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Introduction
Magnetohydrodynamics (MHD) tends to describe the behavior of electrically con-
ducting fluids like liquid metals, plasmas, and astrophysical systems as well as study-
ing the magnetic field and velocity in these fluids. Characteristics of heat transfer and 
the effects of Hall on magnetohydrodynamic (MHD) flow in a rotating channel are 
analyzed by Ghosh et al. [1]. With regard to the MHD power generators, Carabineanu 
[2] introduced mathematical theory in the simplified form, disregarding the effect of 
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Lorentz force contrary to the direction of fluid flow which takes the stationary flow 
of plasma. Some flows of MHD in a porous medium of the second-degree fluid with 
Darcy law for modeling the flow are investigated by Hayat et  al. [3]. Alfv´en [4, 5] 
put the magnetohydrodynamics (MHD) equations requisite basic and he recognized 
the importance of the generated magnetic field as well as the electric currents loaded 
by plasma. Thermal radiation impact on the flow of magnetohydrodynamic (MHD) 
over a vertical plate with considering convective boundary condition into the model 
of flow has been discussed by Etwire and Seini [6]. Flow problem of mixed convection 
boundary layer and mass transfer over a vertical plate in the presence of a magnetic 
field and constant heat flux through a porous medium is illustrated by Makinde [7]. In 
the presence of the magnetic field, Afrand et al. [8] presented a numerical approach 
of natural convection flow in three-dimensional inside a vertical annulus loaded by 
gallium with taking lower and upper parts of the annulus in the account. The flow 
of MHD of Maxwell fluid caused by a moving flat plate subject to second-order slip 
is investigated by Liu and Guo [9]. Studying magnetohydrodynamic (MHD) flow of 
incompressible fluid with heat transfer effects between two circular discs has been 
presented by Ayaz et  al. [10]. Recently, Patel [11] utilized the technique of Laplace 
transform to examine the flow of MHD of Casson fluid through porous medium over 
an oscillating vertical plate in the presence of Hall current, thermal radiation, and 
heat generation.

Nanofluid is a distinctive category of heat transfer fluids and can be gained by uni-
form dispersion of nanoparticles as well as stabilized suspension of these particles in 
base fluids like water, ethylene glycol, kerosene, oil, and bio-fluids. Nanofluid which has 
additional thermal properties achieves the largest and highest potential thermal prop-
erties utilizing particles at very small concentrations suitable. Furthermore, nanofluids 
are allocated by thermal conductivity. Nanoparticles are defined as metal or non-metal-
lic particles with a size below than 100 nm that move a random movement known as 
Brownian motion and improve energy transfer in nanofluids. Choi [12] was the first to 
introduce the concept of nanofluid as a mixture of disperse particles (nanoparticles) and 
liquid. Among the many of nanofluid applications, we mention transportation, biomedi-
cal, power generation, and microelectronics. An important application of nanofluid is 
to improve the coefficient of heat transfer of the heat transfer fluids. Xuan and Li [13] 
offered the major reasons for improving the instrument of heat transfer of fluids by 
the concept of nanofluids. The research which deals with the methods of preparation 
of nanofluids, its applications, and its stability, as well as its thermophysical properties 
was presented by Yu and Xie [14]. MHD boundary layer flow with natural convection 
of nanofluid over a moving vertical flat plate in the presence of radiative heat flux and 
a magnetic field was described by Das and Jana [15]. Papers on nanofluid flow can be 
found by Mahdy [16] and Hady [17, 18]. Ibrahim and Makinde [19] investigated numeri-
cally the problem of heat transfer and MHD stagnation point flow with convective 
heating and velocity slip impacts of power-law nanofluid towards a stretching sheet. 
Recently, Darcy–Forchheimer model through a porous medium is applied for viscous 
nanofluid flow because of a curved stretchable surface by Saif et  al. [20]. They noted 
that increasing the parameter of Brownian motion tends to reduce local Nusselt num-
ber while enhances from local Sherwood number. The method of lattice Boltzmann has 
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been utilized by Ma et al. [21] to examine MHD natural convection of nanofluids within 
U-shaped enclosures with a baffle.

Powell–Eyring fluid model is regarded as an important type of non-Newtonian fluid 
models for its essential uses in diverse geophysical, natural, and industrial processes. 
Its importance is due to the fact that most fluids used in the industry have the same 
nature as non-Newtonian fluids. There are many patterns that have been developed 
to describe the behavior of non-Newtonian fluid flow; this is because of the nature of 
complex non-Newtonian fluids. Powell–Eyring fluid model is characterized by follow-
ing the same behavior as Newtonian fluid in the case of rates of low and high shear. It 
is also derived from the kinetic theory of liquid but not from the empirical relation as 
it was before. In 1944, Powell and Eyring suggested a full and adequate mathematical 
model is Eyring–Powell fluid model [22]. Boundary layer flow of Powell–Eyring fluid 
is described across a stretching surface by many researchers in their work. This due to 
the importance of a stretching surface in various industrial applications including elec-
tronic chips, fiber yarn, polymer industries, and glass blowing. Here we will display a 
pool of previous works related to Powell–Eyring fluid. Javed et al. [23] presented Pow-
ell–Eyring fluid boundary layer flow over a stretching sheet. The numerical approach of 
MHD boundary layer flow of non-Newtonian Eyring–Powell fluid towards a stretching 
surface has been presented by Akbar et al. [24]. Hayate et al. [25] examined the problem 
of steady flow and heat transfer of non-Newtonian Eyring–Powell fluid in the presence 
of convective boundary conditions over a moving surface. The peristaltic flow with mass 
and heat transfer of Powell–Eyring fluid over a curved channel has been illustrated by 
Hina et  al. [26]. Ghadikolaei et  al. [27] considered the effect of Joule heating, thermal 
radiation, and Lorentz force when studying the unsteady problem of Eyring–Powell fluid 
flow by Akbari-Ganji Method (AGM). Powell–Eyring nanofluid flow due to gyrotactic 
microorganisms and magnetic field effect towards a stretched surface has been exam-
ined by Naseem et al. [28]. Panigrahi et al. [29] applied the method of Homotopy analy-
sis to solve the mixed convective problem of Powell–Eyring fluid flow under the effect of 
Dufour number and Soret number through a nonlinear stretching surface. They found 
that the profiles of temperature and concentration improve with increasing Dufour 
number and Soret number, respectively. The problem of MHD boundary layer flow of 
a non-Newtonian nanofluid enforcing the model of Powell–Eyring past an imperme-
able nonlinear stretching sheet with variable thickness has explored by Hayat et al. [30]. 
They observed that an increase in the thermophoresis parameter leads to an increment 
of both concentration and temperature profiles. Recently, Kumar et al. [31] presented an 
incompressible laminar flow and the characteristics of heat transfer on non-Newtonian 
Powell–Eyring fluid at a shrinking wedge in the presence of the effects of the magnetic 
field, irregular heat source /sink, and radiative heat flow.

Dusty fluid flow phenomenon subsists in the flow of fluid compressible and incom-
pressible such as gas and liquid, respectively, which containing solid particles in the size 
of the micrometer. Model of compressible gas flow through porous media in the pres-
ence of dust particles has been presented by Hamdan and Barron [32]. The flow of the 
boundary layer over a stretching surface of the dusty fluid under an applied magnetic 
field is studied numerically by Jalil et  al. [33]. Ramesh and Gireesha [34] analyzed the 
influence of radiation on the flow of boundary layer of an incompressible dusty fluid 
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past a stretching sheet. Dust fluid flow modeling is important because of its applica-
tion’s atmospheric fallout, paint spray, guided missiles, and dust collection. Furthermore, 
several works related to the flow of dust fluids were presented by a number of authors 
[35–41]. The object of our paper is to present an analysis of the problem of MHD flow of 
non-Newtonian Powell–Eyring fluid in the presence of nanoparticles and dust particles 
towards a stretching vertical plate with heat flux condition. The Runge–Kutta method is 
applied in the fourth-order to obtain numerical solutions of ordinary differential equa-
tions subject to appropriate boundary conditions. Perform a comparison to check the 
integrity and accuracy of the method used. The impacts of material fluid parameters, 
nanofluid parameters, and particle-phase parameters, Prandtl number, Grashof number, 
magnetic parameter (Hartmann number), and Eckert number on local Nusselt number 
and skin friction coefficient are estimated in tables.

Governing equations

Steady MHD boundary layer flow of an incompressible Powell–Eyring nanofluid over 
a stretching surface in the presence of dust particles is investigated. The flow is in two-
dimensional and the stretching plate coincides in Cartesian coordinates (x̂, ŷ) . So that 
one of these coordinates x̂-axis is in the direction of flow and the other ŷ-axis is in the 
opposite direction of flow. Figure 1 shows the geometric representation of our problem. 
The heat flux condition and the influences of thermophoresis and Brownian motion are 
taken into nanofluid model. As well as the thermophoresis effect, the normal flux of 
nanoparticles at the boundary is zero. The stretching velocity is denoted by Uw and at the 
plate surface the temperature is given by Tw . Away from the stretching plate, the tem-
perature and nanoparticle volume fraction are represented, respectively, by T∞ and C∞ . 
Using a transverse magnetic field and uniform Bo , the fluid becomes electrically con-
ductive. The induced magnetic field has very little effect because the magnetic Reynolds 
number is also small without applying the voltage. After the previous view, the equations 
of continuity, momentum, nanoparticle concentration, energy, take the following form:

For the fluid phase:

Fig. 1  Schematic view and physical coordinate system
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For the dust phase:

In the above equations, there are fluid velocity components 
(
û, v̂

)
 , particle-phase veloc-

ity components 
(
ûp, v̂p

)
 , kinematic viscosity νf  , density of dust particles and fluid ρp and 

ρ , material parameters of Powell–Eyring model βf  and c , volume thermal expansion 
coefficient of the fluid β , acceleration of gravity vector g , strength of the magnetic field 
B0 , fluid electrical conductivity σ , dust particle thermal relaxation time and dust particle 
velocity relaxation time τT , and τm , dust particles temperature and fluid temperature Tp 
and T  , fluid concentration C , thermal diffusivity of the base fluid α = k/(ρcp)f  , nano-
fluid heat capacity ratio τ =

(ρcp)np
(ρcp)f

 , thermophoretic diffusion coefficient DT , Brownian 

diffusion coefficient DB , specific heat of dust particles cs and specific heat of fluid cp.
The pertinent boundary conditions as follow:

(1)
∂û

∂ x̂
+

∂ v̂

∂ ŷ
= 0
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û ∂û
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− 1
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3
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∂ ŷ
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∂ ŷ
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+

(
DT

T∞

)[(
∂T

∂ x̂

)2

+

(
∂T

∂ ŷ
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(ûp − û)2
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∂ v̂p

∂ ŷ
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(6)ûp
∂ûp
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∂ ŷ
= −

1

τm

(
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)
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ûp
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)
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(
Tp − T

)

(8)
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(
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)
, v̂ = 0,−k

∂T

∂ ŷ
= qw ,DB

∂C

∂ ŷ
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DT
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∂T

∂ ŷ
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û, ûp = 0, v̂p → v̂,T ,Tp → T∞,C → C∞, ŷ → ∞
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By using the following conversions, an appropriate form of the equations to be pro-
cessed is obtained:

For the fluid phase:

For the dust phase:

where primes refer to differentiation for η , Prandtl number is denoted by Pr = ν
α
 , param-

eters of material fluid are given as � = a3x̂2

2νc2
 and ω = 1

ρf βf cν
 , magnetic parameter (Hart-

mann number) is represented in M =
σB2

0

aρf
 , Grashof number is presented as 

Gr =
βg(1−C∞)(Tw−T∞)

aU0
 , Schmidt number is symbolized by Sc = ν

DB
 , Buoyancy ratio 

parameter is written as Nr =
(
ρnp−ρf

)
C∞

βρf (1−C∞)(Tw−T∞)
 , Nb =

τDBC∞

α
 point out the parameter of 

Brownian motion, Nt = τDT (Tw−T∞)
αT∞

 indicates the parameter of thermophoresis, 
Ec =

U2
0

cp(Tw−T∞)
 expresses the Eckert number, αd = x̂

U0τm
 represents the parameter of 

fluid particle interaction, Ŵ =
cs
cp

 gives the specific heat ratio of the mixture, and Dρ =
ρp
ρf

 

refers the dust particles mass concentration.
Via Eq. (9), the boundary conditions (8) reduce to

The dimensionless form of skin friction and Nusselt number is represented as

(9)

η =

(a
ν

)1/2
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a
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k
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(10)

[
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]
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− f ′2 −Mf ′ + Gr(θ − Nrφ)+ Dραd
(
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− f ′
)
= 0

(11)
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(
Prf + Nbφ′

)
+ Ntθ ′2 + PrEc

[
(1+ ω)f ′′2 −

ω�

3
f ′′4 +Mf ′2

]

+
2

3
Dραd

(
θp − θ

)
+ PrDραdEc

(
F ′

− f ′
)2

= 0

(12)φ′′
+ Scf φ′

+
Nt

Nb
θ ′′ = 0

(13)FF ′′
− F ′2

+ αd
(
f ′ − F ′

)
= 0

(14)Fθ ′p +
2

3

1

ŴPr
αd

(
θ − θp

)
= 0

f ′ = 1, f = 0, θ ′ = −1,Nbφ′
+ Ntθ ′ = 0, η = 0

(15)f ′, F ′
→ 0, F → f , θ , θp → 0,φ → 0, η → ∞

(16)Re1/2x Cfx = (1+ ω)f ′′(0)−
ω�

3
(f ′′(0))3
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where the local Reynolds number is defined as Rex = U0x
ν

.

Results and discussion
The systems of differential Eqs.  (10)-(14) and (15) are solved numerically via Runge–
Kutta method of fourth-order using MATLAB software. A comparison is being made 
with the results of Babu and Reddy [42], Malik et  al. [43], and Akbar et  al. [44] to 

(17)Re−1/2
x Nux =

1

θ(0)

Table 1  Comparison of our results for skin friction with � = ω = Gr = Nr = Dρ = αd = 0

M [42] [43] [44] Present

0.0 1 1 1 1.000062531088763

1 − 1.414214 − 1.41419 − 1.41421 − 1.414213603071027

5 − 2.449490 − 2.44945 − 2.44949 − 2.449489742783216

10 − 3.316625 − 3.31657 − 3.31663 − 3.316624784214920

100 − 10.049874 − 10.04981 − 10.04988 − 10.049875621120785

500 − 22.383029 − 22.38294 − 22.38303 − 22.383029285599910

1000 − 31.638584 − 31.63851 − 31.63859 − 31.638584039112747

Table 2  Values of Nusselt number Re−1/2
x Nux and skin friction Re1/2x Cfx for several values of ω , � , M , Dρ , 

Pr , and Gr for Ŵ = 0.1

ω � M Dρ Pr Gr Re
−1/2
x Nux Re

1/2
x Cfx

0.0 0.5 2 1 1 0.1 0.376784859326562 − 1.610582674017465

0.4 0.387112555530842 − 1.866801721203579

0.9 0.396685997412520 − 2.171179085608484

1.2 0.400929464097959 − 2.343158217210823

0.1 0.5 2 1 1 0.1 0.387112555530842 − 1.866801721203579

0.6 0.386413629374624 − 1.854055522497253

0.7 0.385647114306173 − 1.840231850678930

0.8 0.384786582915020 − 1.824921667972923

0.4 0.5 0.9 1 1 0.1 0.463814943227485 − 1.486953278157666

2 0.387112555530842 − 1.866801721203579

3 0.340006120587289 − 2.143738477734681

4 0.304878392913589 − 2.373519024826359

0.4 0.5 2 0 1 0.1 0.382291996471391 − 1.861644648847732

1 0.387112555530842 − 1.866801721203579

10 0.428107714811814 − 1.909858543985788

15 0.449217009575209 − 1.931708865095546

0.4 0.5 2 1 0.7 0.1 0.325288029256503 − 1.833157447188996

0.8 0.347428655117031 − 1.846609702664895

0.9 0.368000800774101 − 1.857616531545333

1 0.387112555530842 − 1.866801721203579

0.4 0.5 2 1 1 0 0.363203907643920 − 1.988998605795378

0.05 0.376249268524756 − 1.925725472381710

0.1 0.387112555530842 − 1.866801721203579

0.2 0.404763300296537 − 1.757713437668097
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Table 3  Values of Nusselt number Re−1/2
x Nux and skin friction Re1/2x Cfx for several values of Nr , Nb , Nt , 

αd , Sc , and Ec for Ŵ = 0.1

Nr Nb Nt αd Sc Ec Re
−1/2
x Nux Re

1/2
x Cfx

0.1 0.1 0.1 0.01 1 0.2 0.387112555530842 − 1.866801721203579

0.3 0.385511794366098 − 1.865592958489492

0.5 0.383814038878785 − 1.864508402640167

0.6 0.382925685832753 − 1.864013158211308

0.1 0.1 0.1 0.01 1 0.2 0.387112555530842 − 1.866801721203579

0.2 0.387499581778459 − 1.867123549283921

0.3 0.387627177469274 − 1.867232097669342

0.4 0.387690754103179 − 1.867286670906736

0.1 0.1 0.1 0.01 1 0.2 0.387112555530842 − 1.866801721203579

0.2 0.371773234882115 − 1.859603067435512

0.3 0.355638676639699 − 1.851227328061393

0.4 0.338636413776248 − 1.841378713598367

0.1 0.1 0.1 0.01 1 0.2 0.387112555530842 − 1.866801721203579

0.02 0.390821920247864 − 1.871407518073888

0.03 0.393718293502601 − 1.875597732577582

0.04 0.396007374641082 − 1.879478785867389

0.1 0.1 0.1 0.01 1 0.2 0.387112555530842 − 1.866801721203579

2 0.381491813123874 − 1.864737027225242

3 0.378209547113394 − 1.863419165499187

4 0.375975529706175 − 1.862532424452138

0.1 0.1 0.1 0.01 1 0.08 0.446825416964058 − 1.884632417411548

0.2 0.387112555530842 − 1.866801721203579

0.4 0.317258749915583 − 1.837360194413522

0.6 0.269265203042079 − 1.808161719918273

0 2 4 6 8
0

0.002

0.004

0.006

0.008

0.01

η

F 
' (
η )

Nr = Nt = Nb = Gr = Γ = 0.1, Pr = Sc = Dρ = 1
M = 2, ∆ = 0.5, Ec = 0.2,  αd = 0.01

ω = 0.0, 0.4, 0.9, 1.2

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1

η

f '
 (η

)

Nr = Nt = Nb = Gr = Γ = 0.1, Pr = Sc = Dρ = 1
M = 2, ∆ = 0.5, Ec = 0.2,  αd = 0.01

ω = 0.0, 0.4, 0.9, 1.2

Fig. 2  Impact of ω on velocity profile ( f ′(η), F ′(η))
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Fig. 3  Impact of Gr on velocity profile ( f ′(η), F ′(η))
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determine the accuracy of the numerical method or the estimated numerical results. 
This comparison actually exists in Table  1 while Tables  2 and 3 present the values of 
local Nusselt number and skin friction coefficient under the influence of various values 
of the emerging physical parameters. In this study, the results obtained are valid enough 
after the comparison. The effect of Prandtl number, material fluid parameters, nano-
fluid parameters, and particle-phase parameters, etc., on the field of velocity, tempera-
ture, and concentration is examined, and the results of these tests are illustrated through 
figures.

Figures 2, 3, 4 illustrate the velocity profiles in two phases: the fluid phase and particles 
phase with the influence of Powell–Eyring fluid parameter (ω = 0.0, 0.4, 0.9, 1.2) , Gra-
shof number (Gr = 0.0, 0.05, 0.1, 0.2) , and magnetic parameter (M = 0.9, 2, 3, 4) (Hart-
mann number). The impact of ω and Gr increases the velocity profiles f ′ and F ′ in Figs. 2 
and 3. There is a marked decrease in velocity profiles f ′ and F ′ due to the influence of 
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M as shown in Fig. 4. Lorentz force is an anti-flow force produced by the high values 
of M and therefore takes place decreases in motion. It is also known that this force 
improves the thermal boundary layer thickness any increase in temperature. Figure  5 
(a-b) is plotted to display the influence of dust parameters on the velocity and tempera-
ture profiles. It is observed from Fig. 5 (a) that an enhancement takes place in particle 
phase velocity F ′ due to improvement in values of fluid–particle interaction parameter 
(αd = 0.01, 0.02, 0.03, 0.04) . The particle phase reduces the velocity of the fluid till it 
reaches the same fluid velocity; this is why the velocity of the particle phase increases, 
and the velocity of the fluid phase decreases. The behavior of θ and θp when studying the 
mass concentration of the dust particles 

(
Dρ = 0, 1, 10, 15

)
 is presented in Fig. 5 (b). It is 

detected that the temperatures deteriorate with an increment in Dρ . This behavior can 
be explained by the fact that the thermal conductivity of the particle phase is improved 
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as a result of the increased dust particle’s mass concentration, meaning that the rate of 
heat transfer increases, causing a shrinking in temperature distribution.

Utilizing Figs. 6 and 7, the temperature profiles for particle phase and fluid phase are 
depicted under the effect of Powell–Eyring fluid parameter (ω = 0.0, 0.4, 0.9, 1.2) , Buoy-
ancy ratio parameter (Nr = 0.1, 0.3, 0.5, 0.6) , Prandtl number (Pr = 0.7, 0.8, 0.9, 1) , and 
Eckert number (Ec = 0.08, 0.2, 0.4, 0.6) . Figure 6 (a) describes that for the rising values 
of ω , the temperature profiles θ and θp diminish. Fig. 6 (b) displays the temperature pro-
files θ and θp for distinct values of Nr . The temperatures ameliorate with increased Nr as 
shown in Fig. 6 (b). Characteristics of Pr on the temperatures θ and θp are represented 
in Fig. 7 (a). It is clear from this figure that the temperatures diminish. The decrease in 
temperature distribution is due to that the increase in Pr leads to reduce the thickness of 
the thermal boundary layer. It is noted in Fig. 7 (b) that temperatures θ and θp positively 
affected by the increase in Ec.

The impact of several parameters like Brownian motion parameter 
(Nb = 0.1, 0.2, 0.3, 0.4) , thermophoresis parameter (Nt = 0.1, 0.2, 0.3, 0.4) , Eckert num-
ber (Ec = 0.08, 0.2, 0.4, 0.6) , and Schmidt number (Sc = 1, 2, 3, 4) on the concentration 
profiles is captured in Figs. 8 and 9. It is clear that the concentration profile increases 
as Nt increment and it decreases with increasing NB as confirmed in Fig. 8 (a-b). The 
behavior of Nt can be traced back to increasing the distribution of nanoparticles near 
the surface due to the transition of these particles from the hot fluid system to the 
surface, and this occurs when the surface is cold, i.e. Nt > 0 . Progress in the concen-
tration profile appears by Ec in Fig. 9 (a). Figure 9 (b) reveals the outcome of Sc effect 
on the concentration profile. The concentration profile deteriorates with rising val-
ues of Sc . Figure 10 illustrates that the magnitude of the velocity with Powell–Eyring 
nanofluid is greater when compared with Newtonian nanofluid, while the tempera-
ture distribution of Newtonian is higher than those of Powell–Eyring.
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Conclusions
In our work entitled numerical investigation of MHD Powell–Eyring dusty nanofluid 
flow towards a stretching vertical surface with heat flux boundary condition, we com-
puted the values of Nusselt number and skin friction coefficient for various values of 
the governing parameters. Further inserted the numerical results of velocity, temper-
ature, and concentration distributions for both particle and fluid phases graphically. 
The significant main findings of the present work are filed as follows:

1.	 The concentration of nanoparticle improves with thermophoresis parameter and 
Eckert number but deteriorates with Brownian motion parameter and Schmidt num-
ber.

2.	 The profiles of velocity for particle and fluid phases enhance with the increase in 
Powell–Eyring fluid parameter and Grashof number, while they reduce with height 
in magnetic parameter values. The velocity of the particle phase increases with incre-
ment fluid–particle interaction parameter.

3.	 An enhancement in Prandtl number, Powell–Eyring fluid parameter, and mass con-
centration of the dust particles reduces the temperature of both the particle and fluid 
phases.

4.	 Rising the values of both the Buoyancy ratio parameter and Eckert number tends to 
optimize the temperature distribution in two-particle and fluid phases.
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