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A + Aol + -+ A A <

Abstract We present several norm inequalities for Hilbert space operators. In particular, we prove
., A, € B(o), then

Z":A,-A;
i=1

for all unitarily invariant norms.

We also show that if 4, 4,, A3, A4 are projections in B(s#), then

l

i=1

© (Aq + [A244))]l]

(i(l)”lA,) S0D0®0

<Ay + |A434,]) @ (A2 + |AsA42]|) @ (A3 + |4, 43])

for any unitarily invariant norm.
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ELSEVIER

1. Introduction and preliminaries

Let B() stand for the C*-algebra of all bounded linear oper-
ators on a complex Hilbert space # with inner product (-, )
and let 7 denote the identity operator. For 4 € B(#), let
||[A]] = sup{||Ax = 1} denote the usual operator norm

of A and |4] = (A*A)'/2 be the absolute value of 4. For
1 < p < oo, the Schatten p-norm of a compact operator A4 is
defined by [|4]|, = (tr|A|")'"7, where tr is the usual trace func-
tional. If 4 and B are operators in B(#) we use 4 @ B to de-

X

. A
note the 2 x 2 operator matrix { regarded as an

0
0 B|’
operator on # @ # . One can show that


mailto:erfanian@mshdiau.ac.ir
mailto:moslehian@member.ams.org
mailto:moslehian@ferdowsi.um.ac.ir
mailto:dassamankin@yahoo.co.uk
http://dx.doi.org/10.1016/j.joems.2011.12.004
http://dx.doi.org/10.1016/j.joems.2011.12.004
http://www.sciencedirect.com/science/journal/1110256X
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

Unitarily invariant norm inequalities for operators

39

|4 ® Bl| = max(]| ]|, | B]]) (1.1)

1/p

I Bll, =(ll415 +115I) (1.2)

An operator 4 € B(#) is positive and write 4 > 0 if

(A(x),x) = 0 for all xe#. We say A <B whenever
B—4=>=0.

We consider the wide class of unitarily invariant norms

[l - |||. Each of these norms is defined on an ideal in B(#)

and it will be implicitly understood that when we talk about

[l|T1]], then the operator T belongs to the norm ideal associated

with ||| - |||. Each unitarily invariant norm ||| - ||| is character-
ized by the invariance property |||UTV||| = |||T]|| for all oper-
ators T in the norm ideal associated with ||| - ||| and for all

unitary operators U and V in B(). The following are easily
deduced by utilizing the basic properties of unitarily invariant
norms

ll4 @ 4°l|| =ll4 & 4]l (13)
e s |5 o]l (14)
A =]l (15)

for all operators 4, B € B(). For the general theory of uni-
tarily invariant norms, we refer the reader to Bhatia and Simon
[1,12].

It follows from the Fan dominance principle (see [7] and
[11]) that the following three inequalities for all unitarily
invariant norms are equivalence:

141l < 1B (1.6)
laeolll < [l1Ba 0], (1.7)
4 & 4| < ||Be Bl (1.8)

It has been shown by Kittaneh [9] that if 4,, 4, By, B2, X,
and Y are operators in B(), then

2[[[(41X4; + B YB;) & 0|
_ H‘ [ATA1X+ XA34, AB Y + XA;BZ] H‘
<

1.9
B A\X + YB;A, BBY+ YBB, (1.9)

for all unitarily invariant norms.
It has been shown by Bhatia and Kittaneh [2] that if 4 and

B are operators in B(£), then
l4*B + B A||| < [[[4"4 + B B[], (1.10)

for all unitarily invariant norms.
Kittaneh [10] proved that if 4 and B are positive operators
in B(A), then

14+ B) @Ol < [[[ (4 + |B24]) & (B+ 4B} |

(L.11)
for any unitarily invariant norm.
It was shown by Fong [4] that if 4 € M,(C), then
ld” - 44] < 4P, (112)

and it was shown by Kittaneh [8] that

144" + 47 A|| < |47 + |1 4] (1.13)

In this paper we establish some norm and norm inequali-
ties. We generalize inequalities (1.9) and (1.10) and present a
norm inequality analogue to (1.11). Based on our main result,
we provide new proofs of inequalities (1.12) and (1.13).

2. Main results

To achieve our main result we need the following lemma.

Lemma 2.1 (3, Theorem 1). If A, B and X are operators in
B(A), then

2[[AXB||| < [[[4"4X + XBB|| 2.1)

for any unitarily invariant norm.

The main result below is an extension of [9, Theorem 2.2].
We will prove it by an approach different from [9,
Theorem 2.2].

Theorem 2.2. Let A;, Bi, X; € B(H) for i,j=1,2...,n. Then

21 (4:x:B)@0@--- 20|

i=1

A4\ X, + X\ BB, A A,X,+ X,BB,

A4 X+ X2ByBy A3 A2 X + XoB3By -+ A3A,X, + X2 BB,

N

- A4, X, + X1 BB,

AAX + X, BB A AXy + X,B,B, - AAX, +X,B,B,

for all unitarily invariant norms.

Proof. Consider the following operators on @}, #
_Al A2 e An i
0O 0 --- 0
A= ,
L0 0 0 |
Bl B2 Bn
0 0 0
B=
0 0 0
and
X, 0 .. 0
0 X 0
X =
0 0 X
Then
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21> (4x:B) @00 - 0]

i=1

A A, - A4,][Xxi 0 -~ 07[By O
0 0 oll0 x, -~ 0||B 0
=2
o 0 -~ 0 o 0 - X, B, 0 0
=2[||4XB" |
<[||474X + XBB|| (by(2.1))
1 o 004, 4, A7[X 0 - 0
45 0 0f]lo o 0 0 X, 0
| 4; of]Lo o ollo o X,
[x, o0 -~ 07[B 0 -~ 0B, B, B,
0 X, -~ 0 B 0 -~ 0 0 0 .0
. . L . S .
L0 0 X, |8 0 - 0JLO 0 - 0
AiA\ X, + X\B|B, A A X, + X\B| B, A A, X, + X\ BB,
A X+ X2BBy A4 X, + X2 BB, A3A,X, + X>B,B,
A A X, + X,B,B, A,4,X, + X,B,B, A,A4,X, + X,B,B,
O

Corollary 2.3. Let 4y, 4,,...,A4, € B(A). Then

n
| <||[D 447 ||
i=1

for all unitarily invariant norms. In particular,

[|[A1A45 + A A+ -+ + A, A

[ 4145 + Ay Ay + -+ A A3l < D AA; || for 1< p < oo,
i=1 p

Proof. Letting B;=A4,,; for i=1,2...,n—1 and B, =4,
and X; = I in Theorem 2.2, we get

A + Apdi -+ A A B0 @ 0]

[ALA, + A3 Ay AL Ay + AsAs AL A, + 434,
ALA) + AJAy  AAr + A3 A; A5 A, + A4,
<
LA A, + A Ay Al + A 4s Aid, + AL A,
(A4, AjA, A A, A34;  A34; 434,
A4, A4, A4, A4y AA; A4,
< +
L A5A, Al A, A A, Aldy A4 A4,
(A7 0 - 0774, Ay - A,
A5 0 -+ 0 0O 0 --- 0
45 0 -+ 0 o 0 - 0
2 0 0714, 4 A1
10 of[o o 0
+
4,0 ojLO 0 0]
rd, A, - A,7[4 0 -~ 0
0O 0 --- 0 A5 0 -+ 0
Lo o olla o 0

A, Ay - A4 0 - 0
O 0 --- 0 Ay 0 -+ 0
]|y ()
0 0 - 0J]l4 0 -~ 0
— <Z,4IA?>@0...@()H
i=1

By the equivalence of inequalities (1.6) and (1.7) we have

[|[A1 A5 + A Ay + -+ + A, A

n

< ||So A
=1

for all unitarily invariant norms. [J

To establish the next result we need the following Lemma.
The lemma is a basic triangle inequality comparing, in unitari-
ly invariant norms, the sum of two normal operators to the
sum of their absolute values.

Lemma 2.4. [5] If A and B are normal operators in B(A), then

114+ Bl < [I| 4]+ [B] [|l- (2.2)

for all unitarily invariant norms.

Corollary 2.5. Let 4, Ay, A3, A4 be projections in B(). Then

'H (24:(71)’*51,) ®000®0

<A+ [4341]) © (Ar + [Aads]) & (As + [4145]) & (As + [ A4 ||

(2.3)

for all unitarily invariant norms. In particular,

4

D=0,

i=1

<max{||4; + [AsA[|], |42 + [AaAoll], |45 + [ A1 As]|], [| 44 + [42A4a] ||}

and

S
i=1

< (HA] + |A3AIH|$ + |42 + |A4A2‘H£ + 1145 + ‘A[A}ng

p

» 1/p
e+ adlf) (1 < p < o).

Proof. Letting n = 4, and replacing both 4; and B; by 4;, and
putting X; = (—=1)"'I for i = 1,2,3,4 in Theorem 2.2, we get

(L (=14, 0 0 0
0 000
0 000
L 0 00 0
[ 4 0 A As 0
< 0 —A, 0 —ArA,
Az A, 0 As 0
0 —A4A> 0 —As
[ A4, 0 A As 0
0 A 0 A4, . . .
= (by the unitary invariance of the norm)
Az A, 0 As 0
L O AyAs 0 Ay
(4, 0 0 0 0 A1 As 0
0 4 0 0 0 0 0 AyA4
TMlo o o o T aa 0o 0 o
0 0 0 A4 0 Ay Ay 0 0
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A4 0 0 07 0 0 A4 O
. 0 4 0 0 |f 0 0 0 (by(22))
0 0 4; 0 A4, 0 0 0
0 0 0 A 0 Ady O 0
T4, 0 0 07 [ldAl 0 0 0
Mo 4 0 o 0 |Asds] O 0
Tlo o 4 o] 0 0 |l o0
Lo 0 0 4] L o 0 0 |AAd|
[A) +|A3A4,] 0 0 0
B 0 Ay + A4 43| 0 0
- 0 0 Az + |4, 4] 0
Lo 0 0 Ay + | A2 A4

This proves inequality (2.3).
The rest inequalities follow from (2.3), (1.1) and (1.2). O

Corollary 2.6. Let A, A4,,..
B(#). Then

., 4, be positive operators in

Ay 4+ Ay + -+ A,|| < max {||4; + (n — D)||4,]|]| : i = 1,2,...,n}.

(24)
Proof. First we show that
A, A4 A2 412
A4 4 A4
A1/2A}/2 A1/2A5/2 A,
At (n= D)4 0 0
0 Ay + (n—1)|4a]] --- 0
< )
0 0 Ay, + (n— 1|4,
(2.5)
It is enough to show that
(n—1d —A44," -4,
CAPAS -y e AV
C = =0
CAPA —APAS e (=14,
To see this, we note that
(n—])A:’/: —A}'z 7A‘w: (n—I)A:’E 7/4;/1 7A,’1'2
uC = */‘fz" (n— %)Az/i ”‘%2/7 *ffu U 1_)AZ . */‘f,’/’ >0
e T8 | R R L VI

Next, by letting X; = I and replacing both 4; and B; by A}/z
in Theorem 2.2, we obtain

AP A
AL/ZAI,’Z A . Al,/ZAI/z
2 1 2 2 Ay
|4y + Ay + -+ 4] <
Al/ZA:/Z A”ZA;” A,
A+ (n—1)]4 0 0
0 At (=Dl - 0
< .
0 0 oAt (=14
(by(2.5))

Hence

4+ 4o+ -+ Al Smax{||di + (n = D4} : i = 1,2,...,n}. O

Corollary 2.7. Let 4 and B be normal operators in B(#).
Then

4 + Bl < max {[|4] + [[4][[l, [[[B] + | BII[l}-
Proof. Letting n =2, 4, =|A|, A, = |B| in (2.4), we obtain

4+ Bl <[[[4] + |B| (by(2.2))
<max {[[[4] + [[A[lll, [|B] + [[B][}. O

To establish the next result we need the following lemma.

Lemma 2.8. [6, Theorem 1.1] If 4, B, C and D are operators in
B(A), then

Il ol<lie ol e

Corollary 2.9. Let 4 € B(s#). Then

44" + A" A|l < [|4°] + | 4] (2.7)
and
|4A4" — A" A < ||4]. (2.8)

Proof. Letting n=2A =B =A4,4, =B, = A" and
X, = X, = I in Theorem 2.2 we get

A4 A7
||AA* +A*AH < )
A AA*
lam4) (1472 ‘
< 1 oy (2.6))
142 44|
Since
[|A*A| la2 ] _ [har 142
|42 A4 423 |AIP

is self-adjoint, the usual operator norm of this matrix is equal
to its spectral radius, so

2
4l 140

= |43 + 4.

This proves inequality (2.7). To prove inequality (2.8), putt-
il’lg n:2,A1 =Bl :A,AZZBQZA* and X] :1:7X2 in
Theorem 2.2, to get

A4 0
[A4* — A" A|| <
0 A4

e o
0 Jad

=|4”. O

[y 0
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