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Abstract We present several norm inequalities for Hilbert space operators. In particular, we prove

that if A1;A2; . . . ; An 2 BðHÞ, then

jjjA1A
�
2 þ A2A

�
3 þ � � � þ AnA

�
1jjj 6

Xn
i¼1

AiA
�
i

�����
�����

�����
�����

�����
�����

for all unitarily invariant norms.

We also show that if A1;A2;A3;A4 are projections in BðHÞ, then

X4
i¼1
ð�1Þiþ1Ai

 !
� 0� 0� 0

�����
�����

�����
�����

�����
����� 6 jjjðA1 þ jA3A1jÞ � ðA2 þ jA4A2jÞ � ðA3 þ jA1A3jÞ

� ðA4 þ jA2A4jÞjjj

for any unitarily invariant norm.
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1. Introduction and preliminaries

Let BðHÞ stand for the C�-algebra of all bounded linear oper-
ators on a complex Hilbert space H with inner product h�; �i
and let I denote the identity operator. For A 2 BðHÞ, let

kAk ¼ supfkAxk : kxk ¼ 1g denote the usual operator norm

of A and jAj ¼ ðA�AÞ1=2 be the absolute value of A. For
1 6 p <1, the Schatten p-norm of a compact operator A is

defined by kAkp ¼ ðtrjAj
pÞ1=p, where tr is the usual trace func-

tional. If A and B are operators in BðHÞ we use A� B to de-

note the 2� 2 operator matrix
A 0
0 B

� �
, regarded as an

operator on H�H. One can show that
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kA� Bk ¼maxðkAk; kBkÞ ð1:1Þ

kA� Bkp ¼ kAk
p
p þ kBk

p
p

� �1=p
ð1:2Þ

An operator A 2 BðHÞ is positive and write A P 0 if

hAðxÞ; xiP 0 for all x 2H. We say A 6B whenever
B� A P 0.

We consider the wide class of unitarily invariant norms

jjj � jjj. Each of these norms is defined on an ideal in BðHÞ
and it will be implicitly understood that when we talk about
jjjTjjj, then the operator T belongs to the norm ideal associated

with jjj � jjj. Each unitarily invariant norm jjj � jjj is character-
ized by the invariance property jjjUTVjjj ¼ jjjTjjj for all oper-
ators T in the norm ideal associated with jjj � jjj and for all
unitary operators U and V in BðHÞ. The following are easily

deduced by utilizing the basic properties of unitarily invariant
norms

jjjA� A�jjj ¼jjjA� Ajjj; ð1:3Þ

jjjA� Bjjj ¼
0 A

B 0

� �����
����

����
����

����
���� ð1:4Þ

jjjAA�jjj ¼jjjA�Ajjj ð1:5Þ

for all operators A;B 2 BðHÞ. For the general theory of uni-
tarily invariant norms, we refer the reader to Bhatia and Simon
[1,12].

It follows from the Fan dominance principle (see [7] and
[11]) that the following three inequalities for all unitarily
invariant norms are equivalence:

jjjAjjj 6 jjjBjjj; ð1:6Þ
jjjA� 0jjj 6 jjjB� 0jjj; ð1:7Þ
jjjA� Ajjj 6 jjjB� Bjjj: ð1:8Þ

It has been shown by Kittaneh [9] that if A1;A2;B1;B2;X;
and Y are operators in BðHÞ, then

2jjjðA1XA
�
2 þ B1YB

�
2Þ � 0jjj

6
A�1A1Xþ XA�2A2 A�1B1Yþ XA�2B2

B�1A1Xþ YB�2A2 B�1B1Yþ YB�2B2

� �����
����

����
����

����
���� ð1:9Þ

for all unitarily invariant norms.
It has been shown by Bhatia and Kittaneh [2] that if A and

B are operators in BðHÞ, then

jjjA�Bþ B�Ajjj 6 jjjA�Aþ B�Bjjj; ð1:10Þ

for all unitarily invariant norms.
Kittaneh [10] proved that if A and B are positive operators

in BðHÞ, then

jjjðAþ BÞ � 0jjj 6 Aþ B1=2A1=2
�� ��� �

� Bþ A1=2B1=2
�� ��� ��� ���� ���� ��

ð1:11Þ

for any unitarily invariant norm.
It was shown by Fong [4] that if A 2MnðCÞ, then

kAA� � A�Ak 6 kAk2; ð1:12Þ

and it was shown by Kittaneh [8] that

kAA� þ A�Ak 6 kA2k þ kAk2: ð1:13Þ
In this paper we establish some norm and norm inequali-
ties. We generalize inequalities (1.9) and (1.10) and present a
norm inequality analogue to (1.11). Based on our main result,

we provide new proofs of inequalities (1.12) and (1.13).
2. Main results

To achieve our main result we need the following lemma.

Lemma 2.1 (3, Theorem 1). If A, B and X are operators in

BðHÞ, then

2jjjAXB�jjj 6 jjjA�AXþ XB�Bjjj ð2:1Þ

for any unitarily invariant norm.

The main result below is an extension of [9, Theorem 2.2].
We will prove it by an approach different from [9,

Theorem 2.2].

Theorem 2.2. Let Ai;Bi;Xi 2 BðHÞ for i; j ¼ 1; 2 . . . ; n. Then

2jjj
Xn
i¼1
ðAiXiB

�
i Þ � 0� � � � � 0jjj

6

A�1A1X1 þX1B
�
1B1 A�1A2X2 þX1B

�
1B2 � � � A�1AnXn þX1B

�
1Bn

A�2A1X1 þX2B
�
2B1 A�2A2X2 þX2B

�
2B2 � � � A�2AnXn þX2B

�
2Bn

..

. ..
. . .

. ..
.

A�nA1X1 þXnB
�
nB1 A�nA2X2 þXnB

�
nB2 � � � A�nAnXn þXnB

�
nBn

2
666666664

3
777777775

��������������

��������������

��������������

��������������

��������������

��������������

for all unitarily invariant norms.

Proof. Consider the following operators on �n
i¼1H

A ¼

A1 A2 � � � An

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666666664

3
777777775
;

B ¼

B1 B2 � � � Bn

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666664

3
777775

and

X ¼

X1 0 � � � 0

0 X2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � Xn

2
666664

3
777775:

Then
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2jjj
Xn
i¼1
ðAiXiB

�
i Þ � 0� � � � � 0jjj

¼2

A1 A2 � � � An

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666664

3
777775

X1 0 � � � 0

0 X2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � Xn

2
666664

3
777775

B�1 0 � � � 0

B�2 0 � � � 0

..

. ..
. . .

. ..
.

B�n 0 � � � 0

2
666664

3
777775

�����������

�����������

�����������

�����������

�����������

�����������
¼2jjjAXB�jjj
6jjjA�AXþ XB�Bjjj ðby ð2:1ÞÞ

¼

A�1 0 � � � 0
A�2 0 � � � 0

..

. ..
. . .

. ..
.

A�n 0 � � � 0

2
6664

3
7775

A1 A2 � � � An

0 0 � � � 0
..
. ..

. . .
. ..

.

0 0 � � � 0

2
664

3
775

X1 0 � � � 0
0 X2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � Xn

2
6664

3
7775

���������

���������

���������

þ

X1 0 � � � 0
0 X2 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � Xn

2
6664

3
7775

B�1 0 � � � 0
B�2 0 � � � 0

..

. ..
. . .

. ..
.

B�n 0 � � � 0

2
6664

3
7775

B1 B2 � � � Bn

0 0 � � � 0
..
. ..

. . .
. ..

.

0 0 � � � 0

2
664

3
775
���������

���������

���������

¼

A�1A1X1 þ X1B
�
1B1 A�1A2X2 þ X1B

�
1B2 � � � A�1AnXn þ X1B

�
1Bn

A�2A1X1 þ X2B
�
2B1 A�2A2X2 þ X2B

�
2B2 � � � A�2AnXn þ X2B

�
2Bn

..

. ..
. . .

. ..
.

A�nA1X1 þ XnB
�
nB1 A�nA2X2 þ XnB

�
nB2 � � � A�nAnXn þ XnB

�
nBn

2
6664

3
7775

���������

���������

���������

���������

���������

���������
:

h

Corollary 2.3. Let A1;A2; . . . ;An 2 BðHÞ. Then

A1A
�
2 þ A2A

�
3 þ � � � þ AnA

�
1

�� ���� ���� �� 6 Xn
i¼1

AiA
�
i

�����
�����

�����
�����

�����
�����;

for all unitarily invariant norms. In particular,

kA1A
�
2 þA2A

�
3 þ � � � þAnA

�
1kp 6

Xn
i¼1

AiA
�
i

					
					
p

for 16 p61:

Proof. Letting Bi ¼ Aiþ1 for i ¼ 1; 2 . . . ; n� 1 and Bn ¼ A1

and Xi ¼ I in Theorem 2.2, we get

2jjjA1A
�
2 þ A2A

�
3 þ � � � þ AnA

�
1 � 0 � � � � 0jjj

6

A�1A1 þ A�2A2 A�1A2 þ A�2A3 � � � A�1An þ A�2A1

A�2A1 þ A�3A2 A�2A2 þ A�3A3 � � � A�2An þ A�3A1

..

. ..
. . .

. ..
.

A�nA1 þ A�1A2 A�nA2 þ A�1A3 � � � A�nAn þ A�1A1

2
6666664

3
7777775

������������

������������

������������

������������

������������

������������

6

A�1A1 A�1A2 � � � A�1An

A�2A1 A�2A2 � � � A�2An

..

. ..
. . .

. ..
.

A�nA1 A�nA2 � � � A�nAn

2
6666664

3
7777775

������������

������������

������������

������������

������������

������������
þ

A�2A2 A�2A3 � � � A�2A1

A�3A2 A�3A3 � � � A�3A1

..

. ..
. . .

. ..
.

A�1A2 A�1A3 � � � A�1A1

2
6666664

3
7777775

������������

������������

������������

������������

������������

������������

¼

A�1 0 � � � 0

A�2 0 � � � 0

..

. ..
. . .

. ..
.

A�n 0 � � � 0

2
6666664

3
7777775

A1 A2 � � � An

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666664

3
777775

������������

������������

������������

������������

������������

������������

þ

A�2 0 � � � 0

A�3 0 � � � 0

..

. ..
. . .

. ..
.

A�1 0 � � � 0

2
6666664

3
7777775

A2 A3 � � � A1

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666664

3
777775

������������

������������

������������

������������

������������

������������

¼

A1 A2 � � � An

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666664

3
777775

A�1 0 � � � 0

A�2 0 � � � 0

..

. ..
. . .

. ..
.

A�n 0 � � � 0

2
6666664

3
7777775

������������

������������

������������

������������

������������

������������
þ

A2 A3 � � � A1

0 0 � � � 0

..

. ..
. . .

. ..
.

0 0 � � � 0

2
666664

3
777775

A�2 0 � � � 0

A�3 0 � � � 0

..

. ..
. . .

. ..
.

A�1 0 � � � 0

2
6666664

3
7777775

������������

������������

������������

������������

������������

������������
ðby ð1:5ÞÞ

¼2
Xn
i¼1

AiA
�
i

 !
� 0 � � � � 0

�����
�����

�����
�����

�����
�����

By the equivalence of inequalities (1.6) and (1.7) we have

A1A
�
2 þ A2A

�
3 þ � � � þ AnA

�
1

�� ���� ���� �� 6 Xn
i¼1

AiA
�
i

�����
�����

�����
�����

�����
�����

for all unitarily invariant norms. h

To establish the next result we need the following Lemma.
The lemma is a basic triangle inequality comparing, in unitari-
ly invariant norms, the sum of two normal operators to the

sum of their absolute values.

Lemma 2.4. [5] If A and B are normal operators in BðHÞ, then

jjjAþ Bjjj 6 jjj jAj þ jBj jjj: ð2:2Þ

for all unitarily invariant norms.

Corollary 2.5. Let A1;A2;A3;A4 be projections in BðHÞ. Then

X4
i¼1
ð�1Þiþ1Ai

 !
� 0� 0� 0

�����
�����

�����
�����

�����
�����

6jjjðA1 þ jA3A1jÞ � ðA2 þ jA4A2jÞ � ðA3 þ jA1A3jÞ � ðA4 þ jA2A4jÞjjj ð2:3Þ

for all unitarily invariant norms. In particular,

X4
i¼1
ð�1Þiþ1Ai

					
					

6maxfkA1 þ jA3A1jk; kA2 þ jA4A2jk; kA3 þ jA1A3jk; kA4 þ jA2A4jkg

and

X4
i¼1
ð�1Þiþ1Ai

					
					
p

6 A1 þ jA3A1jk kpp þ A2 þ jA4A2jk kpp þ A3 þ jA1A3jk kpp
�

þ A4 þ jA2A4jk kpp
�1=p
ð1 6 p <1Þ:

Proof. Letting n ¼ 4, and replacing both Ai and Bi by Ai, and
putting Xi ¼ ð�1Þiþ1I for i ¼ 1; 2; 3; 4 in Theorem 2.2, we get

P4
i¼1ð�1Þ

iþ1
Ai 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2
66664

3
77775

����������

����������

����������

����������

����������

����������

6

A1 0 A1A3 0

0 �A2 0 �A2A4

A3A1 0 A3 0

0 �A4A2 0 �A4

2
66664

3
77775

����������

����������

����������

����������

����������

����������

¼

A1 0 A1A3 0

0 A2 0 A2A4

A3A1 0 A3 0

0 A4A2 0 A4

2
66664

3
77775

����������

����������

����������

����������

����������

����������
ðby the unitary invariance of the normÞ

¼

A1 0 0 0

0 A2 0 0

0 0 A3 0

0 0 0 A4

2
66664

3
77775þ

0 0 A1A3 0

0 0 0 A2A4

A3A1 0 0 0

0 A4A2 0 0

2
66664

3
77775

����������

����������

����������

����������

����������

����������
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6

A1 0 0 0

0 A2 0 0

0 0 A3 0

0 0 0 A4

2
6664

3
7775

���������

���������
þ

0 0 A1A3 0

0 0 0 A2A4

A3A1 0 0 0

0 A4A2 0 0

2
6664

3
7775

���������

���������

���������

���������

���������

���������

���������

���������
ðbyð2:2ÞÞ

¼

A1 0 0 0

0 A2 0 0

0 0 A3 0

0 0 0 A4

2
6664

3
7775þ

jA3A1j 0 0 0

0 jA4A2j 0 0

0 0 jA1A3j 0

0 0 0 jA2A4j

2
6664

3
7775

���������

���������

���������

���������

���������

���������

¼

A1þ jA3A1j 0 0 0

0 A2þ jA4A2j 0 0

0 0 A3þ jA1A3j 0

0 0 0 A4þ jA2A4j

2
6664

3
7775

���������

���������

���������

���������

���������

���������
:

This proves inequality (2.3).
The rest inequalities follow from (2.3), (1.1) and (1.2). h

Corollary 2.6. Let A1;A2; . . . ;An be positive operators in

BðHÞ. Then

kA1 þ A2 þ � � � þ Ank 6 max kAi þ ðn� 1ÞkAikk : i ¼ 1; 2; . . . ; nf g:
ð2:4Þ

Proof. First we show that

A1 A
1=2
1 A

1=2
2 � � � A

1=2
1 A1=2

n

A
1=2
2 A

1=2
1 A2 � � � A

1=2
2 A1=2

n

..

. ..
. . .

. ..
.

A1=2
n A

1=2
1 A1=2

n A
1=2
2 � � � An

2
666664

3
777775

6

A1 þ ðn� 1ÞkA1k 0 � � � 0

0 A2 þ ðn� 1ÞkA2k � � � 0

..

. ..
. . .

. ..
.

0 0 � � � An þ ðn� 1ÞkAnk

2
66664

3
77775:

ð2:5Þ

It is enough to show that

C ¼

ðn� 1ÞA1 �A1=2
1 A

1=2
2 � � � �A1=2

1 A1=2
n

�A1=2
2 A

1=2
1 ðn� 1ÞA2 � � � �A1=2

2 A1=2
n

..

. ..
. . .

. ..
.

�A1=2
n A

1=2
1 �A1=2

n A
1=2
2 � � � ðn� 1ÞAn

2
666664

3
777775 P 0:

To see this, we note that

nC ¼

ðn� 1ÞA1=2
1 �A1=2

1 � � � �A1=2
1

�A1=2
2 ðn� 1ÞA1=2

2 � � � �A1=2
2

..

. ..
. . .

. ..
.

�A1=2
n �A1=2

n � � � ðn� 1ÞA1=2
n

2
666664

3
777775

ðn� 1ÞA1=2
1 �A1=2

2 � � � �A1=2
n

�A1=2
1 ðn� 1ÞA1=2

2 � � � �A1=2
n

..

. ..
. . .

. ..
.

�A1=2
1 �A1=2

2 � � � ðn� 1ÞA1=2
n

2
666664

3
777775P 0:

Next, by letting Xi ¼ I and replacing both Ai and Bi by A
1=2
i

in Theorem 2.2, we obtain

kA1 þ A2 þ � � � þ Ank 6

A1 A
1=2
1 A

1=2
2 � � � A

1=2
1 A1=2

n

A
1=2
2 A

1=2
1 A2 � � � A

1=2
2 A1=2

n

..

. ..
. . .

. ..
.

A1=2
n A

1=2
1 A1=2

n A
1=2
2 � � � An

2
666664

3
777775

											

											

6

A1 þ ðn� 1ÞkA1k 0 � � � 0

0 A2 þ ðn� 1ÞkA2k � � � 0

..

. ..
. . .

. ..
.

0 0 � � � An þ ðn� 1ÞkAnk

2
66664

3
77775

										

										
ðbyð2:5ÞÞ

Hence

kA1 þ A2 þ � � � þ Ank 6 max kAi þ ðn� 1ÞkAikk : i ¼ 1; 2; . . . ; nf g: �
Corollary 2.7. Let A and B be normal operators in BðHÞ.
Then

kAþ Bk 6 max kjAj þ kAkk; kjBj þ kBkkf g:

Proof. Letting n ¼ 2;A1 ¼ jAj;A2 ¼ jBj in (2.4), we obtain

kAþ Bk 6kjAj þ jBjk ðbyð2:2ÞÞ
6max kjAj þ kAkk; kjBj þ kBkkf g: �

To establish the next result we need the following lemma.

Lemma 2.8. [6, Theorem 1.1] If A;B;C and D are operators in
BðHÞ, then

A B

C D

� �				
				 6 kAk kBk

kCk kDk

� �				
				: ð2:6Þ

Corollary 2.9. Let A 2 BðHÞ. Then

kAA� þ A�Ak 6 kA2k þ kAk2 ð2:7Þ

and

kAA� � A�Ak 6 kAk2: ð2:8Þ

Proof. Letting n ¼ 2;A1 ¼ B1 ¼ A;A2 ¼ B2 ¼ A� and
X1 ¼ X2 ¼ I in Theorem 2.2 we get

kAA� þ A�Ak 6 A�A A�2

A2 AA�

" #					
					

6
kA�Ak kA�2k
kA2k kAA�k

" #					
					ðbyð2:6ÞÞ

Since

kA�Ak kA�2k
kA2k kAA�k

" #
¼ kAk2 kA2k
kA2k kAk2

" #

is self-adjoint, the usual operator norm of this matrix is equal
to its spectral radius, so

kAk2 kA2k
kA2k kAk2

" #					
					 ¼ kA2k þ kAk2:

This proves inequality (2.7). To prove inequality (2.8), putt-

ing n ¼ 2;A1 ¼ B1 ¼ A;A2 ¼ B2 ¼ A� and X1 ¼ I ¼ �X2 in
Theorem 2.2, to get

kAA� � A�Ak 6
A�A 0

0 AA�

� �				
				

6
kA�Ak 0

0 kAA�k

� �				
				ðby ð2:6ÞÞ

¼kAk2: �
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