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Abstract Distributional properties of two non-adjacent dual generalized order statistics have been
used to characterize distributions. Further, one sided contraction and dilation for the dual general-
ized order statistics are discussed and then the results are deduced for generalized order statistics,
order statistics, lower record statistics, upper record statistics and adjacent dual generalized order
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1. Introduction

Kamps [6] introduced the concept of generalized order statis-
tics (gos) as follows:

Let X1, X5, ..., X, be a sequence of independent and iden-
tically distributed (iid) random variables (rv) with the abso-
lutely continuous distribution function (df) F(x) and the
probability density function (pdf) f(x), x € («, ). Let n € N,

~ —1 n—1
nz2 k>0 m=(m,m,....m_ )R M =37""mj,
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such that y, =k + (n—r)+ M, >0 for all re{l,2,...,
n—1} If my=my=---=m,_1 = m, then X(r,n,m,k) is
called the rth m-gos and its pdf is given as:

r—1

1 - [F(x)]erl f(x),

m—+1

[ R—

fi((r.n.,m‘k) (x) = (r - 1)' [F(x)}}""l

o< x<p,

(1.1)

where 9, = k + (n —r)(m + 1) and ¢,y =[],

Based on the generalized order statistics (gos), Burkschat et
al. [4] introduced the concept of the dual generalized order statis-
tics (dgos) where the pdf of the rth m-dgos X" (r,n, m, k) is given as

0]l
m—l—l] Sx),

Cr1

f}(*(”’vmﬁ) (x) = m[p(x) =1

o< x<p,

which is obtained just by replacing F(x) = 1 — F(x) by F(x).

Ahsanullah [1] has characterized uniform distribution under
random contraction for adjacent dgos. Khan and Shah [7] have
characterized distributions using distributional properties of
non-adjacent lower records, upper records and order statistics.
In this paper, distributional properties of the dgos have been
used to characterize a general form of distributions for
non- adjacent dgos under random translation, dilation and
contraction, thus generalizing the results of Ahsanullah [1].
Further, results in terms of lower records, upper records and
order statistics are deduced. One may also refer to Alzaid and
Ahsanullah [2], Beutner and Kamps [3], Wesolowski and
Ahsanullah [8] and Castafio-Martinez et al. [5] for the related
results.

Remark 1.1. It may be seen that if Y is a measureable function
of X with the relation Y = h(X), then Y'(r,n,m,k) =
h(X*(r,n,m,k)) and Y(r,n,m,k) = h(X(r,n,m,k)), if h is
increasing function (e.g., Y., = h(X,,,) and Y., = M(Xr),
where X, and X, are the " order statistic and lower record,
respectively). Moreover, Y(r,n,m,k) = (X (r,n,m,k)) and
Y'(r,n,mk) = W(X(r,n,m,k)), if h is decreasing function
(e.g, Yy_ri1:m = h(X,,) and Yy = (X)), where Yy, is
the rth upper record).

Remark 1.2. The following elementary facts will be needed in
the next section:

(i) if ¥ =log X ~ Gum(a) (i.c., Fy(y) =e ,—c0<y<
00,0 > 0), then X~in W(a) (i.e., Fy(x)=e™",
0 <x <oo,a>0).

(i) if -log X~ Gum(a), then X ~ Wei(x), (i.e., Fy(x) =
l1—e™,0<x < o00,a>0).

(i) if Y = log X ~exp(a) (e, Fy() =1—-e",0<y<
00,00 > 0), then X~ Par(a), (i.e., Fy(x)=1-—x7%
I <x <o0,a>0).

(iv) if -log X ~ exp(a),then X ~ pow(a), (i.e., Fy(x) = x%,
0<x<1,0a>0).

W) if Y = logX ~ genexp(a) (i.e.Fy(y)=[1—-(m+1)
e’“y]ﬁ,i log(m+1) <y<oo,a>0), then X~ gen-

Par(@) (e, Fy(x)=[1— (m+ Dx= (m+ 1) <
x < oco,00 > 0).

(vi) if -log X ~ genexp(x), tlhen X~ genpowgoc) (i.e.,
Fy(x)=1—=[1=(m+ Dx*]"7,0 <x < (m+ 1)*,0 > 0).

2. Characterizing results

Theorem 2.1. Let X (s,n,m,k) be the s™ m-dgos from a sample
of size n drawn from a continuous population with the pdf f(x)
and the df F(x), then for 1 <r < s<n,

X (r+j,n,mk) 4 X (s,n,m,k) + Yy pjsr, j=0,1, (2.1)

where Y,_,_j.c_; is the (s — r — j)th order statistic from a sam-
ple of size (s — 1) drawn from exp(a) distribution and is inde-
pendent of X' (s,n,m,k) if and only if X;~ genexp(w) and

X2 Y denotes that X and Y have the same df.

Proof. To prove the necessary part, let the moment generating
function  (mgf) of X*(r,n,m,k) be MX?-) (1), then

X*(r,n,m, k) ‘ziX”‘(s,n,m,k) + Y, implies that
My, (1) = My, (1) - My(1).

Since for the genexp(a) distribution, we have

M _ Crfl 1 F(l’ B é)r(m’-;—l)
x, (1) = Y L T(p Lty oy’
(r )! (m+1)" ( P m+1)
Therefore,
M) = My, (1) (s) I(r—%)
nee My, () T(r)I(s—%)

But this is the mgf of Y,_,., |, which is the (s — r)’h order sta-
tistic from a sample of size (s — 1) drawn from exp(x).
To prove the sufficiency part, we have for s > r + 1,

f;\’*(r,n.m,k) (X) = / fX* (s,,m.k) (y) '.fy\-ﬂ-,\-f] (X - y)dy
0

a(s — 1)! )
— oa(x—y 1
(r—l)!(s—r—l)!/o e
- e—oz(,\‘—y)]ﬂ*f*] X f/\’* (s,n,m k) (y)dy
Differentiate both the sides of (2.2) w.r.t. x, to get

d
Ef/\” (r,nm.k) (.X') =ar [f/\” (r+1,n,m,k) (-X) _](‘Xx (r,nm.k) (X)]

or, ,fX*(l‘,n.,m,k) (X) = ar I:FX*(rJrl,n,m‘k) (-X) - FX* (r,nm.k) (-X)]
Now, since (Ahsanullah [1])

F(x)
[FX*(r+l‘n,mJ<) (x) - FX*(r‘n‘m‘k) (x)} = y"+lf(x)fX*(r+l,n4ch) (X)
Therefore, we have W = o, which implies that

F(x) = [1 — (m + 1)e~*]#1. Hence the proof. [J

Remark 2.1. Let X,., be the rth order statistic from a sample of
size n drawn from a continuous population with the pdf f(x)
and the df F(x), then for 1 <r < s<n,
A/sfj:n é Xr:n + Xsfrsznfr: J = 07 17 (23)

where X,_,_;, , is independent of X,, if and only if
X ~ exp(a).



Characterization through distributional properties of dual generalized order statistics 213

This can be established by noting that order statistic appear
in the generalized order statistics (gos) model as well as in dual
generalized order statistics (dgos) model. Therefore at m = 0,
(2.1) may be written as

d .
Xn—r—jJrlzn = n—s+1lmn + Xs—r—j:s—h J= 07 l; 1 < r<s < n,
which implies
1 .
Xv—j:n = A/l':n + Xv—r—j:n—m J= 0, 17 1 g r<s g n,

obtained by replacing (n —s + 1) by rand (n — r + 1) by s as
given by Khan and Shah [7].

Remark 2.2. Alzaid and Ahsanullah [2] have proved that

Xr:n é r—1mn + V

where V' ~ exp(n —r + 1) if and only if' X| ~ exp (1).
Remark 2.3. Castafio-Martinez ef al. [S] have shown that

Xon = X+ V
where V£ — log W with W~ Be(n — s + 1,5 — r) if and only if
X1 ~exp(l).

Remark 2.4. As m — — 1, genexp(x) tends to the Gum(x) and
X'(r,n,mk)to X L(r)» the rth lower records. Therefore, we have

d .
XL(r+j) :XL(.)') + Yo, j=0,1; 1<r<s,

where Y,_,_;,_ is the (s — r a/‘)m order statistic from a sam-
ple of size (s — 1) drawn from exp(x) distribution and is inde-
pendent of X, if and only if X, ~ Gum(x), as obtained by
Khan and Shah [7].

Remark 2.5. Alzaid and Ahsanullah [2] have shown that

Xr iXL(r+1) +V
where V ~ exp(r) if and only if X; ~ Gum(1).
Corollary 2.1. Let X*(S,n,m,k) be the s’/'m-dgosfrom a sample

of size n drawn from a continuous population with the pdf f(x)
and the df F(x), then for 1 <r < s<n,

X(r+j,n,mk) 4 X (s,n,m,k)- Y5, s, j=0,1, (2.4)

where Y_,_ ;.. is the (s — r — j)th order statistic from a sam-
ple of size (s — 1) drawn from Par(o) distribution and is inde-
pendent of X (s,nm k) if and only if X; ~ genPar(a,).

Proof. Here the product X'(s,n,m,k)- Yoo js—1 in (2.4) is
called random dilation of X*(s,n,m,k) (Beutner and Kamps
[3]). Note that if

log X*(r,n,m, k) L log X*(s,n,m, k) +log Y, .

then

X (r,n,m, k) éX*(s,n,m, k) Yy o

in view of Remarks 1.1 and 1.2 and the result follows. [

Remark 2.6. In case of ordinary order statistics, i.e., at m = 0,
we have

d
Xv—j:n =Xy - XS‘—I'—j:I1—I'7

J=0,1; 1<r<s<n,

where X, ,_;,_, is independent of X,, if and only if
X, ~ Par(e), as obtained by Castafio-Martinez et al. [5] and
Khan and Shah Imtiyaz [7].

Remark 2.7. As m — — 1, we get

d .
XL(»’+1’) :XL(S) ) str'ff:sfh J= 07 17 1 <r< S,

where Y,_,_;_ is the (s — r — j)th order statistic from a sam-
ple of size (s — 1) drawn from the Par(x) distribution and is
independent of X, the sth lower records if and only if

X1~ inW(a).

Corollary 2.2. Let X(s,n,m,k) be the sth m-gos from a sample
of size n drawn from a continuous population with the pdf f(x)
and the df F(x), then for 1 <r < s<n,

X(r+jynymy k) L X(s,m,m, k) - Yeapt,  j=0,1, (2.5)
where Y, .y is the (1 + j )" order statistic from a sample of
size (s — 1) drawn from pow(a) distribution and is independent

of X(s,n,m,k) if and only if X; ~ genpow(o).

Proof. Here the product X(s,n,m,k) - Y, in (2.5) is called
random contraction of X(s — j,n,m,k) (Beutner and Kamps
[3]). Since

—log X*(r,n,m, k) L _ log X*(s,n,m, k) —log Y, .,
implies

X(ryn,m k) 4X(s,n,m,k) <Y

in view of Remarks 1.1 and 1.2 and the result follows. [

Remark 2.8. Beutner and Kamps [3] have shown that for adja-
cent generalized order statistics

X(r,n,m, k) L X(r+1,n,mk) -V

where V' ~ pow(ra) if and only if X1 ~ genpow(e).

Remark 2.9. We can get the corresponding characterizing
results for the order statistics at m = 0 as:

Let X,., be the ™ order statistic from a sample of size n
drawn from continuous population with the pdf f(x) and the df
F(x), then for 1 <r < s<n,

d .
Xr+]':n = X&:n . Xr+j:s—|7 J= 07 17

where X, ; is independent of X, if and only if
X1 ~ pow(a), as given by Khan and Shah [7].

For adjacent order statistics one may also refer to Ahsa-
nullah [1] and Wesolowski and Ahsanullah [§].

Remark 2.10. The corresponding result for the lower records
asm— — lis:
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Let Xy be the sth upper record from a continuous
population with the pdf f(x) and the df F(x), then

d .
XU(H—j) :XU(s) . Yr‘+/':.v—l7 J= 07 171 <r<s,

where Y, ;,_; is the (r + j)th order statistic from a sample of
size (s — 1) drawn from pow(«) distribution and is independent
of Xy if and only if' X| ~ Wei(x), as obtained by Khan and
Shah [7].
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