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Abstract The effect of variable viscosity on laminar mixed convection flow and heat transfer along
a semi-infinite unsteady stretching sheet taking into account the effect of viscous dissipation is stud-
ied. The flow of the fluid and subsequent heat transfer from the stretching surface is investigated
with the aid of suitable transformation variables. Solutions for the velocity and temperature fields
are obtained for some representative values of the unsteadiness parameter, variable viscosity param-
eter, mixed convection parameter and Eckert number. Typical velocity and temperature profiles, the

local skin friction coefficient and the local heat transfer rate are presented at selected controlling

parameters.
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1. Introduction

Boundary layer flow on a moving continuous surface is an
important type of flow occurring in a number of engineering
processes. Aerodynamic extrusion of plastic sheets, cooling
of metallic sheets in a cooling bath, which would be in the
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form of an electrolyte, crystal growing, the boundary layer
along a liquid film in condensation process and polymer sheet
extruded continuously from a die are the practical applica-
tions of moving surfaces and also the materials manufactured
by extrusion processes and heat treated materials traveling
between a feed roll and wind up roll or on a conveyer belt
possesses the characteristics of a moving continuous surfaces.
After a pioneering work of Sakiadis [1,2] the study of flow
and heat transfer characteristics past continuous stretching
surfaces has drawn considerable attention, and a good
amount of the literature has been generated on this problem
(see for instance [3—18]). Although various aspects of this
class of boundary layer problems have been tackled, the ef-
fect of buoyancy force was ignored in the above-cited reports
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[1-18]. In actual practice, the flow over a continuous material
moving through a quiescent fluid is induced by the movement
of the solid material and by thermal buoyancy. Therefore,
these two mechanisms, surface motion and buoyancy force
will determine the momentum and thermal transport
processes. The thermal buoyancy force arising due to the
heating of a continuously moving surface, under some cir-
cumstances, may alter significantly the flow and thermal
fields and thereby the heat transfer behavior in the manufac-
turing process. Lin et al. [19] studied the problem of mixed
convection from an isothermal horizontal plate moving in
parallel or reversely to a free stream. Ali and Al-Yousef
[20-21] investigated the problem of laminar mixed convec-
tion adjacent to a moving vertical surface with suction or
injection. Karwe and Jaluria [22] showed that the thermal
buoyancy effects are more prominent when the plate moves
vertically, i.e., aligned with the gravity, than when it is hori-
zontal. Also, an analysis of mixed convection heat transfer
from a vertical continuously stretching sheet has been pre-
sented by Chen [23]. Ali [24] studied the buoyancy effect on
the boundary layer induced by continuous surface stretched
with rapidly decreasing velocities. Abo-Eldahab and Abd
El-Aziz [25] presented the problem of steady, laminar, hydro-
magnetic heat transfer by mixed convection over an inclined
stretching surface in the presence of space- and temperature-
dependent heat generation or absorption effects. Abd El-Aziz
[26] investigated the problem of thermal radiation effects on
magnetohydrodynamic mixed convection flow of a micropo-
lar fluid past a continuously moving semi-infinite plate for
high temperature differences. Abd El-Aziz and Salem [27]
studied the effects of coupled heat and mass transfer by nat-
ural convection and chemical reaction on the flow of an
incompressible, viscous, and electrically conducting fluid past
a vertical and linearly stretched permeable sheet with variable
surface temperature and mass flux. Salem and Abd El-Aziz
[28] investigated the effect of Hall currents and chemical
reaction on hydromagnetic flow of a stretching vertical sur-
face with internal heat generation or absorption. In all the
above mentioned studies the viscosity of the ambient fluid
was assumed to be constant. However, it is known that the
fluid viscosity changes with temperature [29], for example
the absolute viscosity of water decreases by 240% when the
temperature increases from 10 °C to 50 °C. So in order to
predict accurately the flow behavior, it is necessary to take
into account this variation in viscosity since recent results
on the flow due to stretching surface with and without buoy-
ancy force have shown that when this effect is included, the
flow characteristics may be substantially changed compared
to the constant viscosity case. Pop et al. [30] studied the effect
of variable viscosity on flow and heat transfer to a continu-
ous moving flat plate using the similarity solution with no
buoyancy force. Mukhopadhyay et al. [31] studied the
boundary layer flow over a heated stretching sheet with var-
iable viscosity in the presence of magnetic field. Ali [32] stud-
ied the effect of temperature-dependent viscosity on mixed
convection heat transfer along a vertical moving surface tak-
ing into account the effect of buoyancy force. Abd El-Aziz
[33] studied the problem of temperature-dependent viscosity
and thermal conductivity effects on combined heat and mass
transfer in MHD three-dimensional flow over a stretching
surface with Ohmic heating. If the fluid is viscous, consider-
able heat can be produced even though at relatively low

speeds, e.g. in the extrusion of a plastic, and hence the heat
transfer results may alter appreciably due to viscous dissipa-
tion. Partha et al. [34] presented a similarity solution for
mixed convection flow and heat transfer from an exponen-
tially stretching surface by considering viscous dissipation ef-
fect in the medium. All of the above investigations have been
restricted to steady-state conditions. However, in certain
practical problems, the motion of the stretched surface may
start impulsively from rest. In these problems the transient
or unsteady aspects become of interest. Elbashbeshy and
Bazid [35] presented an exact similarity solution for momen-
tum and heat transfer in an unsteady flow whose motion is
caused solely by the linear stretching of a horizontal stretch-
ing surface. Ali and Magyari [36] presented the problem of
unsteady fluid and heat flow induced by a submerged stretch-
ing surface while its steady motion is slowed down gradually.
Recently, Abd El-Aziz [37-39] extended the problem of
Elbashbeshy and Bazid [35] to include various aspects such
as thermal radiation, Hall currents and time-dependent
chemical reaction. However, the combined effect of buoy-
ancy force, viscous dissipation and variable viscosity on the
flow and heat transfer which is important in view point of de-
sired properties of the outcome is not considered in the ear-
lier papers [35-39]. Motivated by all the works mentioned
above, it is of interest to extend the work [35] by including
such effects on the flow and heat transfer from an unsteady
stretching surface. It will be demonstrated that the system
of time-dependent governing equations can be reduced to a
five-parameter problem by introducing a suitable transfor-
mation variables. Accurate numerical solutions are generated
by employing shooting method. A comprehensive parametric
study is conducted and a representative set of graphical re-
sults for the velocity and temperature profiles as well as the
skin friction and wall heat transfer coefficients are reported
and discussed. The analysis showed that the unsteadiness
parameter, buoyancy force, variable viscosity property and
viscous dissipation have significant influence on the flow
and thermal fields as well as the non-dimensional local skin
friction and heat transfer coefficients.

2. Analysis

Consider the mixed convection, boundary layer flow of a vis-
cous, incompressible fluid along an unsteady stretching sheet,
which issues vertically in the upward direction from a slot with
velocity

u, = bx/(1 —ar), (1)

where b and o are positive constants with dimensions (time)~".
Here, b is the initial stretching rate, whereas the effective
stretching rate b/(1 — at) is increasing with time. In the context
of polymer extrusion the material properties and in particular
the elasticity of the extruded sheet may vary with time even
though the sheet is being pulled by a constant force. A sche-
matic representation of the physical model and coordinates
system is depicted in Fig. 1. The positive x coordinate is mea-
sured along the stretching sheet with the slot as the origin and
the positive y coordinate is measured normal to the sheet in the
outward direction toward the fluid. The surface temperature
T,, of the stretching sheet varies with the distance x from the
slot and time 7 as [40)]



Unsteady mixed convection heat transfer along 531
1, (%, 1) b

[ S S 9

"=\ )

Voob /(1 = aut) - x - f(n), (10)

T (x 1) T = To + To[bx*/2vs] (1 — 1) 0(n), (11)

Figure 1 Schematic representation of the physical model and
coordinates system.

T, = To + To[bx*/2vo0] (1 — at) 2. (2)

where T, is the temperature of the ambient fluid, 7 is a (po-
sitive or negative; heating or cooling) reference temperature
and v, is the kinematic viscosity of the ambient fluid. It is
apt to note here that, the expressions for u, (x,7) and T,
(x,17) defined in Egs. (1) and (2) are valid only for time
t < a~'. The expression (2) for the temperature T,(x,7) of
the sheet represents a situation in which the sheet temperature
increases (reduces) if T} is positive (negative) from T, at the
leading edge in proportion to x> and such that the amount
of temperature increase (reduction) along the sheet increases
with time.

Using Boussinesq approximation for incompressible
viscous fluid environment in addition to that, the fluid viscos-
ity is assumed to vary as an inverse linear function of temper-
ature [41]

1 1
—=— [1+9T-Ty)], or l/u=a (T-T,), (3)
T
where
a=y/u,and T, = Tx — 1/, (4)

are constants and their values depend on the reference state
and the thermal property of the fluid y. In general, a > 0 for
liquids and a < 0 for gases [42].

The boundary layer equations for mass, momentum and
heat transfer in the presence of viscous dissipation take the
form

ou  Ov
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along with the boundary conditions

u=u, v=0 T=T, aty=0 (8)
u—0, T— T, as y — oo

Proceeding with the analysis, we introduce the following simi-
larity variable n and the dimensionless variables f and 0:

where /(x, y, t) is the stream function satisfying the continuity
Eq. (5) with u = 0y/0y and v = —0y//0x. The components of
velocity can be readily expressed as:

u:uwf(n)v V= —v Voob/(l —O(l) f(”) (12)

Making use of Egs. (9)-(11), Egs. (6) and (7) reduce to

91‘ " 9" 110/ v N ! 2 _
T g Al ) -0 a0=0. (13

1 /! A / / 01‘ em2
ﬁ() —3(40+n0)+f0—2,f0+9r70Ec(f) =0, (14)
The transformed boundary conditions are:

=0, f=1, 0=1 aty=0

f=0. f at } )
f—0, 6—-0 as n§ — oo

where a prime denotes ordinary differentiation with respect to
n, 0 =(T—T,)/(T, — T) is the non-dimensional tempera-
ture, 0, = (T, — Too)(T), — Tso) = —1/()(T,, — Ts.)) is the
variable viscosity parameter, A4 = o/b is the unsteadiness

L 2bve llﬁ
parameter, Ec = Toes = o (TeT)

characterizes the viscous dissipation effect, Pr = vy p . c,/k is

gfTox __ Gry
2vech T Re2

parameter with Gr, = gB(T,, — Ts)x*/v*, is the Grashof num-
ber. The case in which 4 = 0 corresponds to the forced convec-
tion regime while that in which 4 is large corresponds to the
free convection regime. For t = 0 (4 = 0) Egs. (13) and (14)
reduce to those of steady flow and for # > 0 (4 #0) it applies
to unsteady flow. It is worth mentioning that, when
A=Ec=0, and 0, - oo, Egs. (13) and (14) reduce to those
of Ali and Magyari [36] when ¢ = n = 2 in their equations.For
practical applications, the physical quantities of major interest
are the local friction coefficient C,

_2u(0u/y), ., 20,

is the Eckert number which

the Prandtl number and 1 = is the mixed convection

. R —1/2 1 1

o= T = g R T 0), (16)
and the local Nusselt number Nu,
X R&?

Nu, = —— (0T, =———>x ¢ 17

ux TO (8 /ay)y:O 2(1 _ OC[) (0)7 ( )

where Re, = u,Xx/v, is the local Reynolds number based on
the sheet velocity u,,.

3. Numerical solution

The non-linear coupled differential Eqgs. (13) and (14) subject
to the boundary conditions (15) constitute a two-point bound-
ary value problem has been solved numerically by the shooting
method. The differential Eqs. (13) and (14) were first formu-
lated as a set of five first-order simultaneous equations of for
five unknowns following the method of superposition [43].
To solve this system we require five initial conditions while
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we have only two initial conditions f'(0) and /' (0) on f'and one
initial condition 0 (0) on 0. Still there are two initial conditions
/" (0) and ¢ (0) which are not prescribed. However the values
of f (n) and 6 () are known at 1 — co. Now we employ the
numerical shooting technique where these two ending bound-
ary conditions are utilized to produce two known initial condi-
tions at # = 0. The problem has been solved numerically using
fourth-order Runge—Kutta integration scheme.

4. Results and discussion

In order to verify the validity and accuracy of the present
analysis, results for the local heat transfer rate were compared
with those of Grubka and Bobba [5] and Chen [23] for forced
convection flow on a linearly steady stretching surface in the
absence of viscous dissipation. The comparison in the above
cases is found to be in excellent agreement, as shown in
Table 1. The excellent agreement between the present results
and previously published data is an encouragement for
further study of the effects of other parameters on the flow
and heat transfer characteristics of the continuously stretch-
ing sheet.

Figs. 2 and 3 show the velocity /() and temperature 0 (17)
profiles for various values of variable viscosity parameter 0,
and mixed convection parameter 4. The presence of the ther-
mal buoyancy effects represented by finite values of 1 (4 #0)
has the tendency to induce more flow along the surface. This
is reflected in the increases in /(1) as A increases, for given 0,,
as shown in Fig. 2. Distinctive peak in the velocity profiles
which is a characteristic of free convection flows is also ob-

Table 1 Comparison of the values of -0 (0) for
A=2=Ec=0, 0,00 and selected values of Pr with
previously published data.

Pr Grubka and Bobba [5] Chen [23] Present results
0.01 0.0294 0.02942 0.02948
0.72 1.0885 1.08853 1.08855
1.0 1.3333 1.33334 1.33333
3.0 2.5097 2.50972 2.50972
7.0 - 3.97150 3.97151
10 4.7969 4.79686 4.79687
100 15.712 15.7118 15.7120
2
— 8,=1.01
i - 8,=10
A= 0.6
Ec=0.1
Pr=0.72
5 6
n
Figure 2 Dimensionless velocity profiles for various values of 1
and 0,.

1
—— 8,=1.01
- 8,210
08 F
A=06
061 Ec=0.1
) Pr=0.72
04F
02F
0
0 1 2 3 4 5

Figure 3 Dimensionless temperature profiles for various values
of A and 0,.

Figure 4 Dimensionless velocity profiles for various values of 0,
and A4.

served for large values of the mixed convection parameter 4
(2 = 20) in Fig. 2. On the other hand, the velocity decreases
as 0, increases for both forced (4 = 0) and mixed (4 = 1) con-
vection regimes. However, for large values of A (dominant
free convection) the velocity significantly increases with
increasing 0, near the plate where 0 < 5 < 1 but the opposite
result is observed far from the plate where n > 1. In other
words, an increase in the values of 0, causes an increase in
the velocity f'(n) near the stretching surface whereas it pro-
duces lower velocities toward the edge of the boundary layer
only in natural convection process. Fig. 3 depicts the graphs
for the temperature profiles for the same data values as used
in Fig. 2. It is noticed from this figure that the effect of
increasing values of 1 is to decrease thermal boundary layer
thickness. Further, the temperature increases as 6, increases
for both forced (4 = 0) and mixed (4 = 1) convection regimes
while the situation is completely reversed for free convection
regime (4 = 20). Namely, the temperature of the fluid de-
creases as 0, increases for large values of the mixed convec-
tion parameter /.

Figs. 4 and 5 show the velocity /() and temperature 0 (1)
profiles for various values of the variable viscosity parameter
0, and the unsteadiness parameter 4. From these figures it ob-
served that increasing values of A4 results in decreasing the
velocity and temperature keeping other parameters fixed.
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Figure 5 Dimensionless temperature profiles for various values
of 0, and A.

2
=0
r - A=l
s — 4=20
6,=3
Ec=0.1
Pr=0.72
5 6

Figure 6 Dimensionless velocity profiles for various values of 4
and 4.

Figure 7 Dimensionless temperature profiles for various values
of 2 and 4.

Fig. 4 reveals that the effect of 0, on the velocity £ () in the un-
steady flow (4 = 1.5) is more pronounced than the steady flow
(A = 0). However, the effect of 6, on the temperature 6 (i)
profiles in the steady flow is more pronounced than the unstea-
dy flow as shown in Fig. 5.

Figs. 6 and 7 present typical steady (4 = 0) and unsteady
(A4 = 1.5) state velocity f () and temperature 0 (1) profiles
for various values of the mixed convection parameter 1. From
these figures it is observed that the effect of 1 on the velocity
and temperature in the steady flow is more prominent than

533
1
\ — A=0
- A=15
08\
6,=30
06 ~ . A =10
fr \ O\ » Be=0.05, Pr=0.72
04 F >
02| )
0 L L L -1
0 1 2 3 4 5 6
n

Figure 8 Dimensionless velocity profiles for various values of Ec
and A4.

— A=0
---- A=15
0.8
0.6 6,=3.0
2] A =10
04 Pr=0.72
0.2
0
4 5

Figure 9 Dimensionless temperature profiles for various values
of Ec and A.

Figure 10 Dimensionless velocity profiles for various values of
Ec.

the unsteady flow. Also the effect on the flow and thermal
fields become more so as the strength of the mixed convection
parameter A increases.

The effect of Eckert number Ec and the unsteadiness
parameter A on the velocity (1) and temperature 0 () profiles
is shown Figs. 8 and 9. The fluid temperature is observed to be
increased in the medium as Ec increases because of the internal
heat generated due to viscous dissipation (Ec # 0) in the med-
ium as shown in Fig. 9. This has the direct effect in increasing
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---- Ec=0.0
0.8
06 A=15
Ec=2,4,6 6, =30
0 04r A =10
Pr=0.72
02
0 =
Ec=-2,-4,-5,-6
02 . . . . .
0 1 2 3 4 5 6
n
Figure 11  Dimensionless temperature profiles for various values

of Ec.

the fluid velocity due to the increases in the values of the
Eckert number Ec as depicted in Fig. 8. Furthermore, Figs. 8
and 9 reveal that the velocity and temperature profiles in the
unsteady flow exhibit similar fashions to those in the steady
flow. Also viscous dissipation demonstrates a more pro-
nounced influence on the velocity and temperature distribution
in the case of steady flow.

Figs. 10 and 11 illustrate the effect of viscous dissipation on
the velocity and temperature profiles for 4 = 1.5, 6, = 0.3,
A =1 and Pr = 0.72. According to the definition of Eckert
number, a positive Ec corresponds to fluid heating (heat is
being supplied across the walls into the fluid) case (T, > T.)
so that the fluid is being heated whereas a negative Ec means
that the fluid is being cooled. From Fig. 10 it is seen that the
velocity /(1) of the fluid heating case (Ec > 0) is higher than
that of the case without viscous dissipation (Ec = 0), whereas
the opposite trend is observed for the fluid cooling case
(Ec < 0). Fig. 11 shows that the dimensionless temperature in-
creases when the fluid is being heated (Ec > 0) but decrease
when the fluid is being cooled (Ec < 0). For Ec < 0 the dimen-
sionless fluid temperature 6(17) decreases monotonically with 7,
from unity at the wall toward its free stream value. It is noted
from the definition of 0 that this behavior implies the monot-
onous decrease in the actual fluid temperature in the horizontal
direction from the sheet temperature 7, to the free stream tem-
perature. The increase in the fluid temperature due to viscous
heating is observed to be more pronounced for a higher value
of Ec, as expected. On the other hand, for Ec < 0 (i.e. T, < -
T..) the dimensionless fluid temperature 0 decreases with 7
rapidly at first, arriving at a negative minimum value, for
Ec < —4 and then increases more gradually to its free stream
value. Correspondingly, the actual fluid temperature in the
horizontal direction increases at first from the surface temper-
ature 7,, to a maximum value and then decrease to its free
stream value. It should be noted that for the fluid cooling case
(Ec < 0) a negative 0 indicates the excess of the free stream
temperature 7, over the actual fluid temperature T because
of the viscous dissipation effect.

Typical variations in the local skin friction coefficient in
terms of the wall velocity gradient f/(0) and the local heat
transfer rate —0’ (0) are illustrated as a function of the unstead-
iness parameter 4 in Figs. 12 and 13 for various values of 4
and 0,. From Fig. 12 it is interesting to note that the effect
of mixed convection parameter A on the local skin friction
coefficient for large values of 6, (6, = 10, where the viscosity

35¢

21 . 6 =10

0 2

Figure 12 Local skin friction coefficient f” (0) versus 4 for
various values of / and 0,.

1.9

6" (0)

Figure 13  Local heat transfer rate —0' (0) versus A for various
values of / and 0,.

approaches its constant value) is much larger than that for
lower values of 6, (0, = 1.01, where the viscosity variation
with temperature is very large). In other words, the effect of
/. on f’ (0) is insignificant when 6, — 1 as compared to that
when (0, = 10). Also Fig. 12 reveals that the effect of 6, is to
decrease the skin friction coefficient f// (0) for both forced
(4 = 0) and mixed (4 = 1) convection regimes but the opposite
trend occurs for free convection regime (4 = 15). These behav-
iors are consistent with the results of the velocity profiles
shown in Fig. 2. Furthermore, the maximum effect of the var-
iable viscosity and mixed convection parameters on the local
skin friction coefficient occurs when the flow is steady
(A = 0) as shown in Fig. 12. In addition, for given 0, and A,
the skin friction coefficient f” (0) decreases with increasing
the unsteadiness parameter A. From Figs. 12 and 13 it is clear
that the local skin friction coefficient /” (0) and the local heat
transfer rate —0' (0) are both increased with increasing 4 for gi-
ven 0, and A4. This is due to the fact that a positive 4 induces a
favorable pressure gradient that enhances the flow and heat
transfer in the boundary layer. Further, the effect of /1 on the
—0' (0) becomes more significant for higher values of the vari-
able viscosity parameter as one can see from Fig. 12 by com-
paring the curves with 6, = 1.01 and 60, = 10 for given 4.
Also, it is noted from Fig. 13 that an increase in the value of
0, produces a decrease in the local heat transfer rate -0 (0)
for both forced (4 = 0) and mixed (4 = 1) convection flow
but the opposite result obtained for free convection regime
(4 = 15). These behaviors agree quite with the results of the
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Figure 14 Local skin friction coefficient f” (0) versus A4 for
various values of 4 and Ec.

-6'(0)

Figure 15 Local heat transfer rate —6' (0) versus 4 for various
values of 4 and Ec.

temperature profiles shown in Fig. 3. Moreover, from Fig. 13 it
is obvious that for given 0, and 4 the heat transfer rate is
greatly increased with an increase in the unsteadiness parame-
ter A.

The local skin fiction coefficient f// (0) and the local heat
transfer rate —0' (0) are plotted against the unsteadiness param-
eter A4 at selected values of / and Ec in Figs. 14 and 15, respec-
tively. For both forced (4 = 0) and mixed (1 = 1) convection
regimes, viscous dissipation exhibits a negligible effect on the
skin friction coefficient f” (0) between the fluid and the elastic
sheet for all values of 4 as shown in Fig. 14. Even, for exam-
ple, for 2 =1, A =0 and 4 = 1.5 the slopes of different
velocity profiles in Fig. 8 at # = 0 are scarcely discernible.
On the other hand, Fig. 14 shows that the local skin fiction
coefficient f” (0) is markedly increased with an increase in
the value of Ec for large values of A (4 = 15) where the free
convection flow is predominant and this increase is more pro-
nounced at smaller values of A. It is clear from Fig. 15 that,
increasing the value of Ec is found to reduce the local heat
transfer rate —0’ (0) for all values of 4 and A4. This is evident
from the fact that the presence, as well as an increase the vis-
cous dissipation (Ec #0), the fluid is being heated and hence
results in a decrease in the wall temperature gradient. Also,
the reduction in the local heat transfer rate is found to be more
pronounced for a larger mixed convection parameter 4 and

£

Figure 16 Local skin friction coefficient f” (0) versus A4 for
various values of Ec.

42
0,=3.0
36 A =10 Ec=-6
Pr=0.72
3 -
Ec=-4
241

-6'(0) Ec=-2

Figure 17 Local heat transfer rate —0' (0) versus A for various
values of Ec.

smaller unsteadiness parameter 4. Further, from Fig. 15 it is
observed that the local heat transfer rate -’ (0) is increased
owing to increasing the value of mixed convection parameter
A for small values of the Eckert number (Ec = 0.1) and all val-
ues of the steadiness parameter 4 whereas for higher values of
the Eckert number (Ec¢ = 0.8) this is true only for 4 > 1.3 due
to the rapid growth in —’ (0) with increasing the unsteadiness
parameter A4.

Variation in the local skin friction coefficient // (0) and the
local heat transfer rate —6' (0) are illustrated as a function of
the unsteadiness parameter A4 in Figs. 16 and 17, respectively.
Fig. 16 reveals that for a given A the local skin friction coeffi-
cient /” (0) increases with viscous dissipation in fluid heating
case (Ec > 0) and decreases in fluid cooling case (Ec < 0).
As compared to the case of no viscous dissipation (Ec = 0),
Fig. 16 demonstrates that for given value of 4 the heat transfer
is enhanced for the fluid cooling case but it is reduced for the
fluid heating case.

5. Conclusions

Unsteady laminar mixed convection boundary layer flow and
heat transfer along a stretching vertical sheet is studied in
the light of variation in fluid viscosity due to temperature dif-
ferences. The influence of buoyancy along with viscous dissipa-
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tion on the convective transport in the boundary layer region is
also considered. In this study emphasis is given on how
velocity field, skin friction, temperature distribution and heat
transfer changes due to variation in the governing parameters
such as variable viscosity parameter, mixed convection param-
eter, Eckert number and unsteadiness parameter. Using a suit-
able transformation, the governing time-dependent boundary
layer equations for momentum and thermal energy are reduced
to a set of non-linear coupled ordinary differential equations
which are then solved numerically by using fourth-order Run-
ge—Kutta scheme with shooting method. As a summary, we
conclude that:

1. For all values of the unsteadiness parameter, increasing the
variable viscosity parameter may increase or decrease the
local skin friction coefficient and local heat transfer rate,
depending on the competition between the impacts of the
mixed convection parameter and variable viscosity param-
eter; in a manner that the local skin friction coefficient and
the local heat transfer rate are both reduced as the variable
viscosity parameter increases for both forced and mixed
convection regimes (small values of the mixed convection
parameter), while the opposite trend is observed for pure
free convection regime (large values of the mixed convec-
tion parameter).

2. For all values of the unsteadiness parameter, the effect of
increasing values of the mixed convection parameter is to
increase the skin friction coefficient greatly for large values
of the variable viscosity parameter but only slight effect on
the skin friction coefficient for small values of variable vis-
cosity parameter is observed.

3. The effect of increasing values of the mixed convection
parameter is to increase the local heat transfer rate for all
values of the variable viscosity and unsteadiness
parameters.

4. When the viscous dissipation effect is included (Ec #0), a
significant reduction in the heat transfer rate occurs for
all values of the mixed convection and unsteadiness
parameters.

5. Due to viscous dissipation effect a considerable increase in
the skin friction coefficient occurs for large values of the
mixed convection parameter, but only insensible effects
are observed for small values of the mixed convection
parameter. This is true for all values of the unsteadiness
parameter.

Acknowledgements

The author is very thankful to the reviewers for their encour-
aging comments and constructive suggestions to improve the
presentation of this manuscript.

References

[1] B.C. Sakiadis, Flow and heat transfer in the boundary layer on a
continuous moving surface, AIChE J. 7 (1) (1961) 26-28.

[2] B.C.Sakiadis, Boundary layer behavior on continuous solid
surface, II. The boundary layer on a continuous flat surface,
AIChE J.7 (1) (1961) 221-225.

[3] F.K. Tsou, E.M. Sparrow, R.J. Goldstein, Flow and heat
transfer in the boundary layer on a continuous moving surface,
Int. J. Heat Mass Transfer 10 (1967) 219-235.

[4] L.J. Crane, Flow past a stretching plate, Z. Angew. Math. Phys.
21 (1970) 645-647.

[5] L.G. Grubka, K.M. Bobba, Heat transfer characteristics of a
continuous stretching surface with variable temperature, ASME
J. Heat Transfer 107 (1985) 248-250.

[6] V.M. Soundalgekar, T.V. Ramana Murty, Heat transfer past a
continuous moving plate with variable temperature, Wirme-
und Stoffiibertragung 14 (1980) 91-93.

[7] J. Vleggaar, Laminar boundary-layer behavior on continuous,
accelerating surfaces, Chem. Eng. Sci. 32 (1977) 1517-1525.

[8] M.E. Ali, Heat transfer characteristics of a continuous
stretching surface, Wirme- und Stoffiibertragung 29 (1994)
227-234.

[9] W.H.H. Banks, Similarity solutions of the boundary-layer
equations for a stretching wall, J. Mech. Theor. Appl. 2 (1983)
375-392.

[10] E. Magyari, B. Keller, Heat and mass transfer in the boundary
layers on an exponentially stretching continuous surface, J.
Phys. D: Appl. Phys. 32 (1999) 577-585.

[11] E. Magyari, B. Keller, Heat transfer characteristics of the
separation boundary flow induced by a continuous stretching
surface, J. Phys. D: Appl. Phys. 32 (1999) 2876-2881.

[12] L.E. Erickson, L.T. Fan, V.G. Fox, Heat and mass transfer on a
moving continuous flat plate with suction or injection, Indust.
Eng. Chem. Fundament. 5 (1966) 19-25.

[13] V.G. Fox, L.E. Erickson, L.T. Fan, Methods for solving the
boundary layer equations for moving continuous flat surfaces
with suction and injection, AIChE J. 14 (1968) 726-736.

[14] P.S. Gupta, A.S. Gupta, Heat and mass transfer on a stretching
sheet with suction or blowing, Can. J. Chem. Eng. 55 (6) (1977)
744-746.

[15] C.K. Chen, M.I. Char, Heat transfer of a continuous stretching
surface with suction or blowing, J. Math. Anal. Appl. 135 (1988)
568-580.

[16] M.E. Ali, On thermal boundary layer on a power law stretched
surface with suction or injection, Int. J. Heat Fluid Flow 16 (4)
(1995) 280-290.

[17] E. Magyari, M.E. Ali, B. Keller, Heat and mass transfer
characteristics of the self-similar boundary-layer flows induced
by continuous surfaces stretched with rapidly decreasing
velocities, Heat Mass Transfer 38 (2001) 65-74.

[18] M.A.A. Mahmoud, S.E. Waheed, MHD flow and heat transfer
of a micropolar fluid over a stretching surface with heat
generation (absorption) and slip velocity, J. Egypt. Math. Soc.
20 (1) (2012) 20-27.

[19] H.T. Lin, K.Y. Wu, H.L. Hoh, Mixed convection from an
isothermal horizontal plate moving in parallel or reversely to a
free stream, Int. J. Heat Mass Transfer 36 (1993) 3547-3554.

[20] M.E. Ali, F. Al-Yousef, Laminar mixed convection from a
continuously moving vertical surface with suction or injection,
Heat Mass Transfer 33 (4) (1998) 301-306.

[21] ML.E. Ali, F. Al-Yousef, Laminar mixed convection boundary
layers induced by a linearly stretching permeable surface, Int. J.
Heat Mass Transfer 45 (2002) 4241-4250.

[22] M.V. Karwe, Y. Jaluria, Numerical simulation of thermal
transport associated with a continuously moving flat
sheet in materials processing, ASME J. Heat Transfer 113
(1991) 612-619.

[23] C.H. Chen, Laminar mixed convection adjacent to vertical
continuously stretching sheet, Heat Mass Transfer 33 (1998)
471-476.

[24] M.E. Ali, The buoyancy effects on the boundary layers induced
by continuous surfaces stretched with rapidly decreasing
velocities, Heat Mass Transfer 40 (2004) 285-291.

[25] E.M. Abo-Eldahab, M. Abd El-Aziz, Blowing/suction effect on
hydromagnetic heat transfer by mixed convection from an
inclined continuously stretching surface with internal heat
generation/absorption, Int. J. Therm. Sci. 43 (2004) 709-719.


http://refhub.elsevier.com/S1110-256X(13)00137-5/h0005
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0005
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0015
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0015
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0015
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0020
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0020
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0025
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0030
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0030
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0030
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0035
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0035
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0040
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0040
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0040
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0045
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0050
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0050
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0050
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0055
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0055
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0055
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0060
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0060
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0060
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0065
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0065
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0065
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0070
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0070
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0070
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0075
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0080
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0080
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0080
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0085
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0090
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0090
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0090
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0090
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0095
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0095
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0095
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0100
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0100
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0100
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0105
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0105
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0105
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0110
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0110
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0110
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0110
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0115
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0115
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0115
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0120
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0120
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0120
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0125
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0125
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0125
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0125

Unsteady mixed convection heat transfer along

537

[26] M.  Abd  El-Aziz, Thermal radiation effects on
magnetohydrodynamic mixed convection flow of a micropolar
fluid past a continuously moving semi-infinite plate for high
temperature differences, Acta Meccanica 187 (2006) 113-127.

[27] M. Abd El-Aziz, A.M. Salem, MHD mixed convection and mass
transfer through a vertical stretching sheet with diffusion of
chemically reactive species and space or temperature dependent
heat source, Can. J. Phys. 85 (4) (2007) 359-373.

[28] A.M. Salem, M. Abd El-Aziz, Effect of Hall currents and
chemical reaction on hydromagnetic flow of a stretching vertical
surface with internal heat generation/absorption, Appl. Math.
Modell. 32 (2008) 1236-1254.

[29] H. Herwig, G. Wickern, The effect of variable properties on
laminar boundary layer flows, Wirme-und Stoffiibertragung 20
(1986) 47-57.

[30] I. Pop, R.S.R. Gorla, M. Rashidi, The effect of variable
viscosity on flow and heat transfer to a continuous moving flat
plate, Int. J. Eng. Sci. 30 (1) (1992) 1-6.

[31] S. Mukhopadhyay, G.C. Layek, Sk.A. Samad, Study of MHD
boundary layer flow over a heated stretching sheet with variable
viscosity, Int. J. Heat Mass Transfer 48 (2005) 4460-4466.

[32] M.E. Ali, The effect of variable viscosity on mixed convection
heat transfer along a vertical moving surface, Int. J. Therm. Sci.
45 (2006) 60—69.

[33] M. Abd El-Aziz, Temperature dependent viscosity and thermal
conductivity effects on combined heat and mass transfer in
MHD three-dimensional flow over a stretching surface with
Ohmic heating, Meccanica 42 (2007) 375-386.

[34] M.K. Partha, P.V.S.N. Murthy, G.P. Rajasekhar, Effect of
viscous dissipation on the mixed convection heat transfer from

an exponentially stretching surface, Heat Mass Transfer 41
(2005) 360-366.

[35] EM.A. Elbashbeshy, M.A.A. Bazid, Heat transfer over an
unsteady stretching surface, Heat Mass Transfer 41 (2004) 1-4.

[36] M.E. Ali, E. Magyari, Unsteady fluid and heat flow induced by a
submerged stretching surface while its steady motion is slow
down gradually, Int. J. Heat Mass Transfer 50 (2007) 188-195.

[37] M. Abd El-Aziz, Radiation effect on the flow and heat transfer
over an unsteady stretching sheet, Int. Comm. Heat Mass
Transfer 36 (2009) 521-524.

[38] M. Abd El-Aziz, Flow and heat transfer over an unsteady
stretching surface with Hall effect, Meccanica 45 (1) (2010) 97—
109.

[39] M. Abd El-Aziz, Unsteady fluid and heat flow induced by a
stretching sheet with mass transfer and chemical reaction, Chem.
Eng. Comm. 197 (10) (2010) 1261-1272.

[40] I.-C. Liu, H.I. Andersson, Heat transfer in a liquid film on an
unsteady stretching sheet, Int. J. Therm. Sci. 47 (6) (2008) 766-772.

[41] F.C. Lai, F.A. Kulacki, The effect of variable viscosity on
convective heat transfer along a vertical surface in a saturated
porous medium, Int. J. Heat Mass Transfer 33 (5) (1990) 1028—
1031.

[42] J.X. Ling, A. Dybbs, H.T. Lin, K.Y. Wu, H.L. Hoh, Forced
convection over a flat plate submersed in a porous medium:
Variable viscosity case, Int. J. Heat Mass Transfer 36 (1993)
3547-3554. ASME Paper 87-WA/HT-23, ASME winter annual
meeting, Boston, Massachusetts, December 1987, pp. 13-18.

[43] T.Y. Na, Computational Methods in Engineering Boundary
Value Problems, Academic Press, New York, 1979.


http://refhub.elsevier.com/S1110-256X(13)00137-5/h0130
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0130
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0130
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0130
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0135
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0135
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0135
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0135
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0140
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0140
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0140
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0140
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0145
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0145
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0145
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0150
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0150
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0150
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0155
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0155
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0155
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0160
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0160
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0160
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0165
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0165
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0165
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0165
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0170
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0170
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0170
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0170
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0175
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0175
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0180
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0180
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0180
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0185
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0185
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0185
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0190
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0190
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0190
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0195
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0195
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0195
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0200
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0200
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0205
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0205
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0205
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0205
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0215
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0215
http://refhub.elsevier.com/S1110-256X(13)00137-5/h0215

	Unsteady mixed convection heat transfer along a  vertical stretching surface with variable viscosity  and viscous dissipation
	1 Introduction
	2 Analysis
	3 Numerical solution
	4 Results and discussion
	5 Conclusions
	Acknowledgements
	References


