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1. Introduction

Let ¥ denote the class of functions of the form

1 [o¢]
f@= ;+Zakzk, (1.1)
k=0
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which are analytic and univalent in E*={z:0 < |z] < 1} =
E{0}. For the functions

1 [o¢] . 1 o0
e " d = - b( k, E*,
1@ - + E arz" and g(z) - + ;ZO vz, Z €

k=0

analytic in E*, their Hadamard product or convolution, f g,
is the function defined by

1 o0
(f*9() = . + Zakbkz", z e E*,
k=0

where (x) stands for convolution sign.

The theory of linear operators plays an important role
in geometric function theory. Several differential and inte-
gral operators were introduced and studied, see for example
[1,3,16,21,22,25,27]. For the recent work on linear operators for
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meromorphic functions, we refer to [4,6,10,11]. In this work
we consider the operator defined by El-Ashwah [10] and El-
Ashwah and Aouf [11,12]. For Areal, / > 0 and n € Ny = NU
{0}, the linear operator D"(A,/) : ¥ — X was defined by

1 [+Axk+1D7"
D'f(z) = z ]Z(; [#] axz*, ze E*. (1.2)
Clearly D°f(z) = f(z) and D' (1,1) f(z) = 2f(2)) + zf(2).

It is noted that

w2 (D"f ()" f ) - (1.3)

For A = 1, the operator D"(1,]) f(z) was introduced and stud-
ied by Cho et al. [7,8]. The case D" (A1) f(z) was considered by
Al-Oboudi and Al-Zkeri [2]. Further the operators D" (1,1) f(z)
and D'(—1,1) f(z) were investigated by Uralegaddi and So-
manatha [27] and Noor and Ahmad [23] respectively.

For «,(0 < o < 1), a function f(z) € ¥ is said to be mero-
morphic starlike and convex of order « if it satisfies

_%izf(z)} o, zek,

A+DD"f(2), zeE".

S

and

—Re m >a, z€E,
()

respectively. We denote the former class of functions as X*(«)
and the later one by X*(«). These classes have been studied by
Pommerenke [24], Clunie [9] and Miller [19,20]. Further a func-
tion f'(z) € X is said to be from the class Z¢(), if it satisfies

—Re{Z [ (2)} > a,

zeE. (1.4)

This class was investigated by Ganigi and Uralegaddi [14], Cho
and Owa [5] and Wang and Guo [28].

Definition 1. A function f given by (1.1) is said to belong to the
class £¢(a) of meromorphic close-to-convex functions if there
exists a function g € *(«) such that

—%e{zf ) } >0, ze€E.

8(2)

This class of functions was introduced and studied by Libera
and Robertson [17].

Remark 1. In [14] it was shown that if a function f(z) € (@),
then it is meromorphic close-to-convex of order «.

Let fand g be two analytic functions in E. We say that f'is
subordinate to g, written f < g, if there exists a Schwarz func-
tion w(z), analytic in £ with w(0) = 0 and |w(z)| < 1 such that
f(z) =g(w(z)). If g is univalent in E, then f < g is equivalent
to /(0) = g(0) and f(E) C g(E).

A sequence of non-negative numbers {c,} is said to be a con-
vex null sequence if ¢, — 0 as kK — oo and
Co—Cl=Cl—C = 2C—Cyp = =0,

Now we define the following class of functions by using the op-
erator defined in (1.2).

Definition 2. A function f(z) € X is said to be in the class
" (ha), if and only if

—%e[zz(D”f(z))/} >a, zeE, neNy.

When n =0, we obtain the class (o) of meromorphic
functions, which was studied by Ganigi and Uralegaddi [14],
Cho and Owa [5] and Wang and Guo [28].

2. Preliminary results

We need the following results.

Lemma 1 [26]. If p(z) is analytic in E with p(0) =1 and
Re{p(2)} > 1/2,z € E, then for any analytic function F, in E, the
Sfunction P x F takes its values in the convex hull of F (E).

Lemma 2 [13].
Sfunction

Let {ck )32 be a convex null sequence. Then the

o0
p(z) = %4—;@2", zZ€E,

is analytic and Re{p(z)} > 0 in E.
The following result is due to Hallenbeck and Ruscheweyh.

Lemma 3 [15].
with

Let the function h(z) be convex univalent in E

h0)y=1, y #0 and Rey >0, ze€E.

Suppose that the function
pE =1+piz4pZ+--,

is analytic in E and satisfying the following differential subordina-
tion

zp/(2)

p(2) + <h(z), z€E,
then
p(z) < q(z) < h(z), zekE,

where
4(z) = 1/ h(ye~de.
zv 0

The function q(z) is convex and is the best dominant.

Lemma 4 [18]. Let q(z) be a convex function in E and let

h(z) = q(2) + Bzq'(2),
where B > 0. If p(z) is analytic and satisfies

p(2) +Bzp'(z) < h(z), z€E,



Applications of the differential operator to a class of meromorphic univalent functions 183

then
p(z) <q(z), z€E,

and this result is sharp.

3. Main results

In this section we shall prove our main results.

Theorem 1. Letn € No,A > 0,0 <« < 1 and let f(z) belong to
S (ha). Then f(z) belongs to X" (A,a). Further

—ZZ(D”f(z))/ <q(z) < %—’_;l)z, ze E,
where
1+ Qa—1
) = - / 1+ G =Dz g, 3.1)
rzr Jo 1+:z

Proof. Let f(z) € "' (A, ), then from Definition 1, we have
_me{ZZ(D"“f(z))’} Sa, z€E, (neNy.

Set
pz) = —2(D"f(2).

Then p(z) is analytic in E with p(0) = 1. Differentiation of
(3.2) with the use of (1.3), yields

(3.2)

’
s

A
() + 7zp’2 (D" f(2)

which can be written as

+zp/(z) _ 14+ Qa—1)z

p(2) 112

—2(D @) < hz) =

s

where y = //A. Using Lemma 3, we have

p(z) <q(z) <h(z), z€E,

where ¢(z) is given in (3.1). Moreover, the function ¢(z) is con-
vex and is the best dominant. [J]

Putting n = 0, in Theorem 1, we obtain the following result.

Corollary 1. For0 <o < land i > 0. Let f(z) € &, satisfy the
following inequality

%e{—zz<<l —+ 2%)]”(2) —+ %zf”(z))} > a,

then
9‘{@{—22]”(2)} >,

that is f(z) € Z().

Remark 2. Since X%(a) = X¢(«) is a subclass of meromorphic
close-to-convex functions of order «, the univalence of members
in (A, «) is a consequence of Theorem 1.

Theorem 2. Let n € Ny, > 0,0 <« < 1. Let q(z) be a convex
function with q(0) = 1 and let h(z) be a function such that

h(z) =q(z) +2z4'(z), z€E.

If f(z) € "' (\, «) and satisfies the differential subordination
—2(D"f(2)) < h(z), zeE,

then

—2(D"f(2) <q@), z€E,

and this result is sharp.
Proof. Set
P =-2(D"f(2),

then p(z) is analytic and p(0) = 1. By differentiating (3.3) and
using (1.3), we have

(3.3)

p@) + %sz(D"“f(z))/ < h(z) =q(2) + 24 (2).
By using Lemma 4 for 8 = A//, we have

p() < q(2),

or

~2(D"f(2)) < q(z), z€E,

and this result is sharp. square

Theorem 3. Let f(z) e 2,1 # 0 and 0 <« < 1/2. Suppose
that for arbitrary r, (0 < r < 1), f(2) satisfies the conditions

min%e{ —z? (D”f(z))/ } = min) -7 (D”f(z))/

Jzl<r Jzl<r

s

and

7+1 /
i%e w—l >a—1, ze€E.
A (D f(z))

Then, we have

f(2) e ", o).

Proof. Let
pi(2) = =2(D"f (),
then p, (z) is analytic and p; (0) = 1. From (1.3), it follows that

(3.4)

V4

2O gy - (14 )],

which on differentiation, yields

2pi () LD f@) ( I )
1+{A(an(z)), )

piz
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Now by the hypothesis of theorem and using a result by Wang
and Guo [[28], Lemma 2.2], we have

Rep,(z) >a, ze€E.

This completes the proof. square

For n = 0, we have the following result.
Corollary 2. Let f(z) € © and 0 < a < 1/2. Suppose that for
arbitrary r, (0 < r < 1), f(2) satisfies the conditions

)

minRe(—2°f'(z)) = IIT_}i11|—22f/(Z)

|z|=r

and

(zf'@)

%e{l—f—f/(z)}>a—l, zeE.

Then, we have

f(2) € ().

Theorem 4. Let f(z) € X and 1/2 <« < 1. Suppose that for
arbitrary r, (0 < r < 1), f(2) satisfies the conditions

-2(D"f(2))],

min?}ie[ -z (D”f(z))/} = min

lzl=r |zl=r

and

n+1 ¢ !
) e

A (D" f(2))

Then, we have

f(2) e "M, ).

Proof. Let

p@) =-2(D"f(2), 3.5

then p(z) is analytic and p; (0) = 1. Proceeding in a similar way
as in the proof of previous theorem, we have

AN N (D”*‘f(z))’_(l £)
ne +{A o7Ey )

Now by the hypothesis of theorem and using a result by Wang
and Guo [[28], Lemma 2.4], we have

Re{p1(z)} >a, ze€E.

This completes the proof. square
Corollary 3. Let f(z) € X and 1/2 < a < 1. Suppose that for
arbitrary r, (0 < r < 1), f(2) satisfies the conditions

minRe{—2*f"(2)} = Iln‘in|—22f’(z)|,

|zl=r

and

)|«
E)%e{l + W > ——1

Then, we have

f(2) € Z%).

Theorem 5. If f(z) € 2%(a) = (), then

m(l —2z)

{2(1_2)2}}—1;ﬁ0, 0 €[0,27r) and :z€E,

Jro
where

_ (14 e”)(1+ Qa — e ™)
T 14+ Qa— 1)+ Q2a — eosh

(3.6)
Proof. If f(z) € X%(a) = Z¢(a), then by definition, we have
—Re(f(2)) > a,

or using subordination we can write

14+ Qa—1)z

2 g7
2110 <

Now according to the definition of subordination, there exists a
function w(z) analytic in E, with w(0) =0 and |w(z)| < 1,z €
E, such that

14+ Qa—1w(z)

_ 2 —

2= f'(2) ) zeE.
Or we can write
24 (1+eiﬂ) _

z f(z)i1 T a — De® 1#£0, zeE and 6 €][0,27).

(3.7)
Since
, 1-2z

—zf'(2) = f(2) % A=

then (3.7) can be written as

[ m(l —2z)
- M)

f(z)*z(l_z)z]—l;éo, 0 e€[0,27r) and zekE,

where m is given by (3.6), which is the desired convolution con-
dition. This completes the proof. O

Theorem 6. The class " (A, @), is a convex set.

Proof. Let the functions

1 o0
fie) = z + de,Zk,
k=0
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and
- .
L@ =+ ant,
k=0

be in the class X" (A, «). For z € (0, 1), it is enough to show that
the function

h(z) = (1 =0)fi1(2) +1f,(2),

is in the class X" (A, «). Since

h(z) ==+ Y _[(1 = Day, + tay, )7,

k=0

N | =

then

_22(D”h(z))' =1+ Z —k(1 — [)[M] ak]ZkH

k=0 !

= I+r(1+k)7"
+Z_k,[¥] _——

k=0

from which we can write

=S}

79%9{22(D”h(z))’} = (1 4)9%{1 +ka[w} ak.zkH}
k=0

=S}

+t£)f{e[ 1+y %[MTWM } (3.8)

k=0 !

Since f)(z) and f>(z) belongs to " (A, ), this implies that

me{l N Z_k[w} }
k=0

>a, (i=1,2). 3.9

From (3.8) and (3.9), we have

%e{—zz(D"h(z)),} > a.

This completes the proof. (]

Theorem 7. Let f(z) € £"(A,«) and g(z) € X such that
1

Re{zg(z)} > 7

Then (f x2)(z) € Z"(h, @).

Proof. Let

h(z) = (f *g)(2).

Using convolution properties, we have
—2(D'h() (D" f(2)) *zg(z), z€E. (3.10)

Since f(z) € £"(A, ) and

Re{zg(2)} > %

then it follows from Lemma 1

(f*9)() e 2"(ha), zek.

This completes the proof. (]

Theorem 8. For . > 1 and let f(z) and g(z) belong to X" (A, o),
with

1 [o¢]
f@=-+) a,
Rl
and
1 [o¢]
g(z) = z + Zbkzk, ze E".
k=1

Then (f * g)(z) € Z"(A, B), where

g _de—iQa+ D1
-0 2(1 =) ‘

Proof. Since g(z) € X"(A,a), we have

o0 )\, 1 n
SRe{l +Z—k[w] bkzk“} >a, zeE. (3.1
k=1

Forl <A <2 Letcy=1and

A—1 / "
— 1.
K k [1+A(1+k)] p k=

Then {ci}i, is a convex null sequence. Therefore by Lemma 2,
we have

“a-1 l g 1
1 2 : k+1 -
me{ +k=1 k [I+A(l+k):| bz } g 2’

zeE.

(3.12)

Now taking the convolution of (3.11) and (3.12) and applying
Lemma 1, to have

me{l + Z (1— A)bkzk“} >a, z€eE.

k=1

Or

- —A
Relzg(2)} = Q%e{l + Zbkszrl} - ((if —

k=1
Thus

{ 2oe—k—l} 1
Reyzg(z) — ————

> —.
2(1—=21) 2
Since f(z) € " (A, «), applying Lemma 1, we obtain

20 — A

—a-1
20— 1) >}>°"

Df{e{ -z (D”f(z))/ * (zg(z) -



186

K.I. Noor et al.

or we can write

da —2Qa+1)—1
21— 1) '

9%[—22 (D"f(z))/ * zg(z)] >
Hence the result follows from (3.10). [J
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