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In this paper, we shall characterize mixture of two components of exponentiated family
of distributions based on recurrence relations for moment and conditional moment generating func-
tions of generalized order statistics. Results for ordinary order statistics and upper kth record values
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1. Introduction

The concept of the generalized order statistics (gOSs) is a math-
ematical generalization of all ordered data such as, ordinary or-
der statistics (00Ss), ordinary record values (0RVs), sequential
order statistics and ordering via truncated distributions can be
discussed as they are special cases of the gOSs. This concept
had been introduced by Kamps [1,2]. Keseling [3] characterized
some continuous distributions based on conditional distribu-
tions of gOSs. Characterization of the exponential distribution
based on independence of functions of gOSs and estimation of
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its parameters have been introduced by Ahsanullah [4].
Recurrence relations for moments of gOSs within a class of dou-
bly truncated distributions have been derived by Ahmad and
Fawzy [5]. AL-Hussaini et al. [6] obtained recurrence relations
for moment and conditional moment generating functions of
gOSs based on mixed distribution. Mahmoud and Ghazal
[7,8] derived recurrence relations for moments, conditional mo-
ment generating functions and product moments of gOSs based
on exponentiated family of distributions and doubly truncated
exponentiated family of distributions. Many authors Abdel-
Hamid and AL-Hussaini [9] and AL-Hussaini [10] studied
specified exponentiated distributions from other points of view.
A mixture cumulative distribution function (cdf) of two
components F(x) and F>(x), is given, for 0 < p < 1, by

F(x) = p Fi(x) + (1= p) F(x). (1.1)

If for i = 1, 2, Fi(x) belongs to exponentiated family of distri-
butions, that is,

F(x)=(1—e’™)% x>0, (1.2)
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where A(x) is a non-negative, continuous, monotone increas-
ing, differentiable function of x such that A(x) >0 as
x— 07", A(x) = oo as x = oo and the parameters 0; > 0.

The finite mixture probability density function (pdf) is gi-
ven by

Sx)=p fi(x) + (1 =p) f(x), (1.3)

where

Fi) = 0(x) ) [1 = e,

Using (1.1) and (1.2), then a mixture cdf F(x) of such two
components may be written as

Fx)=p (1= )" 4 (1= p) (1 =)™

We need to prove the following lemma.

i=1,2.

(1.4)

Lemma 1. Let X be a mixed random variable which has a cdf
F(x) with F(x) being twice differentiable at x > 0 and
0 < F(x) < 1. Then the random variable X has the cdf (1.4)
iff for distinct positive constants 0; and 0,, the differential
equation

(1—¢) F(x)
A (x)

[a — ) F(x)}’u <) (0, + )

2(x) 2 (x)

+91(‘)2 7’(x)—9102:0, (]5)
is satisfied, where F(x) = 1 — F(x).

Proof. The necessary part is obvious. For sufficiency, we need
to solve the differential Eq. (1.5). Eq. (1.5) can be rewritten as

(1 - ') F(x)

(1 — &) [(1 — ') F(x)}, + (0, + 0,)

2 (x) 2 (x) 2 (x)
+ 0,0, F(x) =0. (1.6)
Put z = 1 — ¢ *¥, then (1.6) reduces to
dF[V (In(+ dF[27" (In(+
S ] 1 g A )
+ 6,6, F[i"(ln(liz>>} =0. (1.7)
Setting z = ¢, then (1.7) reduces to
dF[ (In( dF [ (In(
D] g, 971 )
+ 0,0 F[A’l<ln(1iel))} =0. (1.8)

The general solution of (1.8) is

1
F{}”il (ln(m))] =p " +py e

or equivalently,
F(x)=p,(1 - e—/l(x))(h (1 — e*/l(x))027

where p; + p,=1. O

S (X) =

2. Characterizations of finite mixtures based on recurrence
relations of moment generating functions of gOSs

Let X1.meks Xommekes - - - » X b€ 1 gOSs from the pdf (1.3),
(m and k are real numbers, n > 1 and k > 1). The pdf of
Xmetes 1 <7 <, is given by Kamps [1] as follows:

C,

o PO g (),

where y is the domain on which fy,,  (x) is positive,

X €y, (2.1)
Co=]Im n=k+m-im+1),
i1

and for z € (0,1),

[=(1=z)""]
gm(z) =9 b
—In(1 —z),

m #— 1,

m=—1.

Theorem 2.1. Let X be a random variable, r = 1, m and k be
real numbers such thatm = — 1,k > 1. Then for integers a such

that a = 1, the following recurrence relation is satisfied iff X has
the cdf (1.4)

Mi?;m;/c (t) - Mr('(i)lzn;m;k(l)

at(0y +0,) | X € Kk (1 — @ Krman) )
= E ; _
6192’\/’, A (Xr;n;m;k)

a t(yr - 1) E Xf:;:Im;k H()(;A;mm;k) e X::n:m:k(l — 37‘(/\'1:11:”1;/\))2
9102% ;v/ Z(Xr;n:m;k)

_at Xf;;:lrmk P — (1- e Xrmmik ) /(1 _ efl(X,-:n.m:k))
0,0y, 2 (Xmmik) s (Xrmmse)

_ at E Xv:tll;n:m;/c H(A/r—l:,n:m;k)el X;Ll:”:m:k(l - e/i(X’;lW”'k))z
91 62 /l, 2(er—l:n;rn:k)

’ 2.2
’yr Cr7 1 H( X‘;nf 1 ;m:k+m) ( )

where Co=1Ilyini=n—1=k+m+@n-1-1i
(m+1)," =+ and H(x) = f(x)/F(x).

X! R -
+ at Cr—l rin—Lim;k+m e rumh
b

Proof. If X has the cdf (1.4), from (2.1) we have

My (1) = Ele' Fomt] = (fj)! / T g
C"*l = 1 x? r—1 I Tr
< (P) e =ttt [ e g () d-[FP)

(2.3)

Integrating by parts, we obtain

a at C"*l = a—1 _t x* 1o T o1
M) =2 [T e ey g (10 as

o [ R ) ()
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The second term in the right hand side is M,(,‘i)l:n;m:k(t), SO we
obtain
(a) (a) o at Cr'fl T)O a—1 1 X 7
Mr;n:m:k(t) - Ml‘*l:n;m;k(t) - W /0 X e [F('X)]
x g, (F(x)) dx, (2:5)

which can be written as

@ B @ B at Cl‘*] /'>o xafl o' x4

Mr;n:m:k(t) Ml‘*l:n;m;k(t) - ’/r(" _ 1)' o )/(X)
x [F)]"™" g, (F()) {2 (x)F(x)} dx. (2.6)
Making use of (1.5) in (2.6) yields

(a) @ o atCy /oc el p—1
Mr;n:m;k (t) Mr—l:n;m:k(t) - 01 92%(1’ _ 1)' o )'/ (X) [F(X)]
g (F(x)) x {(91 +02)(1—&") f(x) + 0,0, (x)

+[(1‘3(W}(1 —e;'(x))} dx.

A (x)
Then
Mz(jn):m;k(t) - M:('(i)l;n;m;k(t) =h+L+1 (2.7)

where

a t(@l + 02) Cr—l /‘6C
I =
0

91 62 'yr(}’— 1)'

a1 ol X (] — pAN)Y) 0, —
;/((x) L Fp ! ) g (FO) d
L at(0+0y) X0 e Tk (1 — )

E

0,05 7, ;“/(X';'tzm;lc)

atCo_y [ xle ™ _ B ) o~ (F(x)) dic
b=t [ R ) £ () 4

- X
atC. {X;Mmﬂme ./]

Vr C* H(Xr:nfl;m:ker)

r—1

where C;_ | =[[_\v,vi=p—1=(k+m)+n—-1-1i)(m+1).

= at C,A,l /OC
010y, (r—1)1 J

xa— 1 ot ,\"’(1 _ el(x)) o

Y ¢ N ) g (Flx) d| S Y
S R g oy ] 5 )
Integrating by parts, gives

I=hL-L—1s (2.8)
where
at(y,—1) Cy /00
L=——" 7=
0,0, y.(r— 1D Jy
xa—l H(x) e, x[/(l
j./ Z(X)
|:Xal H(Xr:n;m;k) e’ Xk (1

_ @/i(x))2

[Fx))"" flx) g, (F(x)) dx

— M Xrmi) )2:|

_at(y,—1)
0,0, y,

ik
/l, : (Xr:n:m;k)

__atCy * [xal ¢! ¥ (1 — )] (1 — &)
L= 0,02y, (r — 1)! /0 { 2 (x) } 7
x [Fx)]"" flx) g, ' (F(x)) dx

X‘y';;;”:k e X?:ﬂ:m:k(l _ e?»()(r.n;n1.k)) ! (1 _ e/l(Xr.u:m.k))
j-/(A/r;n:m;/c) j'/(/‘/r:n;m:k)

at(r—1) C._, /"‘ XV H(x) e (1 - e)'("))2
0 7300
[F0)]" 7 f(x) g, > (F(x)) dx
X e HX ) € 7t (1 — @20t )2
22X k) } 7

where H(x) = f(x)/F(x). Substituting I}, I, and I in (2.7), we
obtain (2.2).

Conversely, if the characterizing Condition (2.2) holds, then
from (2.7) and (2.8), we have

M(a)

rnzmsk

ORT

=1Lk

([):Il+12+13714715. (29)

I; can be written as

atCry ©xle (1 =)
- .
? 9192%(771)!/0 Y g (F(x))

A(x)
(1—¢"9) flx)
) { 7(x)

Upon integrating by parts, we obtain

J-Feor

L=1+ s+ I, (2.10)

where

s atC, 00 ya—l ot x“(l _ eZ(X)) o
‘ ) s

- 9102'}),4(1‘ —1 ;L/(X) Em (F(X))
(1— ™) fx) I -
X {T] F(x)] dx.

Substituting (2.10) in (2.8), we obtain

Mﬁj?:m:k(t) - M(u)

r'—l;n;m;k([) =hL+5L+1I. (211)

Eq. (2.11) can be written as follows
at Crfl /oo 1t X =1 —1
— x4 eV F(x)|]" g (F(x)) dx
e PP g (F)

= 1 [(1 —e‘(”)f(x) ’(1 _ei,(x))
X {F(k) ~ D |: /«L/(x) :| ;v/(x)

01+ 0, (1 — ') f(x) _
_ 0.0 ),'(x) — 1} dx = 0.

Applying the extension of Miintz—Szasz theorem [11], we ob-
tain the differential equation

(1—¢™) F(x)
A (x)

{(1 — &) f’(x)] (1 — ') + (0, + 65)

7(x) 7 (x)
+ 0|02 F(X) — 0102 =0.
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This is condition (1.5) in Lemma 1 which has the solution

F(x) = p(1 = e )" + (1= p)(1 = 79)". O

Remark 2.1. By differentiating both sides of (2.2) with respect
to ¢ and then setting = 0, we obtain

(a) (01 + 02) E X;’nlnk(l - e/:(Xmm:A))
”L;n;m g Mo R k= 91 92%- /II(XR":m:k)
(’VI — 1) E an :nk H(Xr:n;m;k) (1 - BZ(X"”””:"))Z
9 92 Vr /1/ 2(Xr;n;m:/c)
_ a E erln S k(l - g’(Xr ik ) (l — g/l(Xr:n:rn.k))
01 02% )vl (Xr:n:m;k) )»l (Xr;n;m:k)
a Xf:ll;n;m;k H(Xr Limym;, k) (l - e/l(X,,lb,,:,,,:,‘))Z
0192 )/2( r— InmA)
+ a G Xf; 1;mik+m (2 12)
T C:f—] H(A/r:nfl;m;/wrm) ’

Where 'uif:z:m:k = E[X:,;n;m:k]'
Remark 2.2. If we putm = 0and k = 1in (2.2) and (2.12), we
obtain the recurrence relations of 0OSs, in the form

a [(0| + 02)

M(a) _ M(ﬂ) —
(l) r—l:n(t) 9102(’1 —r+ 1)

rn

X?;;l e Xf:,,(l _ e/;(x,.:,,))
)‘ ( ln)

E[Xa VH(X,,) e S (1 — ei(Xm))Z]

atin—r) o
2 (X)

0,0:(n—r+1)

_ at
9102(1’! —r+ 1)

Xﬁ;l o X’,f:,,(l _ e/'»(Xr.n)) (1 — oM X ,,))
)“,(Xr':n) )'I(Xr:n)

— LIE Xn Lin H()(r—l;n) ¢ X:L]m(l B e;-(Xr?]m)f
0,0, y 2(Xr_lz,,)
arn Emlle (2.13)
e B ) '

(@) _ _ a0, +0,) X (1 - o)
e — :ur—l:n 0102(n—r+l) ;v/(Xr;,l)
+ a(n—r) XCVH(X,,) (1 - 0m)?
Sila—r+1) 720

a

P X (1= )] (1 = )
010 (n—r+1) T (Xe) A (Xp)

¢ X HX, ) (1)
- FE 212
0102 A (Xr—lzn)

+(n—r)(n—r+l)

|
(2.14)

Remark 2.3. If we put m = —1 in (2.2) and (2.12), upper kth
Rvs, we have

(@ @ =90 +0)
MU(;—). k(1) = MU(")~ «(0) T k0,0,
. X%l). e X E(1 — " Xun. ) L Hk—1)
2 (Xu, x) k 6,0,

x E

Xioh 1 H(Xug.x) ¢ 100 (1 /000 )2
22 (X, ) }
ar { |:Xzz(’l ¢ ¥t 1 (1 — et k)):| ! (1 — o A))}
k 0,0, A (XU(,), k) )f(XU(,)? )
a_tE [X[llf(rll), k H(Xb’(rfl), k) e —eten k))z}

(XUn), k (1

B 9162 )v/Z(XU(r,l)'k)
X“—l . 6" X‘zl,'(y), k-1
4L p|fuk . (2.15)
k(1—k") H(Xug), k-1)
" a(0, +0) [ Ko, 1 (1= €0 0)
u ue kT T 0,0, v (X,
_ xo !l H Xy 1 — X
n alk—1) E|2ue. & ( /UZ K)(
k 0,0, A2 (X, x)
(1—- M Xu

XHT]
- a E U(r), f(/
k 0162 A

1
a |:X %’( r—1),

), k)) ! (] /(Xl )
(Xue, «) X (Xuw), /()
w HX g, 1) (1 — eHXven, J)Z}

0,0,

X 2(XU(;~71), )
Xoh
E U(r), k—1 7
H(Xy), k-1)

where Xy,  is the upper kth record values.

a

+
k(1 -k

(2.16)

3. Characterizations of finite mixtures based on recurrence
relations for conditional moment generating functions of gOSs

Theorem 3.1. Let X be a random variable, r, s be two integers
such that 1 <r<s<n, m and k be real numbers such that
mz>=—1, k> 1. Then for integers a such that a > 1, the
following recurrence relation is satisfied iff X has the cdf (1.4)

at (0 1+0, )
MX[\-[.n;m e K (t|y) B MX'\Ll.n:m.A X (Z‘y) - W

XEXTHIMe sk (1 — e Cxsmm)) y}

at(y,—1
CLIO )

X: ik —
/L (x.v:n;m:k) ‘ e 9192%

a R
S (] — X xsumi) )2

XU H(Xgpm) €
( K8 1.1\) ) |Xr;n;m;k =y

synymzk
/v 2 (x.r:n:m;k)

at E|: |:x§,:":}”:k ¢ Xk (1 _ e;.(-Y.s.rl.rzy.k)):| (1 _ é’ Xy ,7A))

B 0] 92"/3 ;LI (x.\';n;m:k) /“ (xs;n;m:k)

X E

|X':n;m:k = y:|

— Mo tmmik) )2

a—1 Xy ‘
at E|:".‘s’]:n:m:k H(XY 1’“’”/\)6 o bk (1

~ D Xemk =Y
” (X‘ lnmA) | ik J/:|

9]92

T (\7re~ -1 1 x4
n at Cs—l C;:] [F,l(x)]"‘*' Tr+l X?:nfl;m:ker e “sn—limk+m
*
Vs C"*] Csfl H(Xs:nfl:mzlﬁ»m)

‘Xr;n;m;k _y:| .

(3.1)

It easy to prove this theorem in the same manner of Theorem 2.1
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Remark 3.1. By differentiating both sides of (3.1) with respect
to ¢ and then setting ¢ = 0, we obtain the following recurrence
relation for moments of gOSs

a(01 + 62)
0101y,

a(ys 7 1)
0,0,y,

E|:Xvnmk|X’”mk_y:|_E|:X€ lnmk‘X’”"’k y:|:
X?:;lmk(li
)b( xnmk)

X HX ) (1 = &)
/1/ 2 (Xv;n:m;k)

a E|:|:lelnmk(lel(X”m'k ):| (l—e uzml))

M Xmmik) )
x E

|Xr:n:m:k =y +

x E |X‘:n:m;k = y:|

- ) )(l':n;m: :}’
9102))5 /L/(X.y;n;m;k) ;"/(Xs:n;m;k) ‘ g :|

X?:ll:n:m;k H(Xﬁf 1 ;n:m;k)(l - € ) )2
j'/ 2(Xy—l:n;m:k)

—1
|: Xz;n—l;m:kﬂn

H(Xv;nflzm;k%m)

a
— F
*o.0,

|A/r:n:m;k = y:|

_aCo G [Fa(o)) 7
Vs C)*l CS,

‘)(i‘;n;m;k = y:| .
(3.2)

Remark 4.2. If we put m = 0 and &k = 1 in (3.1) and (3.2), we
obtain

at(0,+0
M (10) =M. g 00) =5
£ X o X (1 — Xen)) . at(n—s)
X AI(XS:”) | rm =Y +m

— M2

Xy, H(X,,) e ¥ (1
E|l— : | X =y

a(91+92)
X=y| —E|X? X =yl = "7
[ X Xr } [ st X y] 0,0,(n—s+1)
x5, (1= ) a(n—s)
E sin X,,,,,: S
x Ty X = g s+
(X! H(X,.,) (1 — eXm))?
x E Gl ( /2)( ¢ ) ‘Xr:n:y —#
L A (Xr;n) 9162(7’1—S+1)
- X,{_l(l_ei()ﬁm)) '(lie;h(X,g;,,))
E sin Xr.n:
. |: j',()(S;Vl) i’(Xv:n) | ’ y
XL H(X, )1 — Koot 2
4| A /21 A Xy =y
0,0, A (Xyo1n)
a(n—r) o
+ —— E ' Xow=y]|. 3.4
(n—s)(n—s+1)Fy(x) Hﬂhqﬂ‘ y} (3.4)

Remark 4.3. If we put m = —1 in (3.1) and (3.2), can be
deduced

a [(0] +02)

M"’(Zm WXu, & (ty) - MXZ‘(.&—I). JXue, k (tly)= 0,0,
X5k e Ml 1k (1= Mo, i)) at(k—1
x | ZU0:LE | Xk =y +¥
2 (XU(,\'). ) k 0,0,

_e/l(XL,(‘>.A))2

(Xum K)ol
72

=
27 (X, 1)

| Xug), k= }}

;»,/2 Xs-n X7 ;
e ; _ar X e (o) (1= D X k=
at . X‘:n] X, (1— 0y (1 —e’-V(X»*-”)) X = k 0,0, 2 (Xue), k) X (Xu), k) u(n),
00, (n—s+1) 7(X.) TXy) T . : .
' at . X, o HX o, )€’ oo i (1 — e/ Xueen )2 X
- . AKX 1))2 -— ), k=
_atp X, H(X ) € 5 (1 — "X X, =» 0,0, 2 Xy, 1) k=t
0,0, J (X 1)
a,(l_k—l)r Xu7(>k le Lm
=1 X, E Xuw e =] 3.5
ain=r) e (3.3) k(1=K Y F(x) " | HXu, 1) o= (3:3)
(n—s)(n—s+1Fy(x) | HXy1) 7F '
Table 1 Examples of (1.4) distributions.
Distribution F(x)
Mixture of two exponentiated Weibull p(L =) 1 (1= p)(1 — ey
Mx) = axf, x, o, p>0
Mixture of two exponentiated exponential p(1— e‘”)g‘ + (1 =p)(1— e‘“‘"‘)g2
Mx) =ox, x,0>0
Mixture of two exponentiated Rayleigh p(1— e =)0 4 (1= p)(1 — =)
Ax) =ox’, x,0>0

Mixture of two exponentiated Pareto

Mixture of two exponentiated Gamma

Mixture of two exponentiated Beta
A(x)

Mixture of two exponentiated Power function

p(1=(14x)7)"
Mx) = aln(l + x),
*(1+x))"
Mx) = x — ln(lﬁ+ X),
p(l —(1 —x)%> 1
=3 In(5),
=) + (1= p)(1 - (1-x)%)"
Mx) = —o In(1 — x),

p(l—e”

p(1=(1

+(1=p=(1+x)7)"
x, o0 >0

+ (1 =p)(1 —e>(1+x))"

x>0

+u—m@ u_@)

O0<x<l,a>0

0>

0>x>1,a>0
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E[X’im‘ [ Xve), x =y] - E[X?zg\q), [ Xve), k =y]

_al0+0) X (1 =0 D)
k 0,0, I X (Xu), x) uer), k=Y
a(k—1) _[X5d  HXug, 1) (1= Feo0)? -
k 01 02 A/ Z(XU(.\'), k) U(r), k =y
(Xl (1= Xuw )] (] — oo o)
a ; E o k’( ) ( o7 ¢ ) |XU(r). k=Y
k 0,0, L 2 (Xuvs), ) A (X, k) ’
__4a XZ&.J—I), x H(X g, ) (1= Xven )2 Be .
0102 1/2(XU(.\'—])_/() U(r), k
a(l—k1) Xoltb oo
( —1 S_) E oo ke |XU(r)‘k:y .
k(l —k ) Fy(x) H(XU(S), k-1)
(3.6)

The previous table gives some distributions with proper
choice of A(x) as examples on Theorems 2.1, 3.1 (see
Table 1).

4. Conclusions

In this paper we succeeded to characterize a finite mixtures of
two components of exponentiated family of distributions
based on recurrence relations for moment and conditional mo-
ment generating functions of generalized order statistics. Re-
sults for ordinary order statistics and kth record values are
obtained as special cases.
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