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1. Introduction and preliminaries

Let E be a Banach space with dim E > 2, the modulus of
convexity of E is the function o : (0,2] — [0, 1] defined by

. 1
ou(e) = inf {1 =415 Il = L] = Ll =1 = .

E is uniformly convex if and only if with dg(e) > 0 for all
e € (0,2].

A subset K is called proximinal if for each x € E, there
exists an element k € K such that

d(x,k) = inf{||[x — y|| : y € K} = d(x, K).
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It is known that a weakly compact convex subsets of a Banach
space and closed convex subsets of a uniformly convex Banach
space are proximinal. We shall denote the family of nonempty
bounded proximinal subsets of K by P(K), C(K) the family of
nonempty compact subsets of K, and CB(K) be the class of all
nonempty bounded and closed subsets of K, Consistent with
[1].

Let H be a Hausdorff metric induced by the metric d of K,
given by

H(A, B) = max {sup d(x, B),sup d(y,A)}7
xeAd YEB

for every 4, B € CB(K). It is obvious that P(K) € CB(K).

A multivalued mapping 7: K — P(K) is said to be a con-
traction if there exists a constant k € [0,1) such that for any
x,y €K,

H(Tx, Ty) < k|x — I,
and T is said to be nonexpansive if

H(Tx, Ty) < |lx = »ll;
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for all x,y € K. A point x € K is called a fixed point of T if
x € Tx. Throughout the paper N denotes the set of all natural
numbers and F(7) the set of fixed points of 7.

Let us recall the following definitions.

Definition 1.1 [2]. A Banach space FE is said to satisfy Opial’s
condition if for any sequence {x,} in E,x, — x (— denotes
weak convergence) implies that limsup,_|x, — x|| <
limsup,_,||x, — y|| for all y € E with y#x. Examples of
Banach spaces satisfying this condition are Hilbert spaces and
all 1 < p < o0.

Definition 1.2 [3]. The mapping 7 : K — K where K a subset
of E, are said to satisfy condition (A) if there exists a nonde-
creasing function f:[0,00) — [0,00) with f(0) =0,f(r) >0
for all r € (0,00) such that either d(x, Tx) > f(d(x, F(T)) for
all x € K, where d(x, F(T)) = inf{||x — p|| : p € F(T)}

The following is the multivalued version of condition (A);

Definition 1.3. The three finite families of multivalued nonex-
pansive mappings 7;,S;, R : K— CB(K),(i=1,2,3,...,k),
where K a subset of E, are said to satisfy condition (4) if
there exists a nondecreasing function f: [0,00) — [0, 00) with
f0)=0,f(r) >0 for all re (0,00) such that d(x, Tix) >
Sld(x,F) or d(x,S;x) = f(d(x,F) or d(x, Rix) = f(d(x,F) for

all x € K, where F (fj F(T,-)) n (é F(S,-)) N (rj F(Ri)),

the set of all common fixed points of the mappings 73, S; and
R

Definition 1.4 [4]. A map T: K — CB(K), is called hemicom-
pact if, for any sequence {x,} in E such that d(x,, Tx,) — 0
as n — oo, there exists a subsequence {x, } of {x,} such that
x, — p € K. We note that if K is compact, then every multi-
valued mapping 7' : K — CB(K) is hemicompact.

Next we state the following useful lemma.
Lemma 1.1 [5]. Let E be a uniformly convex Banach space,

r>0 a positive number and let B,(0) = {x € E: ||x|| < r}.
Then, for any given sequence {x;} C B,(0) and for any given

sequence 2; € [0, 1] with Zf:o’li =1, there exists a continuous
strictly increasing and convex function ¢ : [0,2r) — R, ¢(0) =0
such that for any positive integers m,j with m < j, the following
inequality holds:

2 k

< Z}Lf

i=1

‘2 — )\,mj.j(P(”xm - xjH)'

Xi

k
E A,-x,-
i=1

The study of fixed points for multivalued contractions and
nonexpansive mappings using the Hausdorff metric was initi-
ated by Markin [6] and Nadler [1]. Later, an interesting and
rich fixed point theory for such maps was developed which
has applications in control theory, convex optimization, differ-
ential inclusion and economics.

The theory of multivalued nonexpansive mappings is hard-
er than the corresponding theory of single valued nonexpan-
sive mappings. Different iterative processes have been used
to approximate the fixed points of multivalued nonexpansive
mappings. In particular in 2005, Sastry and Babu [7] proved

the convergence of Mann and Ishikawa iteration process for
multivalued mapping 7 with a fixed point p converge to a fixed
point ¢ of 7T under certain conditions. They also claimed that
the fixed point ¢ may be different from p. Under some condi-
tions Panyanak [8] extended result of Sastry and Babu to uni-
formly convex Banach spaces. Song and Wang [9] noted that
there was a gap in the proof of the main result in [8]. They fur-
ther revised the gap and also gave the affirmative answer to
Panyanak’s open question.

Abbas et al. [10] established weak and strong convergence
theorems of two multivalued nonexpansive mappings in a uni-
formly convex real Banach space by one-step iterative process
to approximate common fixed points under some basic bound-
ary conditions. Rashwan and Altwqi [11] introduced a new
one-step iterative process to approximate the common fixed
points of three multivalued nonexpansive mappings.

Recently Eslamian and Abkar [12] introduced a new one-
step iterative process for approximate the common fixed points
of finitely many multivalued mappings satisfying some condi-
tions. They proved some weak and strong convergence theo-
rems for such iterative process in uniformly convex Banach
spaces as follows. Let E be a Banach space, K be a nonempty
convex subset of Eand T;: K — CB(K) (i=1,2,...,m) be fi-
nitely many given mappings. Then, for xo € K and they
defined:

m
Xp41 = ApoXp + Zan,fzn.iu ne N7 (11)
i=1

i=

where z,; € T;(x,) and {a,;} are sequences of numbers in [0, 1]
such that for every natural number n € N and > ja,; = 1.
We now introduce the following iteration scheme which
attend (1.1). Let E be Banach space, K be a nonempty closed
convex subset of E and let 7}, S;, R, : K— CB(K), (i=1,2,
...,k) be three finite families of multivalued mappings. Then

o0
n=1

for xy € K, define the sequences {x,},—;,{y,}re; and {z,},~
by:

k
Xpt1 = cme‘x)I + E o‘n.i“n,h

i=1

k
yn = ﬁn,Oxﬂ + Zﬁn,ivn-ﬁ ne N (12)
i=1

k
In = ’))n,OXW + § yn,iw",h

i=1
where w,; € Tiy,, Vni € Sizu, Wni € Rix, and {a,,},{f,;} and
{7,:} are sequence of numbers in [0, 1] satisfying S+ o, =

Zf:0ﬁ11.i = E?:OV"J' =1
Remark 1.1

LIf B,o=1ry,=1and Zf;lﬁw- = Zf.;lyn_j = 0. The itera-
tive scheme (1.2) reduce to iterative scheme defined by (1.1).

2.0 S0 0 = 30 0B, = Sor 7., = 0. The iterative scheme
(1.2) reduce to Noor iterative scheme defined by

Xpy1 = O(VL,OXH + O(Vl,lun,h

Vo= BuoXn + Brivnr, neN (1.3)

Zn = VnoXn + TnaWn,ls

Where untl S lena Vnﬁl S Slzn and Wn1 S Rlxnv
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k
The following is an example of three finite families of mul- v, = pll = |Buoxn + Zﬂ,,ﬂ-v,,‘,« =l
tivalued nonexpansive mappings with a common fixed point. i=1
k
Example 1.1. Let X = [0,1]. Define T,,S,,R,: X — CB(X) = [1Buo(u = p) + D _Buivui = p)l|
for each n € N as follows: =1
k
T x — I 2X+n* 1:| <:BM,OH'XVI_])H +Zﬁn,i||vnvi_p|‘
nX = 077 ) i=1
L 2n =
- 2 k
S,x = 0”1 —2x+ 1} 7 < Buollxa —pll + Zﬁn‘id(vn,h Sip)
i 2n? i=1
and k
< ﬁn,OHxn - p” + Zﬁn.iH(SiZVH Slp)
[ 2x—n =l
Ryx = [0,=——|.
i AT n)} k
< Xn — + illZn — ) 2.2
Then clearly T,,S, and R, are three finite families of multi- Pulle: =l ;ﬁ nalln =Pl @2
valued nonexpansive mappings and have a common fixed
point at {1}. and
. . . k
The main purpose of this paper is to prove weak and strong TR . _
convergence of the iterative scheme (1.2) to a common fixed 20 =PIl = 1700%n + ;/ niWni = Pll
point of T}, S; and R;. .
= || X, — + (W, i
> Main resulis 70 (0 = P) ;vn,l( ol
k
In this section, we prove that the iterative process defined by < Puollxa — ol + ZV,,_,»HW,,J -l
(1.2) converges weakly and strongly to a common fixed point. i=1
At first, we shall prove the following lemmas. K
< Vn.OHxH - P” + Zynﬁid(wn,h Rtp)
Lemma 2.1. Let E be a uniformly convex Banach space and K a i=1
nonempty closed convex subset. Let T;,S;, R; : K — CB(K) for k
each (i=1,2,...,k) be three finite families of multivalued < Vollxn —pll + ZVu.iH(Rixm Rip)
nonexpansive mappings. Let {x,} be the sequence as defined in i=1
(1.2). If ¥#0 and Tip = Sip = Rip = {p} for any p € F then k
limy,— oo || X1 — p|| exists. < VoollXn — 2l + Zl’nﬁi X, — |l
=1
Proof. Let p € F. Then from (1.2) we have, k
= il = pll = llx, = pll- (2.3)
=0
k
[[xns1 =PIl = llomoxs + Z“n.iun.i =7l Substituting (2.3) into (2.2) we obtain,
=1
>
k Hy; _pH < ﬁn,OHle _p” + ﬁn.i”xn _pH
= H‘xn‘O(xn _P) + Zan,i(un,i _P)” ' i=1
=1 k
. = Buillxa=pl =% =2l (2.4)
=0
< an,UHxn - pH + Zan.iuun,[ _PH
=l Substituting (2.4) into (2.1) we have
k k
< O‘n,OHxn _pH + Z“mid(”n,iv sz) Hxn+l _pH < an,OHxn _p” + Z%«,f“yn —P”
] =1
k
k
:anﬂ”xn_p‘l + anj"xn _p”
< anollx = pll + Y 0uiH(Tiy,, Tip) ;
=1 .
k = Z“n,i”xn =l =[x = pll. (25)
< ol —pll + D 2illy, — ol (2.1)

i=l

and

Thus lim,_
bounded. O

X, — p|| exists for each p € F, hence {x,} is
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Lemma 2.2. Let E be a uniformly convex Banach space and K
be nonempty closed convex subset. Let T, Si, R; : K — CB(K)
for each (i=1,2,...,k) be three finite families of multivalued
nonexpansive mappings and {x,} be the sequence as defined in
(1.2). If ¥#0 and T;p = Sip = Rip = {p} for any p € F then
lim,, oo d(x,, Tiy,) =lim, .. d(x,,Siz,) =0=1lim,_ . d(x,, R;x,).

Proof. Let p € F. By Lemma (2.1), lim,_ .|| x, — p|| exists, {x,}
is bounded and so {y,} and {z,} are bounded. Therefore, there
exists r >0 such that x, —p, y, —p, z, —p € B,(0) for all
n = 0. Applying lemma (1.1) and using (1.2) we have

2

k
||xn+l _pH2 = ||%n,0Xn + Z‘xn,iun,i —p
i=1

2

k
OCH.O(xn - P) + Zan,i(”n.i - p)
i=1

k
< OCn,0||xn 7[7“2 + Zan.i“un,i 717"2
i=1
- O("_()OC,,,,'(P(HU;«[,[ - X"H)
2 £ 2
< ol = pI° + > _etnid(uns, Tip)
i=1

- meO(xn,i(p(Hun,f - xn”)
2 L 2
< OCn.0||xn _p” + Zan,iH(’Tiym T’,p)
i=1
= 0% i P ([ ttni — Xull)

k
< ool = pIP + Y _tuilly, —pIP
=1

- an.O(xn,iQD(”un,i - X"H). (26)
2

2
”yn 7[7” =

k
ﬂn,oxn + Zﬁn,ivn,i -pP
=1

2

k
ﬁn,O (Xﬂ _p) + Zﬂn,i(vn,i - ]7)
i=1

k
2 2
g ﬁn,OH'x" _pH + Zﬂn,i”vn,f _pH
i=1
- ﬂn,Oﬁn.i(p(an.i - xn”)

k
g ﬁn,()”xn _pHZ + Zﬁn,id(vn.h Sip)z

i=1

= BuoBuio([[vni = xall)

k
Xn _pHZ + Zﬂn,iH(Sizm Sip)z

i=1

- ﬁn,Oﬁn‘iqD(Hv”J - xﬂ”)

< ﬁn,()

k
2
X = pl* D Buillz = pll
i=1

< :BM,O

- ,Bn,()/gn‘i(P(HVn,i - xn||)7 (2'7)

and

k
Yn0%n + Z’yn,iwmi -P

i=1

Iz =PI =

2

k
70006 = P) + > _70i(Wni = p)
i=1

k
< ol = pIP + D vaillwns — pII?

i=1
= VnoVni®[Wni — Xall)
k
2 2
< Dol =PI+ 7,000, Rip)

i=1

- yn,Oyn,iq)(HWﬂ,f - xn”)

k
< ollxn = pI + > 9 H (R, Rp)

i=1

- yn,()yn,iq)(HwﬂJ - X,,”)

k
2 2
< ollxn = pI* + D puillxa = pl

i=1

- yn,()yn,i(p(HW",f - X,,”)

k
2
< Z’Yn,i”xn _p” - 'yn,()yn.i(p(‘lw"i - X’l”)
i=0

X =PI = 0@ Wi = %all)- (2.8)
From (2.7) and (2.8) we have

k
2 2 2
1y, =2l < Buollxa—pl*+> l?n.,{llxn—pH —vn‘ovn‘,-qo(llwn_,._xnl\)]
i=1

i=

- ﬁn‘O n.i(p(”VnJ —Xn ”)
k ) k

g Zﬁﬂfox” *P” - yn.OZVn,iﬁn,iq)(”wn,i — Xn ”)

i=0 i=1

- ﬁnﬂﬁn.i@(”“hf — Xy ”)

k
2

< ||x,, 71’“ - yn,OZ’yn‘iﬁn,i(p(Hwﬂ‘l' —Xn ”)

i=1

= BuoBri @l vni — xaull)- (2.9)
From (2.6) and (2.9) we obtain

[l201 _sz < o]l _sz
k 5 k
£ |10 =PI = 300> Bl — )
i=1 i=1
~BuoBuiovni = Xal))] = 00,10 (|[4ns — x|

k
< = 2IP = 70> TuiButi@ (s = xall)
i=1

k
- :Bn.,()zan.iﬁn,i(p(”vn,i - X,,H)
i=1

= 00001 P (||t — Xu])- (2.10)
From (2.10) we obtain,
%01 (|t = X)) < 1% = pII* = w1 = pII®
k
=700 i@ Wai = xal])
i:kl
- ﬁn,OZ%,iﬂnﬂ(llvn,i —xl)- (211
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Thus,

00050 ([t = X)) < [1%0 = pII* = (%1 — I,
this implies,

%050 ([[1n; = X)) < [lx1 = p||* < o0

Let (M = o,00,,), then

= 2

> Mol — xl) < llx1 = plI* < o0
n=1

Since ¢ is continuous at 0 and is strictly increasing, we have

lim ||u,; — x,|| = 0.
n—0o00

Similarly from (2.11) we obtain that

lim ||v,; — x,|| = lim ||w,; — x,|| = 0.
n—0o0 n—00

Hence we obtain

d(xm Tiyn) g d(xm unti) + d(un,h Ti n)

— 0 asn— oo,
also

d(xm Sizn) < d(xm an) + d(vn‘h Sizn)

— 0 asn— oo,
and

d(xm Rixn) < d(-xm wn,i) + d(Wn,h R,-X,,)

— 0 as n— oo.

This completes the proof of the lemma. [

2.1. A weak convergence theorem

Now we approximate common fixed points of the sequences
mappings 7;,S; and R, (i =1,2,3,...,k) through weak con-
vergence of the sequence {x,} defined in (1.2) as follows:

Theorem 2.1. Let E be a uniformly convex Banach space
satisfying the Opial’s condition. Let K be a nonempty compact
convex subset of E and T;,S;, R; : K — C(K),(i=1,2,3,...,k)
be three finite families of multivalued nonexpansive mappings. If
F#0 and T;p = Sip = Rip = {p} for any p € F. Let {x,} be a
sequence defined in (1.2), then {x,} converges weakly to a
common fixed point of T;,S; and R;.

Proof. Then as proved in lemma (2.1), lim,_.||x, — p|| exists
and {x,} bounded and by lemma (2.2) lim, ...d(x,, T;y,) =
lim,,— oo d(x,, Siz,) = 0 = lim,_ o d(x,, Rix,), for i=1,2,3,... k.
Since E is uniformly convex, there exists a subsequence {x,, }
of {x,} such that x, — ¢ weakly as r — oo for some g € K.
First we show that ¢ € F. Since Tq,i=1,2,3,..., k is compact,
for each x,, in E there exists y, € T;q such that

d(x,,,y,) = d(x,,, Tiq).

Since T;q is compact the sequence {y, } be the subsequence of
{y,} such that lim,_y, =z € T;q. Now we show that z = ¢.
If not, then we have:

limsup [, — || < limsup [lx,, —

r—00 r—00

= lim sup ||-xn,- —
r—00

+ lim sup ”yn,. - ZH

|
= llm sup d(-x)z,.y ’leq)

< limsup d(x,,, Tix,,) + limsup d(Tix,,, T:q)

r—00 r—00

< limsup ||x,, — ¢ < limsup ||x,, — z]|.
F—00

r—00

Which gives a contradiction and hence ¢ = z € T;¢q. Similarly,
it can be shown that ¢ € S;q and ¢ € R;,q. Now we prove that
{x,} has a unique weak subsequential limit in F. To prove this,
let z1,z, and z3 be weak limits of the subsequences {x,,}, {x,}
and {x,} of {x,}, respectively and z;#z,#z; as above
z1,22,23 € F and by lemma (2.1) the limits, lim, .||x, — z1|[,
lim,, oo || %, — 22||, lim,, oo || X, — 2z3]| exist. Then by the Opial’s
condition,

lim [|x, — z;|| = lim ||x,, — 2]
n—o0 ni—00

< lim ||x,, — 2|
nj—o0

= lim||x, — z||
n—0oQ

lim ||x,, — 2|
Vl/'"’)C

< lim ||x,, — z3]|
I1/—>(X.

= lim||x, — z3||
n—oo

= lim ||x,, — z3]|
nj—oo

< lim ||x,, — z¢|
nj—0o0

= lim Xp _Zl”-
n—oo

This is a contradiction. Hence z; = z, = z3. This implies that
{x,} converges weakly to a common fixed point in F. [

Corollary 2.1. Let E be a uniformly convex Banach space
satisfying the Opial’s condition. Let K be a nonempty compact
convex subset of E and T,S,R:K— C(K), be three of
multivalued nonexpansive mappings. If ¥#0 and {x,} be the
sequence as defined in (1.3), then {x,} converges weakly to a
common fixed point of T, S and R.

2.2. Strong convergence theorems

The following result gives a necessary and sufficient condition
for strong convergence of the sequence (1.2) to a common fixed
point of three finite families mappings on a real Banach space.

Theorem 2.2. Let E be a uniformly convex Banach space and
K, {x,} be as in lemma (2.2). Let T; S;,R;: K— CB(K),
(i=1,2,3,...,k) be three finite families of multivalued nonex-
pansive mappings satisfying condition ()1), If ¥#0 and
Tip=Sip=Rp={p} for any p€F, then {x,} converges
strongly to a common fixed point of T;,S; and R;.

Proof. Since 7;,S; and R;,i =1,2.3,... k, satisfies condition
(A), we have lim,_, f(d(x,,F)) = 0. Thus there is a subse-
quence {x,, } of {x,} and a sequence {p,} C F such that
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I~ £l < o
ny r 2;‘ bl
for all r > 0. By lemma (2.1) we obtain that
1
% = Pl < M, = ol < 55

We now show that {p,} is a Cauchy sequence in K. Observes
that

||pr'+1 7er < ||pr+1 = Xy ” + Xnpgy 7pr||

1 1 1
2)‘+1 +? < 2)‘71 °

This shows that {p,} is a Cauchy sequence in K and thus con-
verges to p € K. Since

dp,, Tip) < H(T;p, Tip,)

<

<lp=p.l;
and p,—D as r — 00, it follows that
d(p, T;p) = 0,i=1,2,3,...,k which implies that p € Tp.
Similarly,
d(PM Slp) < H(Slp7 Si r)
and p,—D as I — 00, it follows that

d(p,S;p) =0,i=1,2,3,...,k which implies that p € S;p.
Similarly,

d(p,, Rip) < H(Rip, Rip,)

<
< ||[7 7er7

and p, — p as r — oo, it follows that d(p,Rp)=0,i=1,
2,3,...,k which implies that pe€ R;p. Consequently,
p € F#(. lim,_...||x, — p|| exists, we conclude that {x,} con-
verges strongly to a common fixed point p. [

Theorem 2.3. Let E be a real Banach space and
K {x,},T;,Si,Ri, (i=1,2,3,...,k) be as in Lemma (2.2). If
F#0 and Tip=Sip=Rp ={p} for any p€F, then {x,}
converges strongly to a common fixed point of T;, S; and R; iff
liminf, . d(x,,F)=0.

Proof. The necessity is obvious. Conversely, suppose that
liminf, .., d(x,,F) =0. As proved in lemma (2.1),

Xn+1 _pH < ||xn _pH

This gives
d(x,11,F) < d(x,, F),

so that lim,_., d(x,,F) exists. But, by hypothesis, liminf,_.,
d(x,,F) =0. Therefore we must have lim, .., d(x,, F) =0.
Next we show that {x,} is a Cauchy sequence in K. Let
¢ >0 be arbitrarily chosen. Since lim,_, d(x,,F) =0, there
exists a constant ny such that for all n > ny, we have

lim d(x,, F) < 451 .

In particular, inf{
p* € F such that

Xu — pll - p € F} <& There must exist a

€
e = 7l < 5
Now for m,n = ng, we have
||xn+m - xn” < ||xn+m _17*” + Hxn —]7*”
< 2||xnn _p*H
€
< 2(7) =
7 €

Hence {x,} is a Cauchy sequence in a closed subset K of a
Banach space E, and therefore it must converge in K. Let
lim, .« X, = lim,_o y, = lim,_» z, = p and

d(men) g d(xmp) + d(p7yn)
— 0 asn— oo,

and

d(xy,2,) < d(x,p) + d(p, 2,)
— 0 as n— oo.

Now for each i =1,2,3,..

d(p, Tip) < d(p,y,) + d(y,, xu) + d(xu, Tiy,) + H(Tiy,, Tip)

<d(p,y,) +dy,, x,) + d(x,, ) + d(y,,p)
— 0 asn— oo,

.,k we obtain,

gives that d(p, Tip) =0,i=1,2,3,...,k which implies that
peTp.

Similarly, let lim,_,», z, = p. Now foreachi=1,2,3,... k
we obtain

d(p,Sip) < d(p,z,) +d(zy, x,) + d(x,, Sizn) + H(Sizy, Sip)
< d(p,zn) + d(zy, x,) + d(xp, Vi) + d(z0, p)
— 0 asn— oo,
gives that d(p,S;p) =0,i=1,2,3,..
p € S;p. Similarly, let lim,., x,=p. Now for
i=1,2,3,...,k we obtain
d(p,Rpp) < d(p,x,) + d(x,, Rix,) + H(R;x,, Rip)
< d(p, xn) + d(xy, W) + d(x,, )
— 0 asn— oo,

.,k which implies that
each

gives that d(p, Rpp) =0,i=1,2,3,...,k implies that p € R;p.
Consequently, p € F#0. 0O

Corollary 2.2. Let E be a real Banach space and K a nonempty
closed convex subset of E. Let T,S,R, be three multivalued
nonexpansive mappings and {x,} be the sequence as defined in
(1.3). If F#0 and Tp = Sp = Rp = {p} for any p € F, then
{xu} converges strongly to a common fixed point of T, S and R
iff liminf, . d(x,,F)=0.

Theorem 2.4. Let E be a uniformly convex Banach space and
K, {x,} be as in Lemma (2.2). Let T;,S; R;: K— CB(K),
(i=1,2,3,...,k) be three finite families multivalued nonexpan-
sive mappings and T;, S; and R; are hemicompact and continuous.
If ¥#0 and T;p = Sip = Rip = {p} for any p € F then {x,} con-
verges strongly to a common fixed point of T;, S; and R;.

Proof. Since lim, o d(x,, T;y,) = lim,_d(x,, Siz,) =0 =
lim,, o d(x,, Rix,), and T, S; and R; are hemicompact for each
(i=1,2,3,...,k), there is a subsequence {x, } of {x,} such
that x,, — p as r — oo for some p € K. Since 7}, S; and R;
are continuous for each (i =1,2,3,...,k), we have
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d(x,,, Tix,,) — d(p, Tip),

d(xn,y Sixn,) g d(P7 Sip)7
and
d(xn,-7 Rixnr) i d(pa Rlp)

As a result, we have that d(p, T)p) = d(p, Sip) = d(p, Rip) =0,
for each (i=1,2,3,...,k) and p € F. Since lim,_|/x, — p||
exists, it follows that {x,} converges strongly to p. This com-
pletes the proof.

Corollary 2.3. Let E be a uniformly convex Banach space and
K a nonempty closed convex subset of E. Let T, S, R, be three
multivalued nonexpansive mappings and {x,} be the sequence
as defined in (1.3) and T,S and R are hemicompact and
continuous. If ¥#0 and Tp = Sp = Rp = {p} for any p€F
then {x,} converges strongly to a common fixed point of T,S
and R.

3. Conclusion

In this work, we obtained a three-step iterative process to
approximate the common fixed points of three finite families
of multivalued nonexpansive mappings in a uniformly
convex real Banach space and establish strong and weak
convergence theorems for the proposed iteration process.
Our results extend and generalized the recent results in
[10,12,13].
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