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Abstract In this paper, we establish recurrence relations for single and product moments of
progressively Type-II right censored order statistics from doubly truncated exponentiated Pareto
distribution. These relations may then be used to obtain recurrence relations for single and product
moments of progressively Type-1I right censored order statistics from exponentiated Pareto
distribution for all sample size n and all censoring schemes (R, R, ..., R,,). Also, we can use it

to compute all the means, variances and covariances of exponentiated Pareto progressive Type-I1
right censored order statistics.
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1. Introduction

Censored sample arises in a life-testing whenever the experi-
menter does not observe (either intentionally or unintention-
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ally) the failure times of all units placed on a life-test.
Inference based on censored sampling has been studied during
the past 50 years by numerous authors for a wide range of life-
time distribution such as normal, exponential and Pareto.
Naturally, there are many different forms of censoring that
have been discussed in the literature. In progressive Type-II
censoring from a total n units placed on a Life-test only m
are completely observed until failure. At the time of first failure
R, of the n — 1 surviving units are randomly withdrawn (or
censored) from the life-testing experiment. At the time of the
next failure R, of the n — R; — 2 surviving units are censored,
and so on. Finally, at the time of the mith failure, all the
remaining R, =n— R, — R, — --- — R,,_| — m surviving units
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are censored. Progressively Type-II censored has been studied
by many authors including [1-10].

Recurrence relations for single and product moments for
any continuous distribution can be used to compute all means,
variances and covariance of such a distribution. [11] have re-
viewed several recurrence relations and identities established
for the single and product moments of order statistics from
an arbitrary continuous distribution. Also [12] have reviewed
several recurrence relations and identities established for the
single and product moments of order statistics from specific
continuous distribution. [13] have updated the reviews of
[11,12] and discuss several recurrence relations and identities
for single and product moments of order statistics. [14] have
derived complete recurrence relations for single and product
moments from standard exponential distribution. [15] general-
ized the results of [16] on the order statistics from the doubly
truncated exponential distribution and have derived similar
recurrence relations for moments of progressively Type-II
right censored order statistics from the Pareto distribution
and it’s truncated forms.[17] have established several
recurrence relations for the single and product moments of
progressively Type-1I right censored order statistics from a
half-logistic distribution.

Pareto distribution is found to coincide with many social,
scientific, geophysical, actuarial, and various other types of ob-
servable phenomena. Some examples were the Pareto distribu-
tion gives good fit are the sizes of human settlements, the
values of oil reserve in oil fields, the standardized price returns
on individual stocks, sizes of meteorites. Pareto originally used
this distribution to describe the allocation of wealth among
individuals since it seemed to show rather well the way that
a larger portion of the wealth of any society is owned by a
smaller percentage of the people in that society. He also used
it to describe distribution of income. The following examples
are sometimes seen as approximately Pareto-distributed: Hard
disk drive error rates, The values of oil reserves in oil fields
(a few large fields, many small fields), The standardized price
returns on individual stocks, Numbers of species per genus.
It has relations to other distributions like the exponential
distribution, the log-normal distribution and the generalized
Pareto distribution. Complete recurrence relations for single
and product moments of progressively Type-II right censored
order statistics from the generalized Pareto distribution was
established by [18]. A family of distribution, namely the expon-
entiated family of distribution, is defined like the exponentiat-
ed exponential distribution as a generalization of the standard
exponential distribution, the exponentiated gamma, exponen-
tiated weibull, exponentiated Gumbel and the exponentiated
Pareto distribution. The exponentiated Pareto distribution is
an extension generalization of the Pareto distribution which
introduced by [19], he showed that the exponentiated Pareto
distribution can be used quite effectively in analyzing many life
time data. [20] studied several exponentiated distributions,
including exponentiated Pareto distribution, and discussed
their properties. They showed that exponentiated Pareto distri-
bution gives a good fit to the tail-distribution of NASDAQ
data.

In this paper, we derive new recurrence relations satisfied
by the single and product moments of progressively Type-II
right censored order statistics from the doubly truncated
exponentiated Pareto distribution.

Sx)

Let X1, X3, ..., X, denote a random sample from the doubly
truncated exponentiated Pareto distribution EP(0,x) with
probability density function (pdf)

ol
70
where 0, <x< Py,
P=[1—(1+P)"
(cdf) is given by
1
=70

N—1+x)"""04+x)7"0,a>0

(1.1)

0=[1-(1+0)™"  and

and cumulative distribution function

F(x) 1—1+x)7 -0} (1.2)

also, the characterizing differential equations are given by:

r=0 5s=0 S

(1/2)+1 o 1-1/64r/0 _ 1l )
f(x):%Z((l/BH)(—l)’ > ((1 “”))(—nﬁ

X (P — Q) P'1/0t 051 — F(x)] (1.3)

Making use of (1.1) and (1.2) the following recurrence rela-
tions for the single and product moments of progressively
Type-II right censored order statistics from doubly truncated
exponentiated Pareto distribution have been derived.

2. Recurrence relations for single moments

Let Xionn, Xoummy - - - s Xowmn D€ the progressively type-II right
censored order statistics of size m from the sample of size n
with censoring scheme (R;,R,,...,R,) be from the doubly
truncated exponentiated Pareto distribution whose probability
function is given by (1.1) and distribution function is given by
(1.2). For any continuous distribution the single moments of
the progressively type-II can be written as:

k
(Ri Ry s Ri)® R|.Ry....Ry)
Mo = E{ | X,

=A(m,m—1) Yf(f(xl)[l —F(xl)]Rl
Q1 <X] <Xa <Xy <Py

x flxa)[1 = F(XZ)]RZ o flxem)[1 = F(xm)]Rmdxl cedxy

where

Anm—1)=n(n—R —1)(n— R — R, —2)---
><(n—Rl—R2—~-~—Rm,1—m+l)

See [15]

Theorem 2.1. For2<m<n—1, Ry = l and k > —1

(R, Ry, Ry)
/“L]:m:n -

a0 (1/o)+1 (1/0() +1 .

(k+1)(P-0) & ( r )(‘1)

1-1/0+r/0 1. L
Z (1 g+())(_1)S(P_Q)A‘P(lfa+gﬂ)
s=0

n(n— Ry = 1) (Rt RysRs k)4
(n 15— 1) Lim—1:n+s—1

X

,QE’CH) + n(Rl +S) 'u(Rl+5*1~R21~-~~Rm)(k+])} (21)

(}’l 45— 1) Limints—1

Proof. Suppose that (1/x) and (1 — 4+ %) are positive integers
and since we have
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X2
>< /// o / /
Q) <Xy <X3 < <Xy <Py &

X fx)[1 = Fx) ™ - o) [1 = F(x)] "
X dxy - dxi_ydxiyy - dx, (2.2)

X)L F(xl)]R‘dxl>

By using (1.3) and integrating the innermost integral by parts,
we get

o0 T/ (1/0) 41 .
(k+1)(P7Q),.;< , )“”

=050 |1y ‘
> ( n+0>(‘1>“(1’—Q)-"P('*%ﬁﬂ)

=0

/ )1 = Fx)) M =
[
X
x {xgﬂ(F(xZ))R'” — 0¥ 4 (R, +5)

<[ X[ = F(xl)]RMdel}

[

Substituting the above expression into (2.2) we get (2.1). [

Theorem 2.2. For 1<i<m—1, m<n—1, R, =1 and

k> -1
'u(Rl,Rz vvvvv Rm)(K) — L“gﬁrl (1/1) + 1 (—1)”
im:n k+ P— . r
( Q) =
1-1/0+r/0 1, r
% ( it0 s p(1-ttis)
S

X{ A(}’l, ’) ﬂgRl$R2~v-aRi71~RI+RE+1+»‘-,Rz+2.~~~Rr77)(k+l)
An+s—1,i—1) fm—Lins =1
A(n,i—1) (Ry iR Ry +Ri+5.Ris 1 os Ry ) EF
- mﬂplzquwm
A(n,i—1)
An+s—1,i—1)

Rm)(l\+1)} (23)

+(R; +5)

(Ry.Ry....Ri_1 Rits—1,Riy1 ..
><.u1mn+\ 1

Proof. Suppose that (1/o) and (1
and since we have

1 r
-5t g) are positive integers

W

Q) <X <X <KX <X <o <Xy <Py

([ o - rpas)

x fen)[1 = Fle)] - floe ) [T = Flxi)]
* fx)[1 = Floxn)] 50 - flx)
X [1 ff(xm)]R”’dxl ce dxifldxt#l e dxm (24)

=An,m—1)

By using (1.3) and integrating the innermost integral by parts,
we get

b (1/o)+1

[l = s = 2

(1/0{)+1 1-1/0+r/0 _$+§ \ R

( r ) ( S )(—1><P—Q>
P s LR 5 ()

R [l = R

Ni—1

Substituting the above expression into (2.4) we get (2.3). [

Theorem 2.3. For2<m<n—-1, R, = 1 and k > —1
(1/a)+ 1 1
u (R1,Ry;..., Rm) — 7%0 Z ( /a) * (—1)"
m:m:n (k+1)(P—Q) s R
1=104r/0 (1 —1/04+1/0 .
> (-1 (P~ ) pUi)
5s=0 N
xd A(n,m — 1) (Rl~Rz~»---Rm,|+Rm+s)“‘+'>
A(n - 17 m— 2) um—l:m—l:nﬂ—l

A -1 o
+(Ryy +5) (n,m ) (R,.Rg.:..,R,,,JrA 1)“*”} (2.5)

m Hopeminrs—1

Proof. Suppose that (1/o) and (1
and since we have

Nr(if}lﬂiz ‘‘‘‘‘ Rm)( - n m — 1 /// /

Q) <X <X <+ <Xy ] <P

x ( [ i)t = Rl s,

x fa)[1 = Fa) - )
X [1 = F(xp_)]* "y - - - oy (2.6)

1 r s .
— 141 are positive integers

By using (1.3) and integrating the innermost integral by parts,

we get
) 1/ 1/06+1 ,
:(k+1)(P7Q);( , )“”

1-1/04r/0 /1 — L 4 1
x> ( ” 0>(_1)V(P—Q)“P<l’%‘#"")

s=0

Py
/ el — Flen) ™
X1

x{fxf::], (F(xn-1))"* + (R + 5) / W

X () [1 = Fln) i |

Substituting the above expression into (2.6) we get (2.5). O

3. Recurrence relations for product moments

In this section we have obtained the recurrence relation
for product moments of progressively Type-II right cen-
sored order statistics from doubly truncated exponentiated
Pareto distribution. We can write the (i,j)th product mo-
ment of progressively Type-II right censored order statis-
tics as

im:n jim:n

(R R sRn) _ ol yARY R Ri) (R R Ri)
H;, Jimn =E

=Almm=1) g fl)[1 = Fx)]
Q) <X < <X <Py

< f2) 1= FOo)l ™ oo flo) [ = Flx )| dxy -,

See [15]
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Theorem 3.1. For 1 <i<j<m—1and m <n,

1y

(1/2)+1 5
=D LA S0 9 G )
‘ (PiQ) r=0 r s=0 s

x(~1) (P - @y PUHE)
A(nvj) (Riyees R 1, Rj+Rj 18, Rj2, oo, R )
X —-lui.j:m—l:nﬂ—l
An+s—1,7—1)
An,j—1) (Rt Rio2 Ryt 4 RiA+5Ri 1 o Ror)

m%,, Vo s—1

A("J - 1) (Ry oo R 1 Ri+5—1,Rjs 1 oo Rt )
R: r A4 it Rm 3.1
+( ]+S)A(n+s—l,j—l)'u“f'm'"ﬂf] (3.1)

Proof. Suppose that (1/x) and (1 —1

and since we have
/// f

(R1,Ry,...,Rm)
Q) <X <N <o <X <X <o <X <Py

Hipen = A(l’l, m— 1)
x ( [ s - F(x;)]Rfdxf>

< flen)[1 = Flx)[ - flog)[1 = Flxg-)]

s S0 [ = Flg )9 Al (1= fn)] ™
Xodxy - dxg g dxpyy o dxy (32)

) are positive integers

By using (1.3) and integrating the innermost integral by parts,

we get
X1 (1/a)+1 1/a +l
[ - rtay —a0 S (0 iy
Xj-1 r=0

1-1/0+r/0

) ZO: (1 7§+6>(_1)X“’— 0y Pl-3+)
X{xj+1(F(xj+1))Rf+S — X1 (F(x21)) Rits | (Ri+5)

x o x,f(x)[1 — F(xi)]Rjﬂ]dxi}

Xj-1

Substituting the above expression into (3.2) we get (3.1). [

Theorem 3.2. For 1 <i<m—1and m <n,

(1/)+1 15 Lor
(R1,Ra-, Ry) o § ((1/0()+1) r § (1__9+(_9)
H’i j:m:n ~ 7P A _]
! (P-0) = r =1

s=0 s

e A(n,m—1)
(=1 (P—0)pl-tts)) AWM= 1)
(=1)'(P-0) An+s—1,m—-2)

A(n,m—1)

(R1,Ryyees Ry 1+ Ry +-5) ?
N Rm Al Lo 001
><:uz,m Iim—1:n+s—1 +( +S)A(l’l+S*17m*1)
..... m+s—1
ﬂz(fnl;giﬂRl - )} (3:3)

Proof. Suppose that (1/x) and(l — é + 5) are positive integers
and since we have

(R1Ry o, Rip)
Himen A }’l m— 1 Xi
Q<X <X <+ <Xy <Py

( X fx,,, 1 —F(x,,,)]R”’dxm)

) [1 = F(x)]™ - o) [1 = Flxn1)]™!
del s de,lde+1 s dxm,l (34)

By using (1.3) and integrating the innermost integral by parts,
we get

[pl X0 )1 = F(x)) " dx,y = Gl/i“((l/a) )(—1)’

Xm—1
17%+ﬁ 1 r
—5+3 . s
% ] 0) 1P — SP(I—I—)+1—)7$)
Z( -0
Py

x{—xm,l(F(xm,l))Rm“+(Rm+s) / X (o)

Xm—1

x[1 — F(x,,,)]R’"“fldxm}

Substituting the above expression into (3.4) we get (3.3). O

Remark 3.1. Setting P =1 and Q = 0 the recurrence relations
in Theorems 2.1, 2.2 and 2.3 in our paper obtain similar
expressions for single moments of progressively Type-II
right censored order statistics from exponentiated Pareto
distribution.

Remark 3.2. Setting P = 1and Q = 0the recurrence relationsin
Theorems (3.1) and (3.2) in our paper obtain similar expressions
for the product moments of progressively Type-II right censored
order statistics from exponentiated Pareto distribution.
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