1980) 607–613 . 

21] K.I. Noor , On new classes of integral operators, J. Nat. Geom. 16
(1999) 71–80 . 

22] K.I. Noor , M.A. Noor , On integral operators, J. Math. Anal. Appl.
238 (1999) 341–352 . 

23] K.I. Noor , Q.Z. Ahmad , Subclasses of meromorphic univalent 
functions, Acta Univ. Apulensis 40 (2014) 219–231 . 

24] C. Pommerenke , On meromorphic starlike functions, Pacific J. 
Math. 13 (1963) 221–235 . 

25] S. Ruscheweyh , New criteria for univalent functions, Proc. Am. 
Math. Soc. 49 (1975) 109–115 . 

26] R. Singh , S. Singh , Convolution properties of a class of starlike
functions, Proc. Am. Math. Soc. 106 (1989) 145–152 . 

27] B.A. Uralegaddi , C. Somanatha , New criteria for meromorphic 
starlike univalent functions, Bull. Aust. Math. Soc. 43 (1991) 
137–140 . 

28] J. Wang , L. Guo , Sufficient conditions for subclasses of certain
meromorphic functions, Int. J. Eng. Innov. Technol. 3 (2013) 
318–320 . 

http://refhub.elsevier.com/S1110-256X(15)00028-0/h0005
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0005
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0010
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0010
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0010
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0015
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0015
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0020
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0020
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0020
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0020
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0025
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0025
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0025
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0030
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0030
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0030
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0035
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0035
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0035
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0035
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0040
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0040
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0040
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0040
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0045
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0045
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0050
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0050
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0055
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0055
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0055
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0060
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0060
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0060
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0065
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0065
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0070
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0070
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0070
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0075
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0075
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0075
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0080
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0080
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0085
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0085
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0085
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0095
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0095
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0095
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0100
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0100
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0105
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0105
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0110
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0110
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0115
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0115
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0115
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0120
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0120
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0120
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0125
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0125
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0130
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0130
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0135
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0135
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0135
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0140
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0140
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0140
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0145
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0145
http://refhub.elsevier.com/S1110-256X(15)00028-0/h0145

	Applications of the differential operator to a class of meromorphic univalent functions
	1 Introduction
	2 Preliminary results
	3 Main results
	 Acknowledgements
	 References


