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1. Introduction 

We study advanced variants of the following classical discrete
Hilbert-type inequality [1] : if a m 

, b n ≥ 0 , 0 < 

∑ ∞ 

m =1 a 
2 
m 

< ∞ and
0 < 

∑ ∞ 

n =1 b 
2 
n < ∞ , then we have 

∞ ∑ 

n =1 

∞ ∑ 

m =1 

a m 

b n 
m + n 

≤ π

sin (π/p) 

( ∞ ∑ 

m =1 

a p m 

) 1 /p ( ∞ ∑ 

n =1 

b q n 

) 1 /q 

, (1)
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where 1 
p + 

1 
q = 1 . Inequality (1) has the following integral anal-

ogous: ∫ ∞ 

0 

∫ ∞ 

0 

f (x ) g(y ) 
x + y 

d x d y 

≤ π

sin (π/p) 

(∫ ∞ 

0 
f p (x ) dx 

)1 /p (∫ ∞ 

0 
g q (x ) dx 

)1 /q 

, (2)

unless f ( x ) ≡ 0 or g ( x ) ≡ 0, where p > 1 , q = p/ (p − 1) . The
constant π

sin (π/p) 
, in (1) and (2) , is the best possible, see [1] . 

Inequalities (1) and (2) , which have many generalizations see
for example [2,3] and references therein, with their improve-
ments have played fundamental roles in the development of
many mathematical branches, see for instance [2,4,5] and ref-
erences therein. A few results on the half-discrete Hilbert-type
inequalities with non-homogeneous kernel can be found in [6] .
Recently [7–10] gave some new half-discrete Hilbert-type in-
equalities. For example in [8] we find the following inequality
oduction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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ith a non-homogeneous kernel: if 0 < 

∫ ∞ 

0 f 2 (x ) dx < ∞ and
 < 

∑ ∞ 

n =1 a 
2 
n < ∞ , then 

∞ 

 

n =1 

a n 

∫ ∞ 

0 

f (x ) 

x + n 
dx < π

( ∞ ∑ 

n =1 

a 2 n 

∫ ∞ 

0 
f 2 (x ) 

) 1 / 2 

, (3) 

here the constant π is the best possible. Then in [10] , by using
he way of weight coefficients and the idea of introducing pa- 
ameters and by means of Hadamard’s inequality, the authors 
ave the following more accurate inequality of (3) : 

∞ 

 

n =1 

a n 

∫ ∞ 

− 1 
2 

f (x ) 

x + n 
dx < π

( ∞ ∑ 

n =1 

a 2 n 

∫ ∞ 

− 1 
2 

f 2 (x ) 

) 1 / 2 

. (4) 

Inequalities (3) and (4) have many generalizations concern- 
ng the denominator of the left hand side, see for example 
11–14] . 

Our main goal is to obtain a new generalization of the half-
iscrete Hilbert-type inequality (3) . Before proving the main 

heorem of this paper, Theorem 2.1 , let us state and prove the
ollowing lemma. 

emma 1.1. For 0 < b < x < c , α, r , λ2 α ∈ (0, 1], with α > r , λ1 

 (0, ∞ ), and λ = λ1 + λ2 with 

λ1 
λ2 

> p 
(

α

r − 1 
) ≥ 2 

λ2 r 
− 1 define 

 (n ) := n λ2 α

∫ c 

b 

x 

λ1 α−1 

(x 

α + n r ) λ
dx, (5) 

nd 

 (x ) := x 

λ1 α

∞ ∑ 

n =1 

n pλ2 α+(1 −p) λ2 r −1 

( x 

α + n r ) λ
. (6) 

hen 

 (n ) = 

n λ2 (α−r ) 

α
( β( λ1 , λ2 ) − �(n ) ) , (7) 

nd 

 (x ) < 

x 

pλ2 α( αr −1) 

r 
β( ξ, ζ ) , (8) 

here �(n ) = 

∫ b α
n r 

0 
u λ1 −1 

(1+ u ) λ du + 

∫ n r 
c α

0 
u λ2 −1 

(1+ u ) λ du, and β( ξ , ζ ) is the
−function with ξ = λ1 − pλ2 ( 

α

r − 1) and ζ = λ2 + pλ2 ( 
α

r −
) . 

roof. Putting u = 

x α

n r in (5) gives 

 (n ) = 

n λ2 (α−r ) 

α

∫ c α
n r 

b α
n r 

1 
(1 + u ) λ

(
1 
u 

)1 −λ1 

du 

= 

n λ2 (α−r ) 

α

( ∫ ∞ 

0 

1 
(1 + u ) λ

(
1 
u 

)1 −λ1 

du 

−
∫ b α

n r 

0 

1 
(1 + u ) λ

(
1 
u 

)1 −λ1 

d u −
∫ ∞ 

c α
n r 

1 
(1 + u ) λ

(
1 
u 

)1 −λ1 

d u 

)

se the definition of the Beta function (β(θ, γ ) = 

 ∞ 

0 
z θ−1 

(1+ z ) θ+ γ dz ) in the first integral and the substitution u = 

1 
v in
he third integral to have 

 (n ) = 

n λ2 (α−r ) 

α

( 

β(λ1 , λ2 ) −
∫ b α

n r 

0 

1 
(1 + u ) λ

(
1 
u 

)1 −λ1 

du 

−
∫ n r 

c α

0 

1 
(1 + v ) λ

(
1 
v 

)1 −λ2 

dv 

) 

, 

s stated in (7) . 
In order to prove (8) , for fixed x ∈ ( b , c ), putting 

f (t ) = 

x 

λ1 αt pλ2 α+(1 −p) λ2 r −1 

( x 

α + t r ) λ
, t ∈ (0 , ∞ ) , (9)

eads to 

d 
dt 

f (t) = x 

λ1 α

(−rλ t pλ2 α+(1 −p) λ2 r + r −2 

( x 

α + t r ) λ+1 

+ 

(pλ2 α + (1 − p) λ2 r − 1) t pλ2 α+(1 −p) λ2 r −2 

( x 

α + t r ) λ

)
< 0 , 

hile 

d 2 

dt 2 
f (t) = −λrx 

λ1 α

(−r (λ + 1) t pλ2 α+(1 −p) λ2 r +2 r −3 

(x 

α + t r ) λ+2 

+ 

(pλ2 α + (1 − p) λ2 r + r − 2) t pλ2 α+(1 −p) λ2 r + r −3 

(x 

α + t r ) λ+1 

)
+(pλ2 α + (1 − p) λ2 r − 1) x 

λ1 α(−rλt pλ2 α+(1 −p) λ2 r + r −3 

(x 

α + t r ) λ+1 

+ 

(pλ2 α + (1 − p) λ2 r − 2) t pλ2 α+(1 −p) λ2 r −3 

(x 

α + t r ) λ

)
> 0 . 

Therefore, by Hadamard’s inequality 

f (n ) < 

∫ n + 1 2 

n − 1 
2 

f (t ) dt , n ∈ N , 

nd (6) we obtain 

 (x ) = 

∞ ∑ 

n =1 

f (n ) < 

∞ ∑ 

n =1 

∫ n + 1 2 

n − 1 
2 

f (t) dt = 

∫ ∞ 

1 
2 

f (t) dt 

< 

∫ ∞ 

0 
f (t ) dt = x 

λ1 α

∫ ∞ 

0 

t pλ2 α+(1 −p) λ2 r −1 

( x 

α + t r ) λ
d t. 

Letting u = 

t r 

x α in the above inequality leads to 

 (x ) < 

1 
r 

x 

pλ2 α( αr −1) 

∫ ∞ 

0 

1 

( 1 + u ) λ

(
1 
u 

)1 −(pλ2 
α
r +(1 −p) λ2 ) 

du 

= 

1 
r 

x 

pλ2 α( αr −1) β
(
λ1 − pλ2 ( 

α

r 
− 1) , λ2 + pλ2 

(α

r 
− 1 

))
. 

This proves (8) . �

In the following section we state the main result of this paper
f which many special cases can be obtained. 

. Main results and discussion 

n this section we state and discuss our main theorem together
ith its special cases. For three different parameters α, r , λ we
ave the following result. 
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Theorem 2.1. Suppose that 0 < b < c , 0 < α, 0 < r ≤ 1, 1 
p + 

1 
q =

1 (p � = 0, 1 ), λ1 > 0 , pλ2 α + (1 − p) λ2 r ≤ 1 , λ = λ1 + λ2 , a n ≥
0, and f ( x ) ≥ 0 is a real measurable function in ( b , c ) . Then for
p > 1, the following half-discrete Hilbert-type inequalities hold: 

J := 

( ∞ ∑ 

n =1 

n pλ2 α−1 

[∫ c 

b 

f (x ) 

(x 

α + n r ) λ
dx 

]p 
) 

1 
p 

(10)

≤
(

1 
α

) 1 
q 
(∫ c 

b 
f p (x ) w (x )�

p 
q (λ1 , λ2 , n ) x 

p(1 −λ1 α) −1 dx 

) 1 
p 

, 

I := 

∞ ∑ 

n =1 

a n 

∫ c 

b 

f (x ) 

(x 

α + n r ) λ
dx (11)

≤
(

1 
α

) 1 
q 
(∫ c 

b 
f p (x ) w (x )�

p 
q (λ1 , λ2 , n ) x 

p(1 −λ1 α) −1 dx 

) 1 
p 

×
( ∞ ∑ 

n =1 

n q (1 −λ2 α) −1 a q n 

) 

1 
q 

, 

where �(λ1 , λ2 , n ) = β( λ1 , λ2 ) − �(n ) , β( λ1 , λ2 ) is the
β−function , �( n ) and w (x ) are as defined in Lemma 1.1 . 

Proof. Using Hölder’s inequality produces 

[∫ c 

b 

f (x ) 

(x 

α + n r ) λ
dx 

]p 

= 

[∫ c 

b 

1 
(x 

α + n r ) λ

(
x 

(1 −αλ1 ) /q 

n (1 −αλ2 ) /p 
f (x ) 

)(
n (1 −αλ2 ) /p 

x 

(1 −αλ1 ) /q 

)
dx 

]p 

≤
∫ c 

b 

1 
(x 

α + n r ) λ
x 

(1 −αλ1 )(p−1) 

n (1 −αλ2 ) 
f p (x ) dx 

×
[∫ c 

b 

1 
(x 

α + n r ) λ
n (1 −αλ2 )(q −1) 

x 

(1 −αλ1 ) 
dx 

]p−1 

= 

∫ c 

b 

x 

(1 −αλ1 )(p−1) 

n (1 −αλ2 ) (x 

α + n r ) λ
f p (x ) dx 

[
n q (1 −αλ2 ) −1 w (n ) 

]p−1 

= n 1 −pλ2 αw 

p−1 (n ) 
∫ c 

b 

f p (x ) 

(x 

α + n r ) λ
x 

(1 −αλ1 )(p−1) 

n (1 −αλ2 ) 
dx. (12)

Using Lebesgue ter m-by-ter m integration theorem (see [15] )
and (12) , then the left hand side of (10) can be written as fol-
lows: 

J p ≤
∞ ∑ 

n =1 

n pλ2 α−1 n 1 −pλ2 αw 

p−1 (n ) 
∫ c 

b 

f p (x ) 

(x 

α + n r ) λ
x 

(1 −αλ1 )(p−1) 

n (1 −αλ2 ) 
dx 

= 

∫ c 

b 
f p (x ) x 

λ1 α

∞ ∑ 

n =1 

n λ2 α−1 

(x 

α + n r ) λ
w 

p 
q (n ) x 

p(1 −λ1 α) −1 dx 

= 

(
1 
α

) p 
q 
∫ c 

b 
f p (x ) x 

λ1 α

∞ ∑ 

n =1 

n λ2 α−1 

(x 

α + n r ) λ
n λ2 (α−r ) p q 

×( β( λ1 , λ2 ) − �(n ) ) 
p 
q x 

p(1 −λ1 α) −1 dx, 

which gives that 

J ≤
(

1 
α

) 1 
q 
(∫ c 

b 
f p (x ) w (x )�

p 
q (λ1 , λ2 , n ) x 

p(1 −λ1 α) −1 dx 

) 1 
p 

. 
This completes the proof of (10) . To prove (11) , by Hölder’s
inequality and (10) we obtain 

I := 

∞ ∑ 

n =1 

a n 

∫ c 

b 

f (x ) 

(x 

α + n r ) λ
dx 

= 

∞ ∑ 

n =1 

(
n 

1 
p −λ2 αa n 

)(
n λ2 α− 1 

p 

∫ c 

b 

f (x ) 

(x 

α + n r ) λ
dx 

)

≤
[ ∞ ∑ 

n =1 

n 
(
λ2 α− 1 

p 

)
p 
(∫ c 

b 

f (x ) 

(x 

α + n r ) λ
dx 

)p 
] 

1 
p 
[ ∞ ∑ 

n =1 

n 
(

1 
p −λ2 α

)
q a q n 

] 

1 
q 

= J 

[ ∞ ∑ 

n =1 

n 
(

1 
p −λ2 α

)
q a q n 

] 

1 
q 

≤
(

1 
α

) 1 
q 
(∫ c 

b 
f p (x ) w (x )�

p 
q (λ1 , λ2 , n ) x 

p(1 −λ1 α) −1 dx 

) 1 
p 

×
( ∞ ∑ 

n =1 

n q (1 −λ2 α) −1 a q n 

) 

1 
q 

. 

This completes the proof. �

As a special case of Theorem 2.1 , focusing only on (11) , when
c → ∞ and b → 0 with n < ∞ , which means that �( n ) ≡ 0, we
have the following corollary. 

Corollary 2.2. Suppose that 0 < α, 0 < r ≤ 1, 1 
p + 

1 
q = 1 (p � =

0, 1 ), λ1 > 0 , pλ2 α + (1 − p) λ2 r ≤ 1 , λ = λ1 + λ2 , a n ≥ 0, and
f ( x ) ≥ 0 is a real measurable function in (0, ∞ ) . Then for p > 1,
the following half-discrete Hilbert-type inequality holds: 

I := 

∞ ∑ 

n =1 

a n 

∫ ∞ 

0 

f (x ) 

(x 

α + n r ) λ
dx (13)

≤
(

1 
α

β( λ1 , λ2 ) 

) 1 
q 
(

1 
r 
β( ξ, ζ ) 

) 1 
p 

×
(∫ ∞ 

0 
x 

pλ2 α( αr −1)+ p(1 −λ1 α) −1 f p (x ) dx 

) 1 
p 

×
( ∞ ∑ 

n =1 

n q (1 −λ2 α) −1 a q n 

) 

1 
q 

, 

where ξ = λ1 − pλ2 ( 
α

r − 1) and ζ = λ2 + pλ2 ( 
α

r − 1) . 

Another special case is of Corollary 2.2 that is when r = α,

this leads to the following corollary (which has been proved in
[10] ). 

Corollary 2.3. Suppose that 0 < α ≤ 1, 1 
p + 

1 
q = 1 (p � = 0, 1 ), λ1

> 0, λ2 α ≤ 1, λ = λ1 + λ2 , a n ≥ 0, and f ( x ) ≥ 0 is a real measur-
able function in (0, ∞ ) . Then for p > 1, the following half-discrete
Hilbert-type inequality holds: 

I := 

∞ ∑ 

n =1 

a n 

∫ ∞ 

0 

f (x ) 

(x 

α + n α ) λ
dx 

≤ 1 
α

β( λ1 , λ2 ) 

(∫ ∞ 

0 
x 

p(1 −λ1 α) −1 f p (x ) dx 

) 1 
p 

×
( ∞ ∑ 

n =1 

n q (1 −λ2 α) −1 a q n 

) 

1 
q 

. (14)
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emark 2.4. Putting p = q = 2 , λ1 = λ2 = 

1 
2 , and α = 1 in (14)

roduces (3) . 
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