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Introduction

In the recent years, the problem of expressing sums of products of certain special poly-
nomials in terms of other special polynomials has drawn the attention of many research-
ers and mathematicians due to which this field has seen an increasing interest [1-3].
There are many special polynomials out of which we deal with the Pell polynomials [4—
6]. The Pell polynomials Py (t) are defined by the binary recurrence relation

Pi(t) = 2Py (t) + Pea(t), Po(t) = 0, Py(t) = 1, k > 2. (1)

In this work, the following summations of finite products of Pell polynomials have been
considered, given by

Y P @®Ppn®) .. Py (), @)
jitjatHjrp1=n

where the summation runs over all nonnegative integers ji,j2,...,jr+1, with
j1+j2+ -+ +jr+1 = n. The summation (2) is represented in terms of some orthogo-
nal polynomials such as the Legendre polynomials (P, (x)), Jacobi polynomials (P P (%)),
Hermite polynomials (H,(x)), Gegenbauer polynomials (C,(,'l)(x)), extended Laguerre
polynomials (L, (x)), and Chebyshev polynomials [7] of first kind (T} (x)), second kind
(Uy(x)), third kind (V) (x)) and fourth kind (W), (x)) which are further represented as
hypergeometric functions. The hypergeometric function, denoted by 2Fi (4, b; ¢; 2), is
basically a special function represented by a hypergeometric series, which involves many
special functions as specific cases which has been discussed in the preliminaries section.
The motivation of this work has been derived by the classical linearization problem,
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a+b

sa(Opp(®) =Y dap(K)qi (2), (3)

k=0

which involves the determination of the unknown coefficients d;, (k) in the expansion of
product of the polynomials s,(t) and p;(t) in terms of arbitrary polynomial {gx (¢)}i>o.
If the two polynomials s,(¢) and p,(¢) are equal to g,(f), then problem (3) is known
as the standard linearization problem or Clebsch-Gordan-type. In other words, for
$qa(t) = pa(t) = q4(t), (3) converts to

a+b

sa®)sp(®) =Y dap(K)si (1), (4)

k=0

which is called the Clebsch-Gordan-type problem. Furthermore, if we take p;(t) = 1,
then (3) is called the connection problem expressed as

sa(t) =Y da(k)qi (). (5)

k=0

In addition, if s,(¢) = t" in (3), then it is known as the inversion problem.

In particular, the present work is motivated by the linearization problem and may be
viewed as a generalization of the classical linearization problem as in (3). Apart from that,
our work is also motivated by the convolution identity of Bernoulli polynomials B, (x)
that yields the famous Miki’s identity and Faber—Pandharipande—Zagier identity. In other
words, it is possible to represent the sums of products of two Bernoulli polynomials as lin-
ear combinations of Bernoulli polynomials. The polynomials 3, (x) are given by

[e¢] t”
k=0
Now, if for k > 2,
2 By Br_y (%)
S (x) = g Ik —1) s (7)
then, from [8],
k-1
Boy(x%)Bag—o1(x)  2B1(%)Bo_1(x) 1
; 202k — 21) 2k — 1) EHZk 1B82(x)
_ (8)
k
1 2k 1 2Byk-1B1 (%)
T ; ( 21 )2[le(x)32kzz(x) + =i

can be derived from the Fourier expansion of 8z ({x)), where (x) is the fractional part of
any real number x expressed as (x) = x — [x] and Hy are the harmonic numbers denoted
by Hy = Zn 1 yll Furthermore, it is interesting to observe that for x = 2, (8) gives the
Faber—Pandharipande—Zagier identity [9] and for x = 0, (8) gives a slight variant of
Miki’s identity [10—12]. In this article, the Pell polynomials are represented in terms of
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linear combination of some of the orthogonal polynomials. The generating function of

the Pell polynomials is given by

o0

Zp (x)t" = 1
" 1—2xt — 2

n=0

First few terms of the Pell polynomials derived from (1) can be written as
Py(t) = 2t, Ps(t) = 4t2 +1, Py(t) = 8¢ +4t, Ps(t) = 16t* + 122 + 1,
Pe(t) = 32t° 4 32t3 + 6t, . . .. The first few terms of P,,(¢) are graphically depicted in Fig. 1.

Furthermore, the Pell polynomials are the natural extension of the Pell numbers P,
defined by the same recurrence relation [6, 13]

P =2P_ 1+ Py 2,Pp=0,P1 =1, k>2. 9)

The methodology used in this work is beneficial over other techniques in the literature
due to the simple Fourier series expansions used here to determine the unknown coef-
ficients involved in the classical linearization type problem unlike the other methods in
[10, 11] which are quite complex in their approach. The literature survey includes the
work of Zhang [7], where he derived a new identity for the Chebyshev polynomials. In
[14], the authors have shown an application of a p-adic convolution using a suitable poly-
nomial. In a different work, Kim et al. [2] have studied regarding the sums of finite prod-
ucts of Chebyshev polynomials and Fibonacci polynomials. Apart from that, the sums
of finite products of the Genocchi functions have also been studied by Kim et al. [8]. In
two different works, Kim et al. tackled with the sums of finite products of Chebyshev
and Lucas-balancing polynomials [15, 16]. Furthermore, certain identities relating to the
symmetry for the Euler polynomials are derived in [17]. In [18], a difference of sums
of finite products have been tackled in case of Lucas-balancing polynomials. Moreover,
the Appell polynomials were utilized to represent a family of associated sequences [19].
Apart from that, a new class of Bernoulli polynomials have been introduced by [20],

related to polyexponential functions.

Fig. 1 First few terms of P (1)
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The present article is organized in the following manner: First, in “Preliminaries” sec-
tion, the preliminaries regarding the properties of several polynomials, gamma and
beta functions have been discussed to be used later in the subsequent sections. Then,
the explicit formulas of some special orthogonal polynomials are given in “Methods”
section. Apart from that, “Results and discussions” section includes some propositions
and lemmas to be used later. In addition, some theorem have been proved regarding the
sums of finite products of Pell polynomials in subsequent section. The final section is
devoted for the concluding remarks.

Preliminaries

Definition 1 (Rising factorial polynomials and falling factorial polynomials) The rising
factorial polynomials (¢),,, for n; > 1are defined by [21]

By =tE+1D - (E+m—1) (10)
and the falling factorial polynomials (¢),,,, for n; > 1are defined by [21]

Op =t =1 (¢ —m+1D. (11)

Furthermore, the rising factorial polynomials (¢),, and the falling factorial polynomials
(), satisty the following properties given by the following lemma.

Lemma 1

(a) For any nonnegative integer ni,—(t)n, = (—1)"1()p,.
(b) For any nonnegative integer ni,—(t), = (—1)"1(t)p,.
(c) The falling factorial polynomials (t),, can be written in terms of gamma function

L) as (), = r(l;_(:f*—_lz,l)’ and similarly, the rising factorial polynomials can be rep-

resented by gamma function as (t),, = r(lzml) »n = 0.
Qn—2my)! _ (=1)"2(3), 227212
(d) Form =z my 2 0,7, =5 = (3=mmy
1y _ Cnm)Wm
(e) Form > 0,I'(m + 3) = 122
Proof

The proof of the lemma can be referred from [21]. [

Definition 2 (Beta function) Now the beta function B(x, y) is defined in terms of
gamma function I'(x) as

INEHING))

1
B(x,y):/o FI1 — Y lde = Tty

for Re(x), Re(y) > 0.
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Definition 3
[22]

(Hypergeometric function) The hypergeometric function is defined by

o (@) (am)s

Fu(ai,...,am; b1,...,by; t) = o Rt <1, m< 1.

mEn(ai Am; 01 n; £) SXZ; (b1)s-- - (by)s s! ] < m=n-+ (12)

Definition 4

particular case of the hypergeometric function is the Gauss hypergeometric function
defined by [23]

(Gauss hypergeometric function and Chu-Vandermonde formula) A

o0
(a1)s(b1)s t°
Fi(a1,byr;c15t) = ——, |t < 1,
oF1(a1,b1; a1 ; e sl 2] (13)

and furthermore, a special case of Gauss hypergeometric function is the Chu-Vander-
monde formula given by

c1—a
g, 1 #0,—1,---1—s.
{c1)s

2F1(=s,a15¢1:1) =
Note: Furthermore, there is a link between the Pell polynomials P,(x) and Chebyshev
polynomials of second kind denoted by U, (x). Before, proceeding to establish the con-
nection, we need to define the Chebyshev polynomials of second kind.

Definition 5 (Chebyshev polynomials of second kind) The Chebyshev polynomials of
second kind are given by the recurrence relation [24]

Un(x) = 22U 1(®) — Up—2(x), Up () = 1, Us(x) = 2%, k = 2. (14)

Hence, the first few terms of U, (x) are given by Up(x) = 1, U (x) = 2x, Ua(x) = 4x2 — 1,
Us(x) = 8x3 — 4x, Uy(x) = 16x* — 1242 + 1, Us(x) = 32x° — 32x% + 64,.... The first few
terms of U, (x) are graphically depicted in Fig. 2.

In addition, the Chebyshev polynomials are explicitly given by the formula, for n > 0,

4k
/o —Uylx)
2 W
e
SRS
i Up(x)
i Us(x)

Fig. 2 First few terms of U, (x)

Page 5 of 20
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U,(x) = (n+ 1)oF 1 (— n,2+n

Z(D( vmwﬁ (15)
where 2F1 (a, b; c; x) can be referred from (13) and is given by the generating function
Z Uy ()" = !
" 1—2xt +¢2

Lemma 2 The fundamental connection between the Chebyshev polynomials U, (x) of
second kind and the Pell polynomials P, (x) is given by

1
Ppii(x) = Wun(v —1x). (16)
Proof
The explicit expression for P,y1(x) can be referred from [5], given by
(51 /
n— _
me=z<,)mw%qa (17)
1=0
Hence, comparing (15) and (17), we get (16). O

Note: The explicit expression for P, (x) can be either referred from [5] or can also be
viewed by virtue of the combination of (16) and (15) after proving Lemma 2.

Methods

Proposition 1 Let q(x) € R[x] be a polynomial of degree n and further let
q(x) = > 1o DiPi11(x). Then,

l 1! 1 l+12[+1 V-1 l
p, = LHE-D / q0) S+, (18)
2n+1Dn -J=1
Proof
By virtue of the orthogonality property of U, (x), we have
1 9.1 T Snm
| a=diu,mumas =0, (19
~1

for m, n > 0. Combining (19) and the property (16), we have

J=1 . —_1\1-n—m
/ (L 523 Py (0) Py ()l = Y1) O (20)
—J=a 2

which represents the orthogonality relation for the Pell polynomials P, (x). Furthermore,
the Rodrigues’ formula of the Chebyshev polynomials of second kind U, (x) is given, for
n > 0, by
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I G P N O NS |
Un(x)——(2n+1)! (1I—x%) dx”(l x7)" T2, (21)

Again by combining (16) and (21), we get the Rodrigues’ formula of the Pell polynomials

as
(n+ 112" 91 d" ol
Pu(x) = ——2 (1 1= s )
(%) (2n+1)!( +x%) dx”( +x7) (22)
Now, by means of (20) and (22), we get the desired result. O

Results and discussions

Explicit formulas of special orthogonal polynomials

In this section, some explicit definitions of certain polynomials have been recalled which
will be used in the subsequent sections. The explicit formula for the Chebyshev polynomi-
als of the first kind (T}, (x)), those of the third kind (V},(x)), those of the fourth kind (W},(x)),
Hermite polynomials (H,(x)), generalized Laguerre polynomials (L% (x)), Legendre polyno-
mials (P, (x)), Gegenbauer polynomials (C A (%)), and Jacobi polynomials (P(a # )(x)). They
are explicitly given by

1 1-x ~ (41 !
Vn(x)=2F1<—n,n+1,2,2>=Z< 9] )2(x—1),n20, (23)

=0

3 1—x - 4+
Wi () =(2n+1>2F1(—nn+1 ) ) ; (”21 )2’<x—1>’,nzo, (24)
=0

11— D u_
Ty(x) = 2F1< ;o 2x> = - <n I l>(2x)n_2[: n>1, (25)

_1\!
Hy() ”'Zp( D (20", n =0, (26)

Pn<x)=zF1(—n,n+1;1 1_x> 2nZ( 1)< )(2”_21> >,

(27)

[ n+ o
o (@ + 1)y “ 1)< L) (28)
Ly, (x) = o 1F1(—n;fx+1;x)=z—x, n>0a>—1,

1!
=0

Page 7 of 20



Patra and Panda Journal of the Egyptian Mathematical Society (2022) 30:4

1 1—
Pff’ﬂ(x) =W2F1<—n,a+,3—|—n+l;a+1; 2x)
n!

_ “(nta\[n+p x+1 @9)
_Z n—k k (=" ’
k=0
C,f(x) =<Vl— 1n+2/1>2F1<—Vl,2/1+1’1§/1+;§ ! ;x>
(4] (30)

1 )k I'n+ 41—k
y (W) (n — 2k) k!

1
2x)""* n>0, 1> -5 A #0.
k=0

Proposition 2 [1, 2]. Let q(x) € R[x] be a polynomial of degree n. Then, we have the

following:
(@) qx) =D k—o Cr1 Wk (%), where
__1\kok 1 1
Ci = G2 11 q@) (1 + k2 (1 — 0 3dx.
(B) q(x) = 3 "k—o Ci2 Vi (), where
k ok 1 1
Crp = SOEHE [N a1 + 0/ 5 (1 — 0 3dx,

__1ykok _1
(©) qx) =3 f—o Ci3Tk(x), where Cy 3 = % J4 q(x) & (1 — 2?2y,

_1ykok+1 ) 1
(d) q(x) = S20_o Crally(x), where Cy 4 = %ﬁﬁﬁ”' Jhaws k(l x2)K+2 .

(e) q(x) = > %_o CrsHi(x), where Cy 5 = fk'zk I o 4(%) ke”‘ dx.
Nqx) = > ¢_o CkcPx(x), where Ci g = ;i];ktll f 1 q(x) n: (x — Dkdx.
© qx) =Y k—o Ck7LE (x), where Cy 7 = m I q(x)ﬁ(x“‘*ke_x)dx.

(h) q(x) =Y f—o CsPy e where

_ (=D*@+BH2k+ D (@++k+1) L d* k k
Chs = r(a+Z+f)F(ﬁ+k+1;t2afﬁ+k+l / 140 27 (1 +%) A0ty

(Dgqx) = OCk9C %), where
_ T () (+k) o 2\k+i—1
Cus = Trmaehy oy S 100 G (1 =)

Proposition 3 1, 2]. Let m, k be nonnegative integers. Then, the following identities hold:

(i)

1 . ok ldx 0, m=1 (mod 2);
x7(1—x")""2dx = I (2k)! . —
/71 ( ) Wm,ymzo (mod 2).

Page 8 of 20
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/1 m 2)k+ldx 0, m=1 (mod 2);
x"(1—x 2dx = mlw (2k+2)! . _
-1 22 (k1)) (k+1)! if m=0 (mod?2).

(ii)

(m+1)!2k)!w = :
. ,m=1 (mod 2);
K1+ )R (1 — )k ~hdx = { 2O ORI (mod 2
___mr@h! if m=0 (mod 2)
. TR 1T B '
(iv)
(m+1)!(2k)!m = :
1 J— P — 1 2 9
B T R R B (mod 2
1 =) mmek if m=0 (mod?2)
_ eSS TE Ttk B '
)

o 0, m=1 (mod 2);
/ x"e™ dx = Mifmzo (mod 2).

(M

m=1 (mod 2);

1 0,
me1 _ 2k g, — 2k+2(m
[x (I —x%)"dx {m!’<’2<z+’<+l>’,ifmzo (mod 2).

1 ()1 (m+2k+2)!
(vii)
m=1 (mod 2);

1 0,
me _ Zk-‘rﬂ—%d — sy I\ m+l
/_x( x%) X PR DTCED if =0 (mod 2).

1 T (k+/+1+%)
(viii)

1 m

me1 _ okta k+B 1, _ oa+p+2k+1 m\ . \m—sos

/Ax A—x)""A4+x)""Pdx =2 EO<S>( 1)"52
s=

Fk+B+1+s)Tk+a+1)
Ma+p+2k+s+2)

Lemma 3 For any nonnegative integers n, k, the following identity holds, for the sum-
mation of finite products of the Pell polynomial P,(x) over all nonnegative integers

J1oj2 b1 With j1 +jo + -+ - + jry1 = 1, given by

L o
> Pji41(®)Pjpi1(x) -+ Pj, 41 (%) = anlr+1(x)- (31)
JititAjr=n

Proof
Let us denote the generating function for the Pell polynomials as G(x, t) and by definition,
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G, t) =Y Pyx)t" =

_ _ 2
= 1—2xt—t

Then, differentiating G(x, t) with repect to x, r times, we get

"G(x,t) _ 2"t"r! 3
" (1 — 2wt — 2yt (32)
from which we obtain
1 1 Gt 33)
1 — 2xt — ¢2 2yl 9
1 o0
— (r)
T orpl Z P”r (x)tn (34)
n=r+1
1 o0
(r) 1
R NN 55
" n=0
Furthermore, we have
1 r+1 00 ) ) )
(1—2xt—t2> = ZP/‘H—l @D, )Py e (36)
n=0
o0
=Y ) Pa@®@P@ Py @) (37)

nojitjotetjrp1=n

By virtue of (33) and (36), we get the desired result. It can be also observed that Lemma 3
can be proved in a simple way. However, it was proved in Lemma 5 of [1] that

1
Z L[jl (x)LIJZ ®x)--- L[fr+1 ®x) = r1or Ur(l:zr(x) (38)
j1tjotHirp1=n
Hence, combining (16) with (38), we have the desired result of Lemma 3. O

Theorem 1 Let n,r be nonnegative integers, and let €,, = 2 — §,,0. Then, the summation
of finite products of the Pell polynomials can be represented as

E : P 11(0)Pj41(x) -+ - Py 11 (%)
Jit+ia+ - Hir1=n
" (39)

-t r+ [i]> .k =
- (J?l)nr! ; ( r 2 n+r [2])rvn—z(\/_1x)

1 i ) i j
= Wz_;(_l)L<r+r[2])(n+r— [%])ranl(\/__lx) (40)

Page 10 of 20
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(2]

1 ,
= W Z €n—2i < " :_ ! ) (n+ 1 — i)y Tyni(v/—1x) (41)
T i=0
(2]
- > L Bi(—i —n = —DHy (v Tw) (42)

T WD e (n = 20!

(31

WD i — i+ N12)

oF1(—iyi — 1 — 12 =1 — r; ) Py_ni(v/—1x)

(43)
(255
_Tta+D2" S (DF &m0t
Vs kz:% Pk +a+1) < INn—k—2D\n+ a)zsz (V1)
(44)
" [%5%]
_ Y D T@+B+k+1) &K (' =1+ (45)

N —~ T+p+2k+1) IN(n — k —20)!

~

=0

x oFy 2+ k —m B+k+ L + B+ 2k + 2: 2P (V=1x)

(r +n)! [zg]:(n—Zi—l-/l)(i—i-n)i

T WD D & i

oF1(—i,i—A—n, —n—r; l)Cfli_)i(\/ —1x).

(46)

Proof
The proof of the theorem is by virtue of Theorem 1 of [1], Theorem 1 of [2] and (16). O

Remark
The r-th derivative of the Pell polynomial P, 1 (x) is given by

[251]
Py = > (” 7 ! > (n — 20), 2" Hyn—r=2, (47)
=0
Furthermore,
(2551 }
DY (” o ) (147 = 20, g 2"k, (48)
=0

By default, we assume that

> PP ) - Py 1 (%) = (%)
Jitjet+jrp1=n

throughout the remaining part of the paper.

Page 11 of 20



Patra and Panda Journal of the Egyptian Mathematical Society (2022) 30:4

Theorem 2 Let n,r be nonnegative integers. Then, we obtain the following representa-

tions for the summation of finite products of the Pell polynomials

Z P41 (0)Pjp41(x) -+ Py 41(x)

Jitia+Hirp1=n

(e[ e

e —

! €4—2j
v +,n) gy~ — 1 = = 13 —1) Ty 4(x)
r P (n— 0!
Gtm 2l it F ) R
Li—n—1,-n—r;,— _9i(x
'l ar (n—z—i—l)' '2 1 n—2i
r+m! ¢ 1 ,
, ~—1Fi(=i; —n—r; DHy (%)
r P (n— 20!
(4] ,
(r+n)! 2n+ 1 —4i . 1
= , oF1(—ii—n— - —n—r; —1)Py_2i(x)
rl =it )i 2
2 o 2 Ch—re
=Zr 1 L
R +°‘)kz_%r(k+a+1) 101 — k — 20101 + aygy k@

=0

r! Mo+ pB+2k+1) Nn—k—2)!

7k
_ ' (2)"F(a+ﬂ+k+1)i: ' (n—1+)

" D 4

Proof

k=0
xoF12l+k —nmB+k+1;a+ 8+ 2k +2; Z)Plga’ﬂ)(x)

_ (r+m! Z (n—2i+ AL+ n);
i!

In order to prove (49), we let

@) =Y Cra Wi (x).

k=0

oFi(—=i,i—A—mn;—n—r; —l)C(’l)zl(x).

(58)

Page 12 of 20
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Then, by virtue of Proposition 2(a), we obtain

(=1)k2k k!

dt k—3% k+3
7 (2Kk)! [1 "r(x) (1+x) (1 — x)*24x.

k1 =

Then, by (31) and (48) and subsequently integration by parts k times, we get

(—1)k2kk! dk L !
Cr1 = BN /_1 @)~ (L4 2)72 (1 —2)"" 2
_ DRt d* k- K+
24k! (r+k) k=34 k+3
= @] / Pl i@ +x)""2(1—x) 2dx (59)
2k k! ) n—1I+r y
_ : - _ n+r—2
= ‘n(zk)!zrr! ; ( i ) (Vl +r 2l)r+k2 X
1 i 1 1
/ K21+ k21— x)ftada.
-1
Now, by virtue of Proposition 3(iv), we have
(n—k—21+1)!2K)\x L n#k (mod2):

if n=k (mod 2).
(60)

1 _
—k— _1 1 ontk—2l+41 (ntk=214+1 ) n=k=20+1y )
/ kA1 4k h A — kg = (nikiy)!ék)m)( o )
-1 2n+k72[(n+/;—21)!(n—l;—Zl)!(k)!’

After further simplifying (58)—(60), we get

. =3
1 m—k+1-2Dn—1+r)
nr(X) = —— Wi
N (%) o Z l'(”+k+1—l)!<n_7k+1—l)! K
k=0 =0 2 2
n#k (mod2)
) " 7] (n—1+7)
42 Wi (x).
TE B
n=k (mod2)

Now, let us substitute n — 2i — 1 in place of k in the first summation term and n — 2i in
place of k in the second summation term which results in

1 &Y (n—1+7)! ,
N (X) = ZE_: T

n—101+r)
r! (n—l—z)'(z—l)'l‘

Wi—2i—1(x).

Furthermore, by virtue of the rising factorial polynomials and the falling factorial poly-
nomials in (10), (11) and their properties in 1(a) and (b), we can write
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[ﬂ] .
- S (=iyli—ny <D
(—I’l — V)z Il Wn—2z(x)

n\ o (—i)(i — )y (—1)!
(i>; - VT Wi—2i—1(x).

(%54

; n-—r
i=0

A further simplification in terms of the hypergeometric function gives us

[51

M (%) = (’ M ”> > (’}>2F1<—i,i — =1 =7 =D Wyi(®)
- (r:n> Z <7>2F1(—i,i —n—n—r; =) Wy_gi—1(x)

- (H};n) ;*(_Dl( [:} >2F1< M M S —1) Win—2i(x)

which gives the desired result. The proof of (50) is similar to that of (49). Now, for prov-
ing (51), we proceed as in (49) and by taking

@) =Y CrsTi ().

(61)
k=0
Then, by virtue of Proposition 2(c), we obtain
(=D*2k ke, d* k1
Crs = e /_1 ﬂn,r(x)chk(l —x7)" " 2dx.
Then, by (31) and (48) and then using integration by parts k times, we get
_ (=DF2kkle d* (1
Ck,l—w/_1 nr(x) (1—96) 2dx
(—D*2kkle; PO L
= 7n(2k)!2’r! / n+r+l(x) (1 —x ) 2dx
2k kley (r+k) 20k—1
= (2/()'2rr' / P}’I+V+1( )(1 - X ) 2dx (62)

(%551
Zkklek d n—I1+r _
= W E < l )(Vl +r— 21)r+k2n+r 2
T =0

1
x/ x"_k_ZZ(l—xZ)k_%dx.
~1

Now, by virtue of Proposition 3(i), we have

/1 k=21 Z)k_ld 0, P, n#k (mod?2);
x —x 2dx = (n—k=20)!7 (2k)! o 63
-1 2n+k_21(ﬂ7§k_l)!(ﬂ;2k—l)!k!’ U(‘ n=k (mod 2) ( )

Furthermore, using (61)—(63), and after some simplifications, we obtain

Page 14 of 20
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B n 77) (—l+n)!
R R o T T
n= k (mod 2)

Then, putting k = n — 2i and using (10), (11), we have

i

1 (2] n—14+r)!
nr = —2i ' Ty—2i
i (%) rzge” "”; (n— =i — pur i

n

_ ot [22]: ( €n—2i XL: (Duld = e (1) Ty—2i(%),

! — D oy !
rt = ! — (—n—r); 1!

which on further simplification lends us

n

[5]
(r +n)! i €n—2i

r! (n—)li!

N (X) = oF1(—i,i —m; —n —r; =1)Ty_2;(%).

i=0
Similarly for proving (52), let us assume
n
N () =Y Crall (). (64)
k=0
Then, by virtue of Proposition 2(d), we obtain

(—=Dk2% 1k + 1)
Cia =
7 (2k + 1)!

! d* 2 k+%d
. nn,r(x)ﬁ(l —x%) X.
Then, by (31) and (48) and then using integration by parts k times, we get

TR e 2\k+1
Ck,4:W/;1Pn+r+l(x)(l_x) 2dx

n—k

(7551

2Kk le 2 _ _

:Wﬂk”r’z (n l+r>(l’l+r—2l)r+k2n+r 20 (65)
=0

1
/ xn7k72l(1 _ x2)k+%dx.
-1
Now, by virtue of Proposition 3(ii), we have

1 0, n=#k (mod 2);
/ P . x2)k+%dx = (n—k—20) 17t (2k+2)! ifn=k (mod?2)
-1 k=202 (mk_p gy (oK (k1)1 - )

(66)

Furthermore, using (64)—(66), and after some simplification, we obtain

Page 15 of 20
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n [#]
1 mn—1+r)!
N (X) = pr g (k+1) ) )nfk Uy (x).
n=k (mod 2)

Then, similar to the previous cases, putting k = n — 2i and using (10), (11), we have

(3] i
1 . (n—1014r)!
nr = - -2 1 n—2i
fnr ) = 1) ZL,ZO(” o )Zl_o (=1 — it D —

(5] i,
_ (r+n)! 2 n—2i+1 (=i (i—n—1) (_l)l '
Tl Z@—it+ Dl 122 T e T

L

which on further simplification, as in the previous cases, will give us the desired
result. A similar procedure can be followed for the proof of (53). Next, for (54), we let
Ny (%) = >k —o Ck.6 Pk (%). Then, by virtue of Proposition 2(f), we obtain

2k +1 /1 dk

— 2 k
= W . N (%) % (x" — 1)%dx.

k.6 -
dx

Then, by (31) and (48) and then using integration by parts k times, we get

2k+1 1 e 20k
Cra = Kk iy /_1 P, (0 (1 —x%) dx (67)
2k +1 (77) I+ 1
n— r _ ——
- - _ 21 21’1+V 21/ x}’l k—21 1 _ x2 kdx.
k2RI ( ! >(” +r=2Drk B 1 =27

(68)

Now, by virtue of Proposition 3(vi), we have

/1 Py ok 0, n#k (mod?2);
A = x) dxe = ¢ m—k—2D k2 ey
-1 (SE D\ rk—2it2) if n=k (mod 2).

After some modifications and putting k = n — 2i and further using (10), (11), we have

(51 i . 2n—21—2i+1)
1 , (n— L+ r)l(n— [ — i + 1)12@n—2-2
— =Y en—4i+1d ().
fnr () = 2 izo( nohE )l_o @n—2d—2iso—bm A

Then, by virtue of 1(d) and (10)

[5] . i N e 1 l
(r + n)! 2n—4i+1 (=i{i —n— 30 (=1
| 2 :

P}’l— i X),
=i+ Dilil (—n—r) I 2i)

[SB

Nur (X) =
1=0

which on further simplification, as in the previous cases, will give us the desired result.
Next, to prove (55), assuming
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M (®) =Y CrrLi (). (69)
k=0

Then, by virtue of Proposition 2(g), we obtain

1 [} dk "
Cr=—"— = (e ) dx.
k7 F(a+k+1)/0 fnr () G 07

Then, by (31) and (48) and using integration by parts k times, we get

Crv = (=D °°P(r+l<) kta,—x,
NS et ks D2 J, Drere®e dx

n—k
)

]
—1)k _

) (” f tr ) (n+r—20), 22 (70)
=0

T T@tk+ 127! l

o
x / xn+a72lefxdx.
0
After some modifications and putting kK = n — 2i and further using (10), (11), we have

; 41 (1Y 00— 14 1 _
o b (A -t nreta-2+1)
() = — kZZ% CETESY > 7 LY ().

1=0

Then, by virtue of Lemma 1(c), we get

n

. !
2T (o +n+1) b (%) m—l+nt
ZF(a—i—k—i—l) L (n+a)yn—k =20k

Nir(X) = (x).

r!
k=0

Now, for (56), we proceed as in (55) and by taking

@) = CesPe? (). (71)
k=0

Then, by virtue of Proposition 2(h), we obtain

DX+ B+2k+ Dl (@+B+k+1) [! dk
= nn,r(x)

k+B 1 _ okta
F@+k+ DEGB 4 k+ Doatbrkrl |, dxk(1+x) (1 —x)",

Cig

Then, by (31) and (48) and then using integration by parts k times, we get
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(DK@ +B+2k+ DM@+ B+k+1)
I +k+ DB+ k + 1)20+B+k+1
DM+ B+2%k+ DI+ B+k+1)
T T(a+k+ DI+ k + 1)20+B+k+12r )

(0[+,B+2k+1)r(0(+ﬂ+k+l) (r+k) k+8 k+a
= Tla+k+ DB 1k + D2t / Pror @@+ =07
(@+B+2k+DT(a+B+k+1)
D(a 4+ k 4+ DB + k + 1)20+B+k+1ry
12551

« Z < —Il+r ) (n+r— 2[)r+k2n+r72l

1
x / A4 ) P A — )
-1

Crs = M<x>—(1 + )} (1 — x)f ey

P(V)r+1(x) (1 + x)k+ﬂ(1 )k+adx

(72)
Now, by virtue of Proposition 3(viii), we have
1
/ x}’l*kle(l _ x)k+0((1 + x)k+ﬂdx — 20[+/3+2k+lx
-1
n—k—2l (73)

Z <n —k—2I ) (_l)n_k_z,_szsl“(k +B+14+)Ik+a+1)

— s T(a+B+2k+s+2)

Furthermore, using (71)—(73), and after some simplifications, weobtain

n—k l
" e (g 4 B4 2k 4 D@+ B4k + 1) o (§) (1= 147!
D(a +k + DB + k + 1)2a+B+k+19ry n—k—=DN

Nnr(X) =

~

=0

k=0
”‘fz’ <n_k_zz>(_1)n_k_21_szsr(k+ﬁ+1+s)r<k+a+1) PO ),
g s Mo+ B+2k+s+2)

Then, using (10), (11), we have

n—k l
(C2 (<2 T4 f k4 1) ) (3) =L+
T+ p+2k+1) (n—k— Dl

Nnr (%) =
k=0
—I’l+2[ <k+/3+1> (aﬂ)()
(a + B+ 2k + 2);

~

=0
nk2[

”M

which on further simplification using the hypergeometric function in (12) will result
in the identity (56). For the final proof of (57), we proceed similarly by assuming
Ny (%) = > %o Ck,gC,E)') (x). Then, by virtue of Proposition 2(i), we obtain

T+ k)
POk + 3)(=2)k /727!

Cio =

! dr 2 k471
ﬁlnn,r(x)%(l—x) 2dx.

Then, by applying (31) and (48) and further integrating by parts k times, we get

Page 18 of 20
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F " " k 1 X
Cro = (4) (f + 5 / p;gtkjl(x)(l N e P
T+ k+ 328 /m2rr! Ja
s 155
r k _
_ et ( nolEr ) (7 =20, 22 (74)
L2+ k+ 3)2K/m2rr! s
X /1 xn—k—Zl(l _x2)k+l—%'
-1
Now, by virtue of Proposition 3(vii), we have
1 ‘ol k] 0, n=#k (mod 2);
A—K— — ti—3 = - ypenzk 41
/_lx 1—x%) Zdx = { Tk+i+3I (% l+2)’ fn=k (mod2).

T (A1—1+75K)

After certain simplifications, we get

-k n
r() Z b H —l+r>’(%k “)l (-1

cP ).
r! ro+ 2k 41 = <%_1>3 nok

N (X) =
k=0

n=k (mod2)

Then, by taking kK = n — 2i and by virtue of 1(d) and (10), we obtain

51

/ L . i . ,
N DR e G
=0

r! = iTn+i—-i+1) —n—ry Al
which on further simplification, we get

[3] . A
(r+n)! (n—2i+ A)(A+ n);

r'(Dp+1 P i!

oF1(—i,i — A—n,—n—r; _I)C,(,{)Qi(x)

Nnr (X) =

and hence the proof is completed. [

Conclusion

This paper deals with the sums of finite products of Pell polynomials which are rep-
resented via hypergeometric functions and explicit computations. It shows how the
orthogonal polynomials is utilized very effectively to express the sums and hence the
technique of conversion is very much easy and accurate.
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