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In this paper, the random finite difference method with three points is used in solving
random partial differential equations problems mainly: random parabolic, elliptic and hyperbolic
partial differential equations. The conditions of the mean square convergence of the numerical solu-
tions are studied. The numerical solutions are computed through some numerical case studies.
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1. Introduction

Random partial differential equations (RPDEs) are defined as
partial differential equations involving random inputs which
may be a random variable or a stochastic process. In recent
years, some of the main numerical methods for solving stochas-
tic partial differential equations (SPDEs), like finite difference
and finite element schemes, have been considered [1-8]. Various
numerical methods and approximation schemes for RPDEs and
ordinary differential equations have also been developed, ana-
lyzed, and tested (see [9-19]). This paper solves some RPDEs
in mean square sense using random finite difference scheme.
Mean square consistency of the random difference scheme for
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(RPDE) is established. Sufficient conditions for the mean
square stability of the proposed numerical solution are given.

This paper is organized as follows. In Section 2, some impor-
tant preliminaries are discussed. In Section 3, the random para-
bolic partial differential equation is discussed. Section 4
discusses the random elliptic partial differential equation. In
Section 5, the random hyperbolic partial differential equation
is discussed. Section 6 presents some new results. Section 7 pre-
sents the solution of some numerical examples in random partial
differential equations using random finite difference method.
The general conclusions are presented in the end section.

2. Preliminaries

2.1. Mean square calculus

Definition 1 [16]. Let us consider the properties of a class of
real r.v.’s

X1, Xi2, ooy Xo1, Xo0, ooy Xoks - .. Whose second moments,
E{X},}, E{X},}, ..., E{X%}, ... are finite. In this case,
they are called “‘second order random variables”, (2.r.v’s).
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Definition 2 [16]. The linear vector space of second order ran-
dom variables with inner product, norm and distance, is called
an L,-space. A s.p. {X(¢), t € T} is called a “second order sto-
chastic process” (2.s.p) if for t, 5, ..., t,, the r.v’s {X(¢)),
X(t), ..., X(t,)} are elements of L,-space. A second order
s.p. {X(¢), t € T} is characterized by

IX(0)|* = E{X*(1)} <00, t€T

2.1.1. The convergence in mean square [16]
A sequence of r.v’s {X,x, n, kK > o} converges in mean square
(m.s) to a random variable X if:

Lty oo || Xk — X|| =0 ie. XS X OF Lity oo Xpp =X

where l.i.m is the limit in mean square sense.
3. Random parabolic partial differential equation

This section of the paper is interested in studying the following
random parabolic differential problem of the form:

u(x,1) = Puy(x,1), tel0,7], xel0,X]

u(x,0) =up(x), x€1l0,X] (3.1)
u(0,1) =u(X,t) =0

Randomness may exist in the initial condition, in the differen-
tial equation it self or in the boundary conditions. The random

finite difference method is used to obtain an approximate solu-
tion for problem (3.1).

3.1. Random Finite Difference Scheme (RFDS)

In this section, we extend one kind of the finite difference

methods to random case in order to approximate random par-

abolic differential equations of the form:

u(x,1) = Puyc(x,1), B(random variable), r€[0,7], x€[0,X] (3.2)

u(x,0) =uo(x), x€0,X]

u(0,t)=u(X,r)=0

For difference method, consider a uniform mesh with step size

Ax and At on x-axis and #-axis. Let u] approximates u(x,?) at

point (kAx, nAr). Hence u) = uy(kAx). On this mesh, we have:

(x, 1+ A1) — u(x,1)
At

u(x,1) = u Then u,(kAx,nAt)

n+1 n
U T

Y

) r (n+1)At
E|(L®); — Li®|" =E|-p )
nAt

r (n+1)At At
=E —/ﬁ{/ &, (kAx,s)ds —

1At Ax?

At Ax?

KAt

&, (kAx, s)ds + /5% (P((k + 1)Ax,nAt) — 2@ (kAx,nAt) + &((k — 1)Ax, nAt))]
(®((k + 1)Ax,nAt) — 20 (kAx,nAt) + @((k — 1)Ax, nAt))”

) (n+1)At At
—E|p { / . (kAx, s)ds — -~ (@((k + 1)Ax, nA1) — 20 (kAx, nAl) + B((k — I)Ax,nAt))}

i (n+1)As 2 (n+1)A1
—E|p U @, (kAx, s)ds} —2p K/
L nAt nAt

Similarly:

u(x + Ax, t) — 2u(x, t) + u(x — Ax, t)
uxx(x, l) = =

L ] N

Then u,, (kAx,nAt) =~ %A—w
Hence for (3.1):
it =g B — 20+ ) (3.5)
ug = uo(x)
oot 3.7

0 X

where r = AL

T A
The above scheme is a random version of (3.5)—(3.7). For a

RPDE, say: Lv = G, where L is a differential operator and
G € L*(R). In the other hand, we represent finite difference
scheme at the point (kAx, nAf) by Liuj = G}.

The above random difference scheme (3.5) can be written in
the form:

uptt = (1= 2rB)ud} + rB(uly, + uj_y).
3.2. Consistency of RFDS

Definition 3 (/7-19). A random difference scheme Lju} = GY
approximating RPDE Lv = G is consistent in mean square at
time ¢ = (n + 1)At, if fo r any continuously differentiable
function ® = ®(x, ), we have in mean square:

E|(L® - G)} — (L d(kAx,nAr) — GI)|* — 0

As Ax—0, Ar—0 and (kAx,nAtr)— (x,1)

Theorem 3.1. The random difference scheme (3.5)—(3.7) is con-
sistent in mean square sense

as Ax—0, Ar—0, E(f)—0 and (kAx,nAr)— (x,1)

Proof. Assume that ®(x,¢) is a smooth function then:
~(n+1)At

L(®)|; = ®(kAx,(n+1)Ar) — d(kAx,nAt) — ﬁ/ &, (kAx,s)ds
nAt

and

L} ® = &(kAx, (n+ 1)At) — ®(kAx,nAt) — r(P((k + 1)Ax, nAt)
—20(kAx,nAt) + O((k — 1)Ax, nAt)).

Then we have

2
2

2

2
. (kAx, s)ds) (% (@((k + 1)Ax, nAt) — 20(kAx, nAr)
X

+®((k — 1)Ax, nAr)))] + {— (®(k + 1)Ax,nAt) — 2&(kAx,nAr) + ®((k — 1)Ax, nAz)] }

K AX2
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If (kAx, nAt)—>(x ) and Ax, At, E(f) > 0 then E| L)}
(L P(kAx, nAt))| —0

Hence the random difference scheme (3.5)—(3.7) is consis-
tent in mean square sense. [

3.3. Stability of RFDS

Definition 4 (/7-19). A random difference scheme is stable in
mean square if there exist some positive constants ¢,J and
constants k, b such that:

E}u}:“ |2 < keb’E|uO|2

Forall 0<tr=(n+1)A100 < Ax<e¢ and 0<Ar<0.

Theorem 3.2. The random difference scheme (3.5)—(3.7) is stable
in mean square sense.

Proof. Since u/™ = (1 —28r)u} + rf(u},, +u}_,) then

E|“Z+1|2:E|(1 —ZV/?)MHV/?(“ZH +”7H)|2

= E[(1=20)" |2 +20rBllt =208l (1, + )|
(B 40,

= E(1=2B)° E[u|" +2ErB||1 = 2rBl E|u (.., +24; )]
+E(rB) Elul, |

= E(1=2rp) B[y | +2E]r||1 = 2rB|E[as; (s, )
|+ E)E, 1 [

Since:

E|X+Y)° <k(EIX]+ E|Y]"), k=

then we have

= E(1 = 2rB) E|u|” + 2E)rB||1 — 2rBIE[u u}..) + i,
+ E(rp)’E g+ |
E(1 = 2B Eu|* + 2E]rB)11
— 2rﬁ|(
+ 2E(p)” (Elut. [ + E

; (t)| + Eluad_, )
Uj_y |2>

E(1 =2rp) supAE}uk‘ +4E|rp||1 — 2r[3\supkE‘uk’
+ 4E(rp) sup, E|u; |’

since: | rfll 1 —2rfl =1rp@2rp — 1)| then
=E|l - 2rﬁ|zsupkE‘um2 + 4E|rp(2rp — 1)|supkE|qu|2
+ 4E|rﬁ\2supkE|uZ|2

From: “Jensen’s inequality”: | ECN) * < E( X ©), p=1 we

have

= E|l = 2rBPsup, E|uj | + 4E|rp(2rf — 1)|sup E|u; |
+ 4E|rp|’sup, E|u|
= |E(1 - 2rﬁ)|zsupkE‘uk| + 4|E[rB(2rf — 1)]|supy E|u;|
+ 4|E(r[3)\zsupkE
= [1E(1 = 20B)]| + 2| E(rp) [sup Elu
= [[1 = 2E(B)| + 2/ E(r) [ sup, E]|
E(rp) = rE(B) = 5 E(B) < 5 then
)= 1] = 2E(rp)| = 1 = 2|E(rp)|.

uk

Now, with: 0 <
[l —2E(rp
Finally, we get

Elu™'|” < sup,EGe)’

This holds for all &, and so, we have:

nt1|2

supy E ]! }2 << supkE|u2]2

2
n
U <

supkE|u < sup E

Then:
E|un+1 |2 < eO(/)E‘uo‘Z

where £k = 1 and b = 0, then the random difference scheme
(3.5)-(3.7) is stable in mean square sense with the condition

0< E(rp) =rE(B) =5 EB) <3 O

3.4. Convergence of RFDS

Definition 5 (/7-19). A random difference scheme Lju} = G}
approximating RPDE Ly = G is convergent in mean square at
time r = (n + 1)A, if:

E‘uz — u|2 —0

As Ax—0, Ar—0 and (kAx,nAtr)— (x,1)

3.4.1. A stochastic version of Lax—Richtmyer theorem [19]

A random difference scheme Lju} = G}, approximating SPDE
Lv = G is convergent in mean square at time t = (n + 1)A¢, if
it is consistent and stable.

Theorem 3.3. The random difference scheme (3.5)—(3.7) is
convergent in mean square sense

as Ax—0, Ar—0, E()—0 and (kAx,nAt)
— (x,1)
Proof.
2
Elu —ul’ = E[(L) " (Lju — Lw)|

Since the scheme is consistent then we have
m.s
L, — Liu.

Then we obtain E’Lkuk Liu 0 as Ax— 0, At—0,
E(f) — 0 and (kAx, nAt) = (x,1).

Since the scheme is stable then (L})~

! is bounded.
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Hence

Ell —u> >0 As Ax—0, Ar—0, E(B)— 0.

Then the random difference scheme (3.5)—(3.7) is convergent in
mean square sense. [J

4. Random elliptic partial differential equation

This section is interested in studying the following random
elliptic differential problem of the form:

u}'}'(x7 y) + ﬁuxA‘(x7 y) = 01
u(x,0) = up(x), u(x,m) = u,(x)

u(0,y) =uo(y), u(l,y) =u(y)

yeo,m, xel0,], f>0

(“.1)

Randomness may exist in the differential equation (it self), in
the initial conditions or in the boundary conditions. The ran-
dom finite difference method is used to obtain an approximate
solution for problem (4.1).

4.1. Random Finite Difference Scheme (RFDS)

In this section, we extend one kind of the finite difference
methods to random case in order to approximate random
elliptic differential equations of the form:

u)’)r’(xvy) + ﬁuxx(xvy) =0, ye [0,}’}/1},

x €10,/, P(random variable), f>0 4.2)
u(x,0) = ug(x), u(x,m) = u,(x) (4.3)
(0,}’) = uo(y)7 u(l7y) = ul(y) (44)

For the difference method, consider a uniform mesh with step
size Ax and Ay on x and y axes. u} will approximate u(x,y) at
point (kAx,nAy). Hence

u) = up(kAx), ' = u,(kAx),
uf = u(nAy).

ug = uo(nAy),

On this mesh, we have:

X+ Ax,y) — 2u(x,y) + u(x — Ax,y
) M A00) = 205 0) s )
ul, = 2ul +ujl
Th o kA A ~ k+1 k k—1
en u(kAx,nAy) Al
Similarly:
u(x,y+ Ay) — 2u(x,y) + u(x,y — Ay
) M) 205 ) sy )
n+l _ 21,{ + u
Then  uy,(kAx,nAy) = A—ylz

Hence for (4.2)

ut = (24 2rB)uy — ! *rﬁ(uﬁl +u271)7 y

e€[0,m], xe€l0,] (4.5)
u(x,0) = up(x), u(x,m) = u,(x) (4.6)
u(0,) = uo(y), ull,y) = w(y) (4.7)

2
where r = ﬁ -
X

The above scheme is a random version of (4.5)—(4.7).

It is possible to prove the consistency, stability and the con-
vergence of RFDS (4.5)—(4.7) according to Definitions 3-5 as
follows.

4.2. Consistency of RFDS (4.5)—(4.7)

Theorem 4.1. The random difference scheme (4.5)(4.7) is
consistent in mean square sense

as Ax—0, Ay—0, E(f)—0 and (kAx,nAy)

- (x,)

Proof. Assume that ®(x,y) be a smooth function then:

(n+1)Ay

k+1)Ax
L(@)[! = / @, (z.nAy)dz + B, (kAx, 5)ds

Ax nAy
and
L® = ®(kAx,(n+ 1)Ay) — 2&(kAx,nAy) + ®(kAx, (n — 1)Ay)
+r(®((k+ 1)Ax,nAy) — 2®(kAx,nAy)
+ &((k — 1)Ax,nAy)).

Then we have:

(k+1)Ax

E|(L®); — L] = E{ / ®,,(z,nAy)dz
k

Ax

(n+1)Ay
+ [
nAy

+2®(kAx,nAy) —

ﬁiﬁ“( @((k+1)Ax,nAy) -

+&((k— l)Ax,nAy))]

(k+1)Ax
= E[ {/ ®,,(z,nAy)dz
kAx
(n+1)Ay 2
+ [
nAy
»(k+1)Ax
2|
kAx
(n+1)Ay
+ [
nAy

—2@(kAx,nAy)+ @(kAx,(n—1)Ay)
+ﬁgiﬁ (@((k+1)Ax,nAy)
+&((k—1)Ax,nAy))
+[@(kAx,(n+1)Ay)

+ﬁ sz 2
(k- I)Ax,nAy))ﬂ

@, (kAx,s)ds — ®(kAx,(n+1)Ay)

@ (kAx,(n—1)Ay)

20(kAx,nAy)

pr,\‘ (kAX7S)dS:|
D, (z,nAy)dz

dixx(kAx,S)ds} [®(kAx,(n+1)Ay)

—2@(kAx,nAy)
—2®(kAx,nAy)

( ((k+1)Ax,nAy) —2®(kAx,nAy)

If (kAx, nAy)— (x,y) and Ax, Ay,
E|(L®); — (L ®(kAx,nAy)) | = 0.

Hence the random difference scheme (4.5)—(4.7) is consis-
tent in mean square sense. [J

E(f) >0 then
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4.3. Stability of RFDS (4.5)—(4.7)

Theorem 4.2. The random difference scheme (4.5)—(4.7) is stable
in mean square sense.

Proof. Since u}™" = (2+2pr)u} —ul™" — rp(u},, +u}_,) then

Elu " = E| @+ 2Bt — i —rBladl, + )|

-1 =22+ 2rBl|uf |

= B[+ 20|y
=212+ 2Bl o] = o™ [ [IrBl oty 4[]
B uy e ]

= EQ+2rp)E|w) | + Eju;'|*
—2E12+42rB|E|ufu; " | - 2[E|2+2rB| E|u]
—Elu” [} [EVrBIE|uy, + 1|]+E(r B)Elu,.
i | = EQ+2rB) Eli | + E|u!
—2E|2+2rB|E|uju; | - 2E|2+2rB|E

| E|rplEu;
gy [+ 2E | EVrBIE[u + gy |

+E(rp)’E
= EQ+2rB)E|u | + E|u; | = 2E[2+2r | EJuju;”!

—2E12+42rB||rBlE|uj (uf,, +1d]_,)|

2
1 71
Uy Ty

+2E|rﬂ\E{u”’ (”ZHJF“Z 1)|+E(;’/3)2E|uz+l+u,’f,71|2
= EQ+2rp) Eluy|* + E|uy™ [' —2E]2

+2r Bl E[uu " | = 2E|2+ 20l r Bl E[uiady  + iy |

+2E|”mE}“Z 1“Z+1+”Z g 1|+E E|“A+1+“k 1
since
. s 1 s<1
ElX + Y° <K(EIX]' + E|Y]"), k= {25*‘ io 1
then we have
—EQ2+2rp) E|u ul! !
*2EI2+2f‘ﬂ||r/3|[ il | + Eluad,_ []

+2ErBl [Eluy |+ Elug ™ || +2E(rp [E}MA+1| +Eu;_, ]
gE‘(ZJFZFB) supk.nE JFSqu,nE‘“Z
72E|2+2r/3|supk'”E|uZ‘2f4E|2+2r[3|\rﬂ\supk?nE|u’A’, :

+AE|rplsup, , E|u;|* +4E(rB) supy, E|u|”

7
Uy

since:

[rBl[1 = 2rp| = |rp(2rp —1)]

then

= EP2+ 2rBPsupy., E|u|” + sup,, E|u|* — 2E]2
+ 2rBlsupy, Elug|” — 4E[rB2 + 2rB)|supy., E| ;|
+ 4E|rBlsupy, B[] + 4E|rpsup,., B

2
n
Uy

E(|X1)p 1 we

From: “Jensen’s inequality”: | E(X) ¥ <
have

= |E(2 + 2rB)|’supy., E|ud; ]2 + sup, , E|u} |2

— 2|EQ2 + 2rB)|supy, E|u;|* — 4| E[rB(2 + 2rB)][sup,, E|u: |
+ 4| E(rp)supy, Eut|* + 4| E(rB) Psupy., ||

= (|EQ + 2rB)| = 2|EGrB)| + 1 = 2|E[(2 + 2rB)]|

+ 4| E(rp)|Jsupy., Elu|”

= [12+ 2E(rp)| = 21E(rB)I + 1 = 22 + 2E(rp)|

+4|E(rp)[Isupy, E|u |'= 21 + E(rp)| — 2| E(B) [
— 4|1+ E(rp)| + 4|E(rP)[Isup, . E|u; |

E(rp) = rE(B) = $2 E(B) <

Now, with: 0 < oo then |1 +

EGp) =1+ |E(; Bl .
Finally, we get:

E| ”*1‘ sup, E(u)’.

Hence

supkE]uk“] < supAE|uk| sup Eu; ™! }2 << Sup,{E|uﬂ2

Then
Elu ! < sup Elu’,

where k = 1 and b = 0 then the random difference scheme
(4.5)-(4.7) is stable in mean square sense with the condition
0 < E(rf) = rE(B) =25 E() < 1. O

4.4. Convergence of RFDS (4.5)—(4.7)

4.4.1. A stochastic version of Lax—Richtmyer theorem [19]

A random difference scheme Lju} = G}, approximating SPDE
Lv = G is convergent in mean square at timet = (n + 1)A¢, if
it is consistent and stable.

Theorem 4.3. The random difference scheme (4.5)—(4.7) is
convergent in mean square sense

As Ax—0, Ay—0, EB)—0 and (kAx,nAy)

- (%)

Proof.

Elu; = uf* = E|(12) (L - Lgu)‘z

Since the scheme (4.5)—(4.7) is consistent then we have:

f’l m.s

Ly — Liju.

Then we obtain E|Lju} — L'Z,u|2 —0 as Ax—>0, Ay—0,
E(f) = 0 and (kAx, nAy) — (x,y).

Since the scheme is stable then (L})™" is bounded.
Hence
E|uk — u|2 —0 As Ax—0, Ay—0, E(p) —0.

Then the random difference scheme (4.5)—(4.7) is convergent in
mean square sense. [
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5. Random hyperbolic partial differential equation

This section is interested in studying the following random
hyperbolic differential problem of the form:

ug(x,1) = fPun(x,0), te€0,m], xelo0,]

u(x,0) = up(x)

u(0,6) =0, u(l,t)=0 (5.1)
8u(axl, 0) _ o)

Randomness may exist in the differential equation (it self), in
the initial conditions or in the boundary conditions. The ran-
dom finite difference method is used to obtain an approximate
solution for problem (5.1).

5.1. Random Finite Difference Scheme (RFDS)
In this section, we extend one kind of the finite difference

methods to random case in order to approximate random
hyperbolic differential equations of the form:

U (x, 1) = Buc(x,1), t€[0,m],
p(random variable), x € [0,/] (5.2)
u(x, 0) = uo(x) (5.3)
(O’I) =0, (17 Z) =0 (54)
E)u((;cl7 0) o) 55

For difference method, consider a uniform mesh with step size
Ax and At on x-axis and f-axis. u] will approximate u(x, ) at
point (kAx, nAtf).

On this mesh, we have:

e, 1) & u(x 4+ Ax, t) — 2MA(§;I) +u(x — Ax, 1)
Then  uy, (kAx,nAt) =~ W
Similarly
n(x, 1) ~ u(x, 1+ Ar) — 2u§lc2, £) +u(x,t — At)
Then u, (kAx,nAt) =~ ”H+t2+”nl

Hence for (5.2)—(5.5):

it = (2= 20— B ),

tef0,m], xel0,] (5.6)

u(x,0) = up(x) (5.7)

u(0,61) =0, wu(l,r)=0 (5.8)

W0) _ o) (5.9)
where r = A%zz.

The above scheme is a random version of (5.6)—(5.9).

It is possible to prove the consistency, stability and the con-
vergence of RFDS (5.6)—(5.9) according to Definitions 3—5 as
follows:

5.2. Consistency of RFDS (5.6)—(5.9)

Theorem 5.1. The random difference scheme (5.6)—(5.9) is
consistent in mean square sense

as Ax—0, Ar—0,
— (x,1).

E(f) — 0 and (kAx,nAr)

Proof. Assume that ®(x,7) be a smooth function then:

(n+1)At

(k+1)Ax
L(®)[} = /k ®,(z,nAr)dz — §* D, (kAx, s)ds

A nAt
and
L} ® = &(kAx, (n+ 1)Ar) — 2®(kAx,nAt) + @ (kAx, (n — 1)At)
— r(D((k + 1)Ax,nAr) — 2®(kAx,nAt) + &((k
— 1)Ax, nAr))

Then we have:

c(n+1)A1

(k- 1)AY
E|(Lo)! — Lo :EH / B (1A )z — B . (/ch.s‘)ds]
JkAx

JnAr

—[@(kAx, (n+1)At) = 2®(kAx,nAt) + P(kAx,(n—1)Ar)

( ((k4+1)Ax,nAt) = 2&(kAx,nAt) + d((k — I)Ax,nAl))”

2

(k+1)Ax (n+1)Ar 2
=E {/ q)n(z,nAt)dz—/iz/ (P,\\(kAx,s)dv]
k

JkAx nAt

(k+1)Ax (n+1)At
-2 {/ D, (z,nAt)dz— /32/ D\ (kAx.s)ds]
kAx nAt

X [@(kAx,(n+1)A1)=2d(kAx,nAr) + ®(kAx,(n—1)Ar)

-p I’:ifz(d)((kJrl)Ar nAt) — 2¢(kAx‘nAt)+¢((k7I)AxmAt))]

+[@(kAx,(n+1)Ar) = 2®(kAx,nAt) + ®(kAx, (n—1)At)

e 5 At

SOk 1)Ax,nA0) 20 (kAx, e+~ l)Ax,nAr))ﬂ

If  (kAx,
E|(L®); —

nAt)—>(x ?) dnd Ax, At
(L{@(kAx,nAr)) | -0

E(f) >0 then

Hence the random difference scheme (5.6)—(5.9) is consis-
tent in mean square sense. [

5.3. Stability of RFDS (5.6)—(5.9)

Theorem 5.2. The random difference scheme (5.6)—(5.9) is stable
in mean square sense.

Proof. Since Wt = Q2 =2 — B, )

then:

:E}(272rﬂ2)uff "’1+rﬂ2(u}f+l+u}f )}2
:E{(272rﬁ |uk| P =212 20 [

n+1|2
E|”k |

i ] (B + e []
+[( )'[y + 16 | ]
=EQ-2rf) E|uZ|
+E[u [ —2E[2— 20| B

+2[E|2—2rﬁ2}E\uz| —E|lup || [E[rB|E|u,, +up_|]

+ E( ”ﬂ |“k+1+”271}



194 M.A. El-Tawil, M.A. Sohaly
= EQ -2 Eu! 2+E| ”’1|272E|2721‘BZ|EuZuZ’l| where £k = 1 and b = 0 then the random difference scheme
o (5.6)—(5.9) is stable in mean square sense with the condition
F2E2— 20| E|udl | E|rBP | E| g, +ud} 1| 0 < ) = rE(f) = 22 () < 1. O
n— 1 1 2 = sz = ’
—2E[uf 1|E|rﬂ |E|”k+1+“k 1‘+E’" ‘”k+1+”k71|
2 2 n— 2 N, n—
=EQ2-2rf) E|u; JrE| 1| —2E|2=2rf | E|ujai” | 5.4. Convergence of RFDS (5.6)—(5.9)
+2E2-2r || | Eu (1, 1 |)|
s S o y
2E B [~ o, +ul )|+ E(rp E‘uH, | 54.1. 4 stoc.hasnc version ofLan chhgm}er the.oren.'z [19]
o A random difference scheme Lju} = G| approximating SPDE
=EQ2~2rf*)’Elu; } +Eluy” | —2E[2-20f? | Euf”" | Lv = G is convergent in mean square at time 1 = (n + 1)A¢, if
+2E)22rB[rf | E|ujadl,, +uiful_ | it is consistent and stable.
—2Erf|E|ud | E(rB) Eu) . ? )
‘ e 1| } et 1| Theorem 5.3. The random difference scheme (5.6)—(5.9) is
Since: convergent in mean square sense
s s P 1 s< 1
EIX+ Y] < KEX] + EIY). k=4, > as Ax—0, Ar—0, E(f)—0 and (kAx,nAt)
then we have: — (x,1).
=EQ -2V E|u|* + Eju ") —2E[2—2rf | E|ujus) ! Proof.
+2E2 = 2 ||| [E|afad | + Elafr ]
2
2B Bl |+ Bl )+ 208 (Bl P W] Bl = £](22) (22— L)

< E(2=2rf") supy, E|uf| + sup, Elu |

—2E[2— 2B |supy, E|u} |’ +4E|2 = 202 ||rf |supy, E|ug |

—4E|rf?|supy, Eu |+ 4E(rp?)*supy., E|u} |

Since:

B2 = 2rf?| = [rf?2r > = 2)

then:

=E2- 2rﬁ2\2supk‘nE|uZ|2 + supkr,,E|u};‘2 —2E|2
— 2rf|supy, E|i " + 4E|rf(2 — 2rf)|supy., E|ul |
- 4E|r/fz|sup,€‘nE|u,’\’,|2 + 4E|rﬁ2\2supknE|u,’i|2

From: “Jensen’s inequality”™: | EX) < E( X, p > 1 then
we have:

2412 n|? n|2 2
:‘E(z_ziﬂ )| Supk.nE}uk‘ +SupknE Uy —2‘E(2—2l‘[)) )|

x supy, E[uf|* + 4| E[r (2 — 2% [supy., E|u | — 4| E(rf?)|
X supk‘,,E}u,’f, |2 —|—4|E(rﬁz) \Zsupkﬁ,,E|uZ

= [|[E@—2rf*)|+2|EB)|)" +1-2/E[(2— 278 —4|E(r/32)”
x supy i | =[12— 2E(rf?) |+ 2| E(rf?) P + 1 = 22— 2E(rf?))|

— 41 E(r)lsupe, Elu | = 211 — EGB) |+ 21 EGB)|] +1

—4l1 —E(rﬁ2>|—4|E<rﬁ2>nsupk,,,E\uz|2

Now,  with: E(rp*) = rE(f*) =25 E(f) <1  then
1 — Eep) = | E(rp?) then we get

E|uk“| supkE(uk) .

Hence

supy E|u’”rl supkE|uk| supkE]u" "< < supkE|u2]2,
then

Elu"™!|* < sup EJu|’,

Since the scheme (5.6)—(5.9) is consistent then we have
L ™ Liu,

then we obtain E}L}luﬁ — L,’ju|2 —0 as Ax—>0, Ar—0,
E(p) = 0 and (kAx, nAr) — (x,1).
Since the scheme is stable then (L}f.)f' is bounded.

Hence

Elf —ul’ =0 As Ax—0, At—0, E(B) — 0.

The random difference scheme (5.6)—(5.9) is convergent in
mean square sense. [J

6. Some results

Theorem 6.1. Let { X, n, k > o}, {Y,x, n, k > o} be sequences
of 2-r.v’s over the same probability space and suppose that:

leX,,k—X leYk—Y

nk—oo

Then:

()  lim E{X,} =E(X)
(i) k hmOOE{Xnk} =E(X?)
(iii) T*m Var{X .} = Var(X)

k 00 o
™, lzmoo PDF(X,;) = PDF(X)
k — oo

Proof.

(i) From Schwarz inequality: E|XY|< (E(X?))E(E(Y?))}
we have:

|E{ X 1}| < LIE(X2) = [ X
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Then

|E{ X} < E1Xo| < [ Xok]| < 00 (6.1.1)
In (6.1.1) put X, — X instead of X, then we have:

|E(X,i — X}| = |E{X} — E{X}] < EXox — X] < || X — X]
As n,k — oo then | E{X,;} — E{X}| = 0i.e.,

| im E{X} = E(X)
k — oo

(i) From successive applications of the triangle and Sch-
warz inequalities:

|E(XY) = E(Xu Yi)| = |E(XY) — E(X Vi) £ E(X Y,
+E(XY)£EXuY)|=|E(Y - Y )X
+E(X = Xou) Y — E((X — X ) (Y — Yor))|

S|E(Y = Yo ) X|+ | E(X — X)) Y|
+EX = X ) (Y = Yoo )| < | X[ Yo = Y|
1 Y X = XN+ [ X = X[ Yor = Y|

But each of the terms on the right-hand side tends to zero by
hypothesis as n, k — co0.Then

E(XY) = lllm E{X Y}
As X, = Y, then we obtain hm E{ X2} = E{X*}

(iii) Since

o iim_E{X,} = E(X) and 11m E{ X} = E{X*}
k — o0
And
Var{Xu} = E{X} } — (E{Xx})’
Then
Jim Var{X,} = lim (E{X} = (E{Xx})")
= lim E{X;, }— hm (E{Xnk})

nk—oo
_ B[} — (EX) = Var(¥)
Then we obtain

lkim Var{X,} = Var{X} O

Definition 6 [16]. “The convergence in probability”A sequence
of r.v’s { X, } converges in probability to a random variable X’

as n,k— oo if lkimp{\)(,,k—X\>s}:0 Ve >0

Definition 7 [16]. “The convergence in distribution”

A sequence of r.v’s {X,x} converge in distribution to a
random variable X
As nk—oo if

hm FW( ) = F.(x)

Lemma 6.1.1 [16]. The convergence in m.s implies convergence
in probability

Lemma 6.1.2 [16]. The convergence in probability implies con-
vergence in distribution

m.s m.s

Theorem 6.2. If X, — X then PDF of {X,,} — PDF of {X}
ie. nlkigqocfw (x) =fx(x)
The proof

Since we have shown that If X,; 2= X then X,z Lx

ie. if XuSX then hm FV,( ) = Fx(x)
Then 11m 4 Fy, (x) =4 Fy(x) hence llim S (%) = fr(x)

7. Numerical examples

Example 1. Solve the random parabolic partial differential
equation:

u(x,t) = Puy(x,1), t€][0,T], € [0, X] (7.1)
u(x,0) =sinnx, x€[0,X] p (random variable) (7.2)
u(0,6) =u(X,1)=0 (7.3)

The exact solution:

u(x, 1) = e e

The numerical solution:

For the difference method, consider a uniform mesh with
step size Ax and Ar on x-axis and z-axis.

Where Ax =&, At =T and M,N > 0

Notational, u] will be approximate of u(x, f) at point (kAx,
nAt), u) = up(kAx). On this mesh, the difference scheme for
this problem is:

sin mx

M =(1- 2r)u}l + r(uZH + u};]) (7.4)
U = sin mxy (7.5)
uy=1uy =0 (7.6)
where r = %, xi = kAx, t, = nAt

First from the initial condition we have:
u(0,0) = ug =0
u(1,0) = uyp = sin(Axm)
u(2,0) = upy = sin(2Axn)

Then:
u(k,0) = uy = sin(kAxn) (7.7)
From (7.4):
14(1,1) = U :(1—21')u10+r(u20—|—u00)

= (] — 21)1/{10 + r'ipo

= (1 — 2r)[sin(Ax7)] + r[sin(2Ax7)]
u(2, 1) = Uy (1 — 21)1/{20 + (L{}() + ulo)

= (1 — 2r)[sin(2Ax7)] + r[sin(3Ax7) + sin(Ax7)]
Finally:
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u(k,1) =up = (1-2r)[sin(kAxn)]+r[sin(k+1)Axn+sin(k — 1) Axn]
= (1—=2r)[sin(kAxn)]+ 2r[sin(kAxm)cos(Axm)]
=sin(kAxn)[l —2r+ 2rcos(Axn)] =sin(kAxm)[1 — 2r(1 — cos(Axm))]

=sin(kAxn) [1 —2r (25in2 <%>]
A iAxm —iAxm 2
7 —e 2
=sin(kAxr) {1 —d4rsin’ (%)} =sin(kAxn) [1 —d4r (6 ; ) }

=sin(kAxn) {1 +r<em¥ - e#) 2}

=sin(kAxm)[1+r(e™7 =24 7))
[ 2. 3 4
=sin(kAxn) l+r<72+1+iAxrc7(Axn) 71(Axn) +(Axn) T
2! 3! 4!
o (Axm)* i(Axm)®  (Axm)*

+1—iAxn— 3 + 30 + 1 -

A [ 2Axn)?  2(Axm)t 2(Axm)?
:sm(kAxn) 147 <f o + ZTRR— 4.

. i(Axm)”
:sm(kAxn) 1+2r Z @) )

Then:

uy) = sin(kAxm)

1+ 21*206:(—1)" (A(;’;? } (7.8)

i=1

u(1,2) = U|]p = (1 721‘)1411 +r(uz| +u01)

— (1 - 2r)sin(Axn) 1+2r§;(—1)"(A(§3?2i +r
% sin 2Axw 1+21§;(1)"(A(;‘g?2i
u(2,2) = un = (1 = 2r)uay + r(uz; + uny)
= (1 —2r)sin(2Axn) |1 + ZrZ:(—l)i (A(Z)I?ZI +r
x sin 3Axm 1+2ri(1)"(A<;g?2i +r
- .
x sin Axm |1 +2ri(1)f(A(;g?2i}
u(3,2) = uzp = (1 = 2r)usy + r(us + uz))
= (1 — 2r) sin(3Axn) 1+2r§;(—1)"m(;g?2i +r
x sin4Axm|1 +2r2 (A(Z;? : +r
- .

X sin 2Axm

1+ 2:*2(71)" (A(Z;?

Finally:

n)Zi_

U = (1 —2r)sin(kAxn) |1 + 21‘200:(71 (a

X?T)Zi_

+ rfsin(k + 1)Axn] |1 + ZVi(—l) (

x7) 21

+ r[sin(k — 1)Axn] |1 + 2ri(—l) (

u(k,2) =w = (1 —2r)sin(kAxn)

1+2ri(—l)i )

i=1

+r

1 +2ri(_1)i (A(;‘g?zl [sin(k+1)Axn+sin(k—1)Axn]

u(k,2) =up=(1-2r)sin(kAxn)

1+2r2( 1y (A(";) }

+2r

1+2;Z( 1) i(Axn) } [sin(kAx)cos(Axm)]

= (20)!
=sin(kAxm) 1+2r2 (A(;T)[? :|[ —2r+2rcos(Axm))
= Axm ’
=sin(kAxn) 1+2r;( )((21)) :|
Then:
Uy = sin(kAxm) |1 + 2r;(_1)i (A(;Z;? } (7.9)

u(1,3) = U3 = (1 — 2V)U12 + I‘(lez + uoz)

= (1 - 2r) sin(Axn) 1+2r§(—1)i(A(;g? Ty
% sin 2Axm 1+2r2(71)i(A(;;;? i
u(27 3) = Uyz3 = (1 — 2")“22 + r(uzz + ulz)
= (1 —2r)sin(2Axm)[1 + 2r§(—1)i (A(ZQ I

+ in3A 1+2§:(_1)1(Axn)21 2
rsin 3Axn ri:1 21!
2
+rsinAxn |1+ Zl‘i(—l)[ (Axn)”
— (20)!
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u(3,3) = uzz = (1 — 2r)usy + r(ug + up) Proof. Since:
2
. > Axm & 7 no_
= (1 —2r)sin(3Axr) |1 + Zr;(—l) ( (21.)? +r plim v = Ax,lx‘tm—> g kTH
) k — kAx,nAt — x,t
) oo A i
X sin4Axn [1 + 2rZ(—l) ( (;17;? (if and only if)
pa :
- (Axm)* 2 n limooE‘uZ, — u|2 =0
. 3 XT -
x sin2Axm |1+ 21‘2(7 0 k — oo
i=1 ( )
Finally: or )
B lim Elul —ul" =0
u(k,3) = wg Ax,At — 0
oo i kAx,nAt — x,t n
. : (Axm)? . 2
= (1 —2r)sin(kAxm)[1 + 2rZ(— 21! I’ + rlsin(k u! — u = sin(kAxr) |1+ 2},2 (—1) (A(;;? s
P : P 0!
-2
A . n_ 2
DAxn) |1+ 212 )’ + r[sin(k x sin mx[u — u|
an 2
) - (Axm 2 PER
Dasa 142 i( l)l_(Axn)zl 2 = [sin(kAxn) |:1 + 2;’21:(—1) ( (21.)? — ¢ sin 7x
— 1)Axn Py (= i=
Y
- 2 ~2 — |sin(kA 142 - | i(Axﬂzj "
. > (Axn)¥]” = [sin(kAxm) |1 +2r) (-1) (2i)!
= (1 = 2r)sin(kAxm) |1 + 2rZ(71) 20! i1
i=1 : oo 2"
. i AXTC) [y
N (Axn)® 2 — 2|sin(kAxm) 1+2rZ(—1) ((21_)' } }[e prt
+r|1+ 2;'2(—1)’?} [sin(k + 1)Axz + sin(k =l ’
=l (20! % sin 7x] + [e " sin 7x)*
—1 AXTL - 2n
o 2 — [sin® (kAxm)] | 1+ 205 1)"(“”)2’
, = (Axn)” = [sin” (kAxm) (- 20!
= (1 —2r)sin(kAxn) |1+ 21’2(—1) 21! =1
i=1 : 00 21"
. Axm) .
- (Axn)? 2 —2|[sin(kAxm) |1+ 2rZ(— ( 21! } } [e P
+2r 142y (1) 2 [sin(kAx7) cos(AxT)] =1 ’
=l (20)! x sin 7x] + e~ 7" sin® nx]?
[ 00 2i] 2 .
= sin(kAxm) |1+ 2r) (~1) G Ny Then: L
L P ] . 2 . > Axm)”
x cos(Axm)] B~ = E[[SIHZ(kAm)] L+2r) (- : (21’)? ]
) =1 :
r 3 an
. ’ ~ i (Axm)” . o0  (Axn)®
= sin(kAxm) |1 + 2;;(—1) 1) —2|sin(kAxn) |1 +2r;(71) 20!
Then: \ x [e’ﬂnz' sin 7x] + [e 2™ sin’ nx]z}
i 00 2i
w3 = sin(kAxm) |1 + ZVZ(* (7.10) At time t = (n + 1)At then:
L i=1 2
Finally, the numerical solution for this problem is: Ejuil —u|'=E |:[Sinz(kAxn)] l+2§m (—l)f(A(;g? } }
2.— n 2 n
Uy = sin(kAxn) 1+ ZIZ AXTC) —2FE| |sin(kAxr) 1+2§AIZ( 1)'(?;33 } }[f""lWH)NSinnx]]
=1 :
- An +E[[e—2/(n3(rl+])AISin. TLXH
o ﬁAt i(AXTC)Z 0 2i
- s1n(kAxn) 25 Z(fl) ) (7.11) _ Blsin e[+ 2683 1) géfg[)l}zn]
L - X2 (20)!
We can prove that: . At & FAXT)Y L e
-2E sm(kAxn)[l+2NZ(fl) 21! "1 sinmx]
X !

+E[[€—2ﬂnz(u+l)m Sinz nx]]
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By taking the limit as
(kAx,nAt) — (x,t) and under condition 0 <
Then we obtain:

Ax—0, At— 0, E(f)—0,
AE(B) <}

5 M.s

E|uk—u| — 0 Then w,—u 0O

Example 2. Solve the random elliptic partial differential
equation:

u}'}'(x7y) + u-\f»\‘(x7y) = 07 y > Oa X € [07 1} (712)
u(x,0) = Bsinnx, f ~ random variable (7.13)
u(0,) = up(y) = u(l,y) =0 (7.14)

The exact solution:

u(x,t) = fe™ sin tx

The numerical solution:

For the difference method, consider a uniform mesh with
step size Ax and Az on x-axis and z-axis.

Where Ax =L, Ay =X and M,N > 0

Notational, u} will be approximate of u(x, t) at point (kAx,
nAt), the difference scheme for this problem is:

= @2~ = )

y€i0,Y], xe]l0,1] (7.15)
u(xy,0) = fsin mxy (7.16)
u(0,) =0, u(l,y) =0 (7.17)
Where r = i%\j, Xi = kAx, y, = nAy

First from the initial condition we have:

M(O, 0) = Uyy — 0
u(1,0) = uyp = fsin(Axn)
u(2,0) = upy = fsin(2Axm)
Then:
u(k,0) = uy = fsin(kAxn) (7.18)
From (7.15):
u(l,l) = U; = (2+2}‘)u|07r(u20+u00)

= (2 —+ 21’)1410 — 'y

= B(2 + 2r)[sin(Axn)] — rp[sin(2Axm)]
u(2, 1) = Uy = (2 + 21’)1/{20 — V(um + Lll())

= (2 + 2r)[sin(2Axm)] — Br[sin(3Axm) + sin(Axm)]
Finally:

u(k,1) =ugy = B(2+2r)[sin(kAxn)] — rflsin(k + 1) Axn+sin(k — 1) Axn]
= (24 2r)[sin(kAxm)] —2rf[sin(kAxm)cos(Axm))
= fsin(kAxm)[2+2r—2rcos(Axm)]
= Bsin(kAxm)[2+42r(1 —cos(Axm))]

= Bsin(kAxm) [2+2r (2sin’ (A;n)]

= Bsin(kAxn) [2 +4rsin® (%) ]

z
= fpsin(kAxm) |:2+4r e_r < :|

= Bsin(kAxn) [2 r ]

= Bsin(kAxm)[2 — r(e™" —2+ e ™)]

(Axm)*  i(Axn)’

2! 3!

= fsin(kAxm) |:2 —r(—24+1+4iAxn—

+

(Axm)* ) (Axn)* i(Axn)®  (Axm)*
TR St AN e T T —-)

= psin(kAxn) |:27,‘<72(A2)§n) | Z(Aézn) 72(A6xln)“+m>

= fsin(kAxm) [2 - ZI‘i(*l)l%)}

Then:

Up = ﬁ Sil’l(kAXTC)

2- 2{00:(—1)" (A(;“l’;? (7.19)

i=1

u(1,2) = U]p = (2 =+ 27‘)1411 — Uy — r(u21 + um)

2 2r§(—1)" (A(;’;?

= (2 + 2r)Bsin(Axm)

— Bsin Axm — rfsin 2Axn [2 - 2r;(—1)f )

u(2, 2) = Uy = (2 =+ 27‘)1421 — Uyy — l‘(u31 + u“)

= (24 2r)Bsin(2Ax7) [2 - 2ri(—1)" &l

— Bsin2Axn — rfsin 3Axn {2 - 2r;(—l)i @)

— rfisin Axn |:2 - 2ri(—l)i (A(;CZ;? l:|

u(3,2) = U3 = (2 + 27‘)1431 — U3y — r(u41 + 1421)

2 2&2(-1)"@(;3? }

i=1

— Bsin3Axn — rfisin4Axn

— rfsin 2Axn {2 — ZI’i(—l)i(A(;—g?I
pa :

Finally:

u(k, 2) = Uj>

= (24 2r)Bsin(kAxm) { EOO:

— BsinkAxn — rf[sin(k

+ 1)Axn] |:2 - 2r§:(—
: (Axm)™
— 1)Ax7] {2%2(1) @) }

)21}

(A(;’;? } — rBlsin(k
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u(k,2) =,
= (2 + 2r)Bsin(kAxn) {2 - 2r§;(—1)" (A(;’;? }
— BsinkAxn — rf {2 - Zri(f AX”)ZZ} [sin(k
2 20)!
+ 1)Axm + sin(k — 1)Axn]
u(k, 2) = Uj>
= (2 + 2r)Bsin(kAxn) {2 - 2r§1:(—1)" (A(;g? }

— BsinkAxn
—2rB {2 2 Z

= [)’sin(kAxn) 22 Z

21'

} [sin(kAxm) cos(Axm)]

2+2r—2r

X cos(Axn)] — BsinkAxn

= fsin(kAxn) [2 — 21’2(71)" (A(;Z;? _ 1:|
Then:
ury = Psin(kAxm) [2 _ 2,,[2:(_1)1' (A(;g?zl

— psin(kAxn) (7.20)

R

— rfsin2Axz Hz - 2&3(-1)" (A(;g?z’} - 1}

i=1

M(l7 3) = U3 = (2 —+ 21’)1412 — Uup — }’(H22 =+ Moz)

= (24 2r)Bsin(Axn) { [2 ZrZ

— Bsin(Axn) {2 — 2;‘2(—1)i ( 21!

1/1(27 3) = Up3 = (2 + 27‘)1422 — Uy — r(u32 + ulz)

= (2 + 2r)Bsin(2Axn) ”2 - 2;‘53(—1)" (A(;g? } - 1]

i=1

— rfsin 3Axn [

2 Zri(—l)i (A(;g? } - 1}

i=1

i=1

— rfsin Axm |: [2 - Zl‘i(—l)[ (A(;g?zl] - 1}

— Bsin(2Axn) |2 — 2ri(—1)f (Axm)®
i=1 :

1/1(37 3) = U33 = (2 + 2}")“32 — U3 — }’(H42 =+ UZz)

= (2+ 2r)Bsin(3Axn) H2 - 2”?(*

; > ;(Axm a2 ]
_;~ﬁ51n4Axn|: 2—2}';(_1) ((21)? :| 1

— rfsin2Axzn [ |:2 - ZVZOQ:(—l)i (A(;g?b:| -1

i=1

2 21’2(71)5 (A(;’;? ]

— Bsin(3Axn)

Finally:

u(k,3) = w3 = (2+2r) fsin(kAxm) Hz 2r2< 1)’ ] 7}

—Bsin(kAxm)

272;5:(71)"@(— ]4/;[%(“1 Ax7] Hz 272

2
1)"—“};?{} - 1}

r 2 7 2
= (2+2r)Bsin(kAxm) [2—2;~Z(—1)’<§;;f} ~1 —r/;Hz-z»'Z(—l)’m(;f)f} —1}

—rf[sin(k —1)Axn] |: |:2 - 2ri(f
=

i=1

[sin(k+1)Axm+sin(k—1

= (2+42r)Bsin(kAxm) [2—2;~i(—1)"@(;‘7yﬁ} ~1 —ZI‘IJHZ—ZI'i(—l)i%}——I}

[sin(kAxm)cos(Axm)] — Bsin(kAxm) [2 - 2)‘2(7 1) (A&,’;}.}

2
= psin(kAxm) Hz o ] }[Nz; 2rcos(Axm)]

2
1y <A(§j’)f'] = psin(kAxm) [ {2 2> (1) <A(;gf} - 1}

—Bsin(kAx) [2 -y (-
i=1 i=1

i (Axm)¥

- ) [#5] }

{272r2(—1)’ fﬁ;gf’} — Bsin(kAxm) [ -

Then:

w3 = Bsin(kAxm) |:2 ZrZ( 1) A( ]HZ 2,2 A;;;l ’} _1:|—1:|

(Axm)*]’
2!

—2psin(kAxm)

il

(Axm
[z ZrZ —1) (203

Finally, the numerical solution for this problem is:
00 ; ( Axn)zi n
2-2 -1 —
D]

0 2] ("=2)
2 2r;(—l)i (A(;g? }

w3 = fsin(kAxn) [2 - zri<_ 1y

= fsin(kAxn)

— 1)fsin(kAx)

We can prove that:

(up S u
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Proof. Since:

Lim u] = Lim uy
n—00 Ax,At — 0
k — oo kAx,nAt — x,t
. o 012
=u (if and only 1f)n ll,mooE’”k ul"=0or
k — o0
. 2
lim Elul —ul" =0
Ax,At — 0

kAx,nAt — x,t

u —u= fsin(kAxn) {2— 2y (=1)

~ 2 (=2
— (n—1)Bsin(kAx) 2—2{3(—1)1'%}

i=1

— pe ™ sinmx|ul —uf*
= |psin(kAxm)[2 - 2r§(,1 ) (A(;g?”],,
—(n—1)Bsin(kAx)[2 2,,2;(_ . ),-(A(;c_gﬁ(”)

—Be ¥ sinmx|? = [/3 sin(kAxm)[2 — 2,2(_ (A(;g?z"],,

—(n—1)psin(kAx)[2 — er(—l) @)

2 [/3 sin(kAxn) {2 - 2ri(71)" (A(;‘g?%]

- 21 (=2)
]

i=1

00 2i 2
i (AXTE) }(112):|

—(n—1)psin(kAx)

[ﬁe’“y sin7x] + [fe”™ sinmx]®

Then:

1 27 _—
Eldi—ul' =E A (20)!

2 (n—2) 2
i (Axm)
D Ax2(2i)!] ]

Bsin(kAxn) [2 - 2Ay2§:(—l " (A"")ﬂ

—(n—1)psin(kAx)

2—2Ay2§:(—
i=1

i e ,-(Axn)z" "
—2FE| Bsin(kAxm) |2 —2Ay Z(il) Ae

[Be ™' sinmx] + E[f*e>™ sin’ x|

At time ¢ = (n + 1)Ar and by taking the limit as Ax — 0,
At — 0, E(f) = 0 and (kAx nAt) - (x, t)
We obtain: E|u} — u‘ — 0 Then: f u O

Example 3. Solve the random hyperbolic partial differential
equation:

Uy (x, 1) — du(x,0) =0, >0, xel0,1] (7.21)
u(x,0) = Bsinmx, f ~ random variable (7.22)
u(0,1) =u(l,7) =0, (7.23)
Ou(x,0)

= 0 (7.24)

The exact solution:

u(x,t) = fsin nx cos(2mx)

The numerical solution:

For the difference method, consider a uniform mesh with
step size Ax and Az on x-axis and z-axis.

Where Ax =4, At =2 and M,N > 0

Notational, u} will be approximate of u(x, t) at point (kAx,
nAt), the difference scheme for this problem is:

1 (2 —=2rul —uj” ! Jrr(uk+l + 1)
u(xy,0) = Bsin mxy (7.25)
u(0,1) =u(l,1) =0 '
u,(x,0)=0
where r = 4AL,, X, = kAx, t, = nAt

First from the initial condition we have:
M(O, 0) = Uy — 0
u(1,0) = ujp = Bsin(Axn)
u(2,0) = upy = fsin(2Axn)
Then:
u(k,0) = uy = fsin(kAxn) (7.26)
From (7.25):
M(L 1) = Uy = (2 — 2}‘)1410 —Up - + l'(M20 + ll()())
But from the boundary condition we have:

(‘fj”)ko Mt = g(xx) And science here g(x;) = 0 then
Uje,—1 = U

Then:

u(1,1) = uyy = (2 = 2r)uyg — uy 1 + ruzg + ugo)
u(1,1) = uyy = (2 = 2r)uyg — uyy + r(uzo + too)
- % [(2 = 26)ur0 + ru]
= (B2 ~ 20)fsin(Axm)] + rflsin(2Axm)]
u(2,1) = up = (2 = 2r)uz — up,—1 + r(uzo + uio)
u(2,1) = uy = (2 = 2r)uag — tay + r(uzp + uro)

- % B2 — 20)[sin(2Axn)] + Brlsin(3Ax7) + sin(Ax)]]

Finally:
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u(kv 1) = Uk1
= % [B(2 — 2r)[sin(kAxm)] + rf[sin(k + 1)Axm + sin(k
— 1)Axn]]
= % [B(2 — 2r)[sin(kAxm)] 4 2rf[sin(kAxm) cos(Axm)]]
= %[[5’ sin(kAxm)[2 — 2r 4 2rcos(Axm)]|
_1 [[f sin(kAxm)[2 — 2r(1 — cos(Axm))]]

[ﬁ sin(kAxm)[2 — 2r(2sin (A;“”)ﬂ

=5 [/} sin(kAxm)[2 — 4rsin (%)H

=3 psin(kAxm) |2 — 41‘( % )

[ [ v N\ 2
Bsin(kAxm)|2 + (e - ) ”

1
2
= % [Bsin(kAxm)[2 4 r(e™™
!
2

— 2 4 b))
_ —/3 sin(kAxn) o =2+ 1+ iAxm — (A’;)z
_ ;(A;C!”f (Aﬁ‘f TR +1— iAxn
it o o]
_ % {[5 sin(kAxr) {2
NE NN
= % {[f sin(kAxm) |2 + 2r§:(—1)" (A(;Cg?z[)H
Then:
o = ~ [ﬂ sin(kAxm) |2 + 2;’2; (A(Z;?z[ } (7.27)

u(1,2) = up = (2 = 2r)uyy — wro + r(uar + uor)

)2+ 2rZ (21)'

i=1

=2-2r= ﬂsm(A/\n

— BsinAxn+r= [3 sin 2Axmn

2+ ZrZ (21’)!

i=1

H(2,2) = Uy = (2 — 27‘)1421 — Uy + V(M31 + ull)

2+ 2ri(—1)" (A(Z;?

=(2-2r) %Bsin(2Axn)

— fsin2Axm + = rﬁ sin 3Axm

2+ ZrZ (21,)'

i=1

2+ 2rz::(—l)i (A(;g? }

I
+ 3 rfsin Axn

u(3,2) = U3y = (2 — 2}")14}1 — U3 —+ (H41 =+ u21)

2+212 (21,)'

i=1

=02-2r= ﬁsm(SAxn

— Bsin3Axn

24 2;2( 1y (A(;Cl’;?

2+ 2r2 (21,)!

i=1

iﬁ sin4Axmn

)ﬁsm 2Axm

Finally:

(Axn)Zi

u(k,2)= qu——(Z 2r)Bsin(kAxm) [2+212 2 ]

i=1

— psinkAxn+—= rﬂ[sm(k—&—l)Axn} 21!
i=1

2‘1’2’2( 1y (Avn)z,]

4= rﬁ[sln(k 1)Axn] 2"'2'2( 1y (2i)!

(Axm)? :|

u(k,2)= ukz—%(Z 2r)Bsin(kAxm)

Axm
2+2rZ ((;Cl)) ]

2+er( %] [sin(k+1)

x Axm+sin(k —1)Axn]

— fsinkAxm — Erﬁ

u(k7 2) = Uj2

(2 — 2r)Bsin(kAxm) |2 + QrZ (éi)'

i=1

l\)\'—‘

— BsinkAxm +rf |2+ 2&0:(—1)" ('21,)'

i=1

x [sin(kAxm) cos(Axm)]

= /3 sin(kAxm)

Axn)*
2+ ZVZ ( (Zi)? ]

i=1

X [2 = 2r + 2rcos(Axz)] — fsinkAxn

2+2rZ

7ﬂs1n (kAxm) [

-

Then:

U = [/3 sin(kAxm)[2 + ZrZ

(21_)! P -28 sin(kAxn)}

(7.28)
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u(1,3) = U3

= (2 =2r)up — uyy + r(uxn + up)

=02-2r= ﬁsm (Axm)

2+212

Axn)* ’
rﬁ sin 2Axm { 2+ 2r121: ( (21')? } — 2}
- % Bsin(Axr) |2 + Zr;(— (A(;‘l’;? }

u(2,3) = ux

= (2 = 2r)uzp — ury + 1r(uzy + ur2)

=(2- 2r) 5 BsinAxm)[[2 +2r Z ( o
+ %r[f sin 3Axn { 2+ 2,‘1»‘2:: 1y (A(;gfi

+ %,,/g sin Axn [ o 2r2(,1)1~ (A(;g?zl

_ 7[1’5111(2Ax7t 2+ 2,; (A(;g?z’}

u(3,3) = us3

= (2 — 2}")1/132 — U3 + V(Ll42 —+ M22)

—

75(2 2r)fsin(3Axn) [

2 +2ri(—
pu

1
+ 3 rpsin4Axn

2+2r§:(—
ps

+ %rﬁ sin 2Axm

2+2ri(f
i1

L . (Axm)®
—Eﬁsm(3Axn) 2—0—21';(—1) ((;ZT)[?

2

n)zi'

xn)%_

2i)!

) -
-2

, -
-2

Finally:

2 +2rz A(gf

IS g )

i=1

2
2+2;~Z(—1)’<A(;;f} —2]

i=1

u(k,3) =u3 = (2 —2r)Psin(kAxm) |:

—1Bsin(kAxm)

+1rplsin(k+1)Axn] [

+1rp[sin(k—1)Axn] [

2
2“’”2(1)“@332} 2]

i=1

2
2+2,‘Z(—1)"<A5;;>f’] —2}

=1(2—2r)Bsin(kAxm) [

+irp |: 2]

[sin(k+1)Axn+sin(k —1)Axn]

z+zz~2(71)"<§;;;>!'

i=1

i=1

2
—1(2—2r)Bsin(kAxr) [ 2+2r2 )] }
o 2
- 2i
+rﬁ{ 242ry (-1)"%H z]
i=1

[sin(kAxm)cos(Axm)] —1 Bsin(kAxm)

:%ﬁSin(kAXTE) 2+2'Z(71)1(A(;7)321 s
i=1 ]
[2—2r+2rcos(Axm)] -3 fsin(kAxn) | 2+ 2,2(_1) (A(;;)'

92
=1psin(kAxn) 2+2rZ(—1)(A) —20 [242r) (-
] i=1
—1psin(kAxm) 2+2rZ 1) }
Then:
(Axm)”

U = % H/)’ sin(kAxm)[2 + 2r§(—

(
—3pBsin(kAxm) [2 + Zri(_l)i (A(;cg?z,

Finally, the numerical solution for this problem is:

2+ 2r§:(—1)" (A(;g? }

; (Axn)zj v
) (2i)!

= % {[f sin(kAxm)

—nfsin(kAx)

2+2r§:(71
=1

We can prove that:

1+

—1Bsin(kAxm) 2+2ri(_1) (A
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Proof. Since:

Lim u] = Lim uy
n— 00 Ax,At — 0
k — o0 kAx,nAt — x,t
1 1 g n 2
= u (if and only 1f)n ll,mooE’”k — u‘ =0 or
k — o0
. 2
lim E|uz - u| =0

Ax,At — 0
kAx,nAt — x,t

y — u =1 | Bsin(kAxm)[2 4+ 2r " (~1) 821 )  npsin(kAx)
i=1

00

= [ | Bsin(kAxm)[2 — 2r " (— 1) E5 )" ppsin(kAx)

_ 2!

i=1

=1 | Bsin(kAxn)

- {ﬂ sin(kAxr) N
i=1

Then:

Eluf —ul’ = %E Bsin(kAxm) |2 + 2Ay22(1)i%} "
—nfsin(kAx) 2+2Ay2i(—1)"%} (n-2)72
—E|psin(kAxn) |2 + 2Ayzi(l)[%} .
—nfsin(kAx) 2+2Ay2§;(_1>i%} (n-2)

[Bsin mx cos 2mx] + E[f* sin” mx cos® 27x]

At time ¢t = (n + 1)Ar and by taking the limit as Ax — 0,
At — 0, E(f) >0
And (kAx, nAt) = (x,1)

We obtain: E|uf —u|” — 0 Then: uf "2u O

8. Conclusions

This paper solves some RPDEs in mean square sense using
random finite difference scheme. Mean square consistency of
the random difference scheme for (RPDE) is established. Suf-
ficient conditions for the mean square stability of the proposed
numerical solution are given.

The random parabolic, elliptic and hyperbolic partial dif-
ferential equations can be solved numerically using the random

o (n—=2)
2— ZrZ(fl)" (A(z‘l’;), } — fsinmx cos 2nx
p

2+ ZrE(—l)’ (A(;:I)f] — nfsin(kAx)
py

difference method (with three points) in mean square sense.
The convergence of the solution scheme to the exact one is
proved. (with three points) Some numerical examples are
solved to illustrate the method of analysis.
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