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1. Introduction

Throughout w, y and A denote the classes of all, gai and ana-
lytic scalar valued single sequences, respectively.

We write w? for the set of all complex sequences (X,.,),
where m, n € N, the set of positive integers. Then, w? is a linear
space under the coordinate wise addition and scalar
multiplication.

Some initial works on double sequence spaces are found in
Bromwich [1]. Later on, they were investigated by Hardy [2],
Moricz [3], Moricz and Rhoades [4], Basarir and Solankan
[5], Tripathy [6], Turkmenoglu [7], and many others.
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E-mail addresses: nsmaths(@yahoo.com (N. Subramanian), saivaraju(@
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We procure the following sets of double sequences:

M (1) = {(Xpm) €W 2 5UP,y ey Xon| ™" < 00},
Cp(t) :={(xm) € W2 p— ity oo | X — | = 1 for some [ € C},
tmn — 1}7

1,
mn < OO},

C()p(t) = {(xmn) S WZ P limm,n—wol-xmn

L) = {(xm) EW: iihmn

m=1 n=1

Cop(£) 2= Cp (1) [ Y Mu(t) and Cony (1) = Cop (1) [ ) Mu(0);

where 1 = (t,,) is the sequence of strictly positive reals #,, for
all m,n € N and p — lim,,,_.., denotes the limit in the Prings-
heim’s sense. In the case t,, =1 for all m,ne N; M,(1),
Cy(1), Cop(t), Lu(1), Cpp(t) and Copp(f) reduce to the sets
M., Cp, Cop, Ly, Cpy and Cypp, respectively. Now, we may
summarize the knowledge given in some document related to
the double sequence spaces. Gokhan and Colak [8,9] have
proved that M,(7) and C,(z),C,(¢) are complete paranormed
spaces of double sequences and gave the o—, f—, y— duals
of the spaces M, (#) and Cy,(t). Quite recently, in her PhD the-
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sis, Zelter [10] has essentially studied both the theory of topo-
logical double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [11] and Tripathy
have independently introduced the statistical convergence
and Cauchy for double sequences and given the relation be-
tween statistical convergent and strongly Cesaro summable
double sequences. Altay and Basar [12] have defined the spaces
BS, BS(t), CS,, CS;,, CS, and BY of double sequences con-
sisting of all double series whose sequence of partial sums
are in the spaces M,, M,(t), C,, C;, C, and L,, respectively,
and also examined some properties of those sequence spaces
and determined the a-duals of the spaces BS, BV, CS,, and
the f(v)-duals of the spaces CS,, and CS, of double series. Ba-
sar and Sever [13] have introduced the Banach space £, of
double sequences corresponding to the well-known space ¢,
of single sequences and examined some properties of the space
L,. Quite recently Subramanian and Misra [14] have studied
the space y2,(p, ¢, u) of double sequences and gave some inclu-
sion relations.

The class of sequences which are strongly Cesaro summable
with respect to a modulus was introduced by Maddox [15] as
an extension of the definition of strongly Cesaro summable se-
quences. Connor [16] further extended this definition to a def-
inition of strong A-summability with respect to a modulus
where A4 = (a,x) 1S a non-negative regular matrix and estab-
lished some connections between strong A-summability, strong
A-summability with respect to a modulus, and A-statistical
convergence. In [17] the notion of convergence of double se-
quences was presented by A. Pringsheim. Also, in [18-20] the
four dimensional matrix transformation (Ax),, =
S dx,, was studied extensively by Robison and
Hamilton.

We need the following inequality in the sequel of the paper.
For a,b, > 0 and 0 < p < 1, we have

(a+bY < +b. (1.1)

The double series Y _,x,, is called convergent if and only if
the double sequence (s,,) is convergent, where s,, =
St xg(m,n € N).

A sequence x = (x,,) is said to be double analytic if
supmn|x,n,,\l/ " < 0. The vector space of all double analytic

sequences will be denoted by A%. A sequence x = () is called

double gai sequence if ((m 4 n)!|xm|)""""" — 0 as m,n — oco.

The double gai sequences will be denoted by y?. Let
¢ = {finite sequences}.

Consider a double sequence x = (x;). The (m, n)™ section
xlmnof the sequence is defined by x" = 377" x;T; for all
m,n € N; where J3; denotes the double sequence whose only

non-zero term is a (T in the (i,)"

An FK-space(or a metric space) X is said to have AK prop-
erty if (3,,) is a Schauder basis for X. Or equivalently
xlml s x.

An FDK-space is a double sequence space endowed with a
complete metrizable; locally convex topology under which the
coordinate mappings x = (x;) — (Xum)(m,n € N) are also
continuous.

Let M and @ are mutually complementary modulus func-
tions. Then, we have:

place for each i,j € N.

(i) Forall u,y > 0,

uy < M(u) + @(y), (Young’s inequality)[See[21]]. (1.2)
(ii)) For allu > 0,

wun(u) = M(u) + ®(n(u)). (1.3)
(iii) Forallu > 0, and 0 < A < 1,

M(Ju) < AM(u). (1.4)

Lindenstrauss and Tzafriri [22] used the idea of Orlicz function
to construct Orlicz sequence space

by = {x eEw: ZM(%) < o0, for some p > 0}.

k=1

The space ¢,; with the norm

Il = inf{p >0 ZM(%) < 1},
k=1

becomes a Banach space which is called an Orlicz sequence
space. For M(t) = (1 < p < c0), the spaces £,, coincide with
the classical sequence space £,.A sequence f = (f,,,) of modulus
function is called a Musielak-modulus function. A sequence
& = (g,) defined by

8o (V) = sup{[vlu — (fom) (u) : u = 0},

is called the complementary function of a Musielak-modulus
function f. For a given Musielak modulus function f, the Musi-
elak-modulus sequence space ¢, and its subspace /i, are defined
as follows

mn=1,2,...

tr={xew: M{(|xm))"""" — 0 as mn — oo},
hy={x€w: M/'(|x,,m\)l/"'+" — 0 as myn — oo},
where M, is a convex modular defined by

2 :2 :{ I/m+n
mn |-xmn

m=1n=

X = (Xpm) € 1.

We consider #; equipped with the Luxemburg metric

1/m+n
d(X y) - Supmn{lnf<Z§ Jmn (xm” >> < 1}
m=1n

If X is a sequence space, we give the following definitions:

(i) X' = the continuous dual of X;
() X*= {a = (amn) * Do uet |@mnXomn| < 00, for each x € X};
(i) X' b= {a = (amn) : E;ﬁn:lam,,xmn is convegent, for eachx € X };
(@) 7= {a= (@) 5Py [ Ot

(v) letX be an FK —space D ¢; then X =

(vi) X°={a=(am) .supmn|am,,x,,,,,|1/m+" < oo, foreachx€X};
X* XP X7 are called a-(or Kothe-Toeplitz) dual of
X, — (or generalized — Kothe — Toeplitz) dual of X, y—
dual of X, 0 —dual of X respectively. X* is defined by
Gupta and Kamptan. It is clear that X*C X’ and
X*C X, but X CX? does not hold, since the sequence
of partial sums of a double convergent series need not
to be bounded.The notion of difference sequence spaces
(for single sequences) was introduced by Kizmaz as
follows

< oc,foreachxeX};

{fSm):feX'};
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Z(A)={x=(xx) ew: (Axy) € Z}

for Z = ¢, ¢g and ¢, where Ax; = x;, — x;41 for all K € N.Here
¢, ¢g and /. denote the classes of convergent, null and
bounded scalar valued single sequences respectively. The
difference sequence space bv, of the classical space ¢, is
introduced and studied in the case 1 < p < oo by Basar and
Altay and in the case 0 < p <1 by Altay and Basar. The
spaces ¢(4), ¢y(4), ¢x(4) and bv, are Banach spaces normed

by
1/p
A = (D) 7

Later on the notion was further investigated by many others.
We now introduce the following difference double sequence
spaces defined by

Z(4) = {x = (xm) € W

[l =

(I <p<oo).

: (Axmn) S Z}7

where Z = A27 Xz and Axmn = (xmn - xmn+l) -
In+1) =X

(-xm+1n — Xm+
= X+l — Xmtln + Xt 1n+1 for all m,n €N.

2. Definition and preliminaries

Let n € N and X be a real vector space of dimension w, where
n<m. A real valued function d,(xi,...,x,) = |[(di(x1),...,
d,(x,))l, on X satisfying the following four conditions:

@ [I(di(x1), .- da(xa)], =0 if  and only if
di(x),...,d,(x,) are linearly dependent,
(i) [I(d1(x1), ..., du(x,))]l, is invariant under permutation,
(iii) || (o (1), s dn (o)), = |2l[[(dr (1), (o)) e € R
(V) dp((x1,1), (X2,5) -+ (s 3)) = (dx (1,
X, %)+ dy( v, 0, for 1< p < oo; (o)

(V) d((x17y1)7 (x27y2)7 ey (men)) = Sup{d)((xth) s 7)6,,)7
dy(yl7y27"'ayn)}’ for X153 X25 0oy Xy EX,yhyZ»"'vyn €
Y is called the p product metric of the Cartesian product

of n metric spaces is the p norm of the n-vector of the
norms of the n subspaces.

A trivial example of p product metric of n metric space is
the p norm space is X = R equipped with the following Euclid-
ean metric in the product space is the p norm:

(i (x1)5 -+ s d(x0) | p = sup(|det(dypm (X))
dll(xn) dlz(Xlz) dln(Xln)
dzl(XZI) dzz(xzz) dzn(xln)

= sup

dnl (-xnl) an (an) e dnn(xnn)

where x; = (x;1,...,x5) € R" foreach i=1,2,...,n

If every Cauchy sequence in X converges to some L € X,
then X is said to be complete with respect to the p-metric.
Any complete p-metric space is said to be p-Banach metric
space.

Let X be a linear metric space. A function p: X — R is
called paranorm, if

(1) p(x) = 0, for all x € X;
(2) p(—x) = p(x), for all x € X;
(3) p(x+y) < p(x) + p(»), for all x,y € X;

@ If (0,,) is a sequence of scalars with o,, — ¢ as
m,n — oo and (x,,) is a sequence of vectors with
(X —x) — 0 as m,n — oo, then p(G,Xu, — ox) — 0
as m,n — 00.

A paranorm w for which p(x) = 0 implies x = 0 is called to-
tal paranorm and the pair (X, w) is called a total paranormed
space. It is well known that the metric of any linear metric
space is given by some total paranorm (see [23], Theorem
10.4.2, p. 183).

The notion of deal convergence was introduced first by
Kostyrko et al. [24] as a generalization of statistical conver-
gence which was further studied in toplogical spaces by Kumar
et al. [25,26] and also more applications of ideals can be deals
with various authors by B.Hazarika [27-39] and B.C.Tripathy
and B. Hazarika [40-43].

A family 7 € 27 of subsets of a non-empty set Y is said to be
an ideal in Y if

) oel
(2) A,Belimply AUB el
(3)Ael, BCAimply Bel.

while an admissible ideal 7 of Y further satisfies {x} € I for
each x € Y. Given I C 2" be a non-trivial ideal in N. A se-
quence (Xu),, .oy 10 X is said to be I-convergent to 0 € X, if

mne
for each e¢>0 the set A(e)={mneN:|(d(x),...,
du(x,)) — 0|, = €} belongs to .

A sequence of positive integers 0 = (k) is called double
lacunary if ko =0, 0 <k, <kpyiop and @, =k,—
ky—15-1 — 00 as r,s — oo. The intervals determined by 0 will
be denoted by J,s = (k,—1,-1, k) and gq,, = 22—

Let 7 be an admissible ideal of N x N,f

(f,,m) be a Musi-
elak-modulus function, (X, ||(d(x1), d(x2),. .., d(x,1))|,) be a

p—metric space, ¢ = (¢,,) be double analytlc sequence of
strictly positive real numbers. By w?*(p — X) we denote the
space of all sequences defined over (X, ||(d(x;),d(x2),...,
d(x-1))ll,)-

The following inequality will be used throughout the paper.
If 0 < g,, <supq,, = H,K=max(1,2"7") then

|amn + bmn'””m < K{‘alﬂﬂr]”m Jr |bnlﬂ q’""} (2'1)
for all m,n and a,u,, by, € C. Also |a|™ < max(1, \a| ) for all
aceC.

In the present paper we define the following sequence
spaces:

[ ), dxa), ... de )]

Ny

= {x: (Xmn) : {(r,s) eNxN:

Zzumn[fmn [l (), (d(x1), d(x2)), ..

(p”mel nedys

Sd(x )" = 6} 61},
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1
(A3 ) e,

= {x: (Xmm) : 3K >0, {(r,s) eENxN:

S Sl (), (1)) ot >K}el}‘

Pr MeSsnEJ g

If we take f,.,(x) = x, we get

[ N, D]

= {x— (X)) = {(r,s) eNxN:

P Z Zumu H:unm

Prs MESsnEJys

x1),d(x2),--,d(xa-)),)1" = 6} 61}7

A5 ) DG

= {x—(x,,m):HK> 07{(1‘,3)6 N x N :

P Z Zumn Hlumn

Prs medrsneTn

d(x1),d(x2),...,d(xs 1))l = K.} 61},

If we take ¢ = (g,,,) = 1, we get
[ e

= {x— (X)) = {(r,s) eNxN:

—Zzum o (| e (X)), (d(x1),l(2),, .-

(P, S meJygned,s

sd(xn1))ll)) = } }

[ ) ),

= {x—(x,,m):HK> 07{(1‘,5')6 N x N :

722”%! o ([ By () (d(x1) (’CZ)»'“:‘[(XH—I))H,;)} >K}€I}'

(P, S meJpgnedys

S S ot (0, () ),

(P, S meJpnedys

(Yn l))“ )] } }

[ ) DI

= {x—(x,,m):ElK>07{(r,s)e N x N :

P Z Z[fhm ”/umn

(P, S meJnedys

x1),d(x2),.. d(x,o))|,)] = K} 61}.

In the present paper we plan to study some topological
properties and inclusion relation between the above defined

)] and

Jd(x, )Y }N which we shall discuss
0

sequence spaces. [xfﬁ”,”(d(x]) d(xy), .

[ A5, l(dx), dx),

in this paper.

3. Main results

Theorem 3.1. Let f= (fun) be a Musielak-modulus function,
q = (q,) be a double analytic sequence of strictly positive real

numbers, the sequence spaces [yi’f”ﬂH(d(x1)7d(x2),...,

Ao D] and (A3 W), ), )] are

linear spaces.

Proof. It is routine verification. Therefore the proof is omit-
ted. 0O

Theorem 3.2. Let f'= (f,,) be a Musielak-modulus function,
q = (q,,,) be a double analytic sequence of strictly positive real
space [/f?:{u7 H(d(xl)> d(x2)7 L]
d(x,-1)) ;f']f\,“ is a paranormed space with respect to the para-
norm defined by g(x)= inj{#Zme,mzne,mumn o (1] (),

(d(x1), d(x2), . d(xa 1)) ],)] < 1.

numbers,  the  sequence

Proof. Clearly g(x) > 0 for x= (x,) € [£22", (d(x1),d(x2),
I
S d(x, 1))H } Since f,,,(0) = 0, we get g(0) = 0.
0

Conversely, suppose that g(x) =0, then i”f{q%zmam

Zne/rj um"[f'""(”/"mn(x% (d(xl)7 d(x2)7 L 7d(xnfl))|‘p)]qm” < 1}
Suppose  that g, (x)#0 for each m,ne€N. Then

||u,,m(x),(d(xl),d(xz),...,d(x,,,l))”;f—>oc. It follows that

(# Zme.l,.X Zne]r3 Umn [fmn(H:umn (X), (d(xl )7 d(Xz), e d(x”*l ))
[,)1) VM _, 5 which is a contradiction. Therefore
Honn (X) =0. Let (q,%‘ ZmeJ,.\ Znel,.\ Umn [fmn ( ‘ | Honn (X)7 (d(xl )7

d()Q), ey

and

d(x,-)),))) < 1

\/H
< ZZ””M mn H:unm ( ( ) (VZ) (‘Cn ]))H )]q,,) < 1.

Prs MESsn€Jyg

Then by using Minkowski’s inequality, we have

1/H
( 1 ZZ”"M o ([| By (X +2)5 (d(x1),d(x2),.. ., d(x-1))], )]‘lrrw)

Prs meJsn€lyg

1/H
( D> ol (), (1) d(2). ... deac ] )
(’Dr‘mGJ SNES s
1/H
(( Zzumn[fnm ”an ( ) (Xz)7 (Yn 1 )” ]%m) .
p”m&/ nESys
So we have

g(x+y) ’”f{ Z Z“ﬁm (ot (x +2), (d (1), d(x2),, .. d(xu—l))\lp)]q"’" < 1}
< f{(,,i D2 > tnlfom (b (5), (1), 32), ) ] )T 1}

+1'”f{%ZZ”mn[ﬁw(”llmn(}’)s(d(xl)yd(xz) () [,)] }
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Therefore,
g(x+y) <glx) +g)

Finally, to prove that the scalar multiplication is continuous.

Let 4 be any complex number. By definition,

g(4x) = in Zzumn[fmn (|t (46), (d(x1),
Prs MEJsn€J g

d(xz), ..., d(x,-1))l|, )™ < 1}

Then
¢ x) = {( - S S (20, (),
Prs incarsnedys
d(x2),...,d(x,-1))l,)]"™ < 1}’
where 1 = 7. x(1, \/1|‘”‘” ), we have

Zzunm mn ||:unm AY)

IS meJsnedyg

(}x) < max(l |A\uppmn)lnf{ Zq,,,,,/H

(d(x1),d(x2),....d(x,-1)) | )Tl”’”<1}~

This completes the proof. [

Theorem 3.3. The [-dual space of

FZRCCORTENS ,d<xn4>>|\;¢][m

= [ ) de, - DI

fu

Proof. First, we observe that

[ ). d D]

c [T @) s, DI
Therefore
[T ). d o D))

2qu 1B
< [ ), dexa), .
Hence

{AZ‘I“ I(d(x1), d(x2), ...

u o

)|

[ !
AN

u q Iﬁ
C 7 e de). ... )l (3.1)
Next we show that

2qu »
[ ), ),

(i, 1>>|\'”]N{

)]

Let» = () € [ I ) D))
Consider f(x) = Zm:l Z}iozlxm”ymn with

x = (o) € [0 v, ), o dCs )]

0

c [Az_qu (d(x1), d(x2), ..

Ju o

X = [(hon = Zon1) = (Ganttn = A1)
00 -0 0 0
00 -0 0 - 0
0 0 -0 0 - 0
00 -0 0 0
00 -0 0 0
00 0 0 -0

um”["71*1(Hﬂmn(x)7(d(x1)7d(x2)v'"7d(x11*1))”;:)]
00 -0 0 - 0
00 0 , 0

(=]

v y Prs Prs .
00 u"’”f”m <A/Z,,,,,(771+71)!) M’""f’”" (A/,,,,(I71+W)!> 0

00 "'”mn/fmn(Am;(q;;;n)!) u””lﬁ””(A/‘_,,w(ern)!) =0
00 (] 0, - 0

Hence converges to zero.
Therefore

[(Amn - /lanrl) - ()~m+1n - Vm+ln+l)]
I
e [ ), dexa), )

Ny
Hence d((/lmn - 2’)?111-%—1) - (/’{m+ln - ;Ln1+lrl+l)7 0) = 1. But

‘ynm‘ < ”ﬂ‘d((imn - ;Lmn+1) - (;“m+ln - ;Lm+ln+l)70) < ”/(H I<oo
for each m,n. Thus (y,,,) is a double analytic sequence and hence
an p-metric space of Musielak modulus function is a double
analytic sequence.

In other words y € [ A (d(xr), d(xa), .. d(x1))]
But y=(y,, is arbitrary in |:Xf“ ,||(d(x]) d(xz)

d(xu-1))ll, f\,ﬁﬂ. Therefore

s ) e, s ]

c [ ), i), s )] (3.2)

fu
0

From (3.1) and (3.2) we get

)l
dw)lf], - o

[0 e, dx),

[AZ?",n(d(xl),d()cz),. .

Theorem 3.4. The dual of [)(f;"ﬂ|\u,,,,1(x)7(a'(x1)7
d(x2),...,d(x )Ty, s |:A?;7u7”:umn( ); (d(x1), d(x2), ...,
d(xa1))lI7 Ty,

space

. In other words
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)]

[7/2’;]’ H:umn(x)v (d(x1)7 d(Xz), Ce v
= [, (0), () ),

o))

Ny

Proof. We recall that

0 0 -0 0
;vmn =
00 - Ai,m,:/();:lJrn)!
0 0 -0 0
with m in the (m,n)th position and zero’s elsewhere,
I
[ bt (). () ). )]

0. . .0

) Pry 1/m+n
0 ufl (A/L,,,,, (m+n)!) -0

(m, )"
0 . 0

which is a p-metric of double gai sequence. Hence,

%€ [ (00, ). ). )]

(x) = Z xmnymn’

mpn=1

with
1
xe |:7/2;i1u7 H/A,,m(x), (d(x1)7 d(XZ)’ T ’d(xnil))H;f] Ny

and

S € [ Mt (0). (), d) om0

where

[0 ). () ), DI

is the dual space of [,(fz;{“,H,u,,m(x),(d(x1)7d(x2),...7
A DIy Take x= (o) € [0 (), (i), d),
S d(x,-1)) \|Z]§\,U.Then,

| < [Alld( ¢y, 0) < 00Vm, 1. (3:3)

Thus, (y,,) is a double analytic sequence and hence an p-met-

ric is a Musielak modulus function of double analytic se-

quence. In other words, [Af;’”, It (X)), (d(x1), d(x2),
Sd(x,1)) \|;’]go. Therefore

Ix

(). (), d(x) o))

x), (d(x1),d(x2), ..

2
|:7/Zu7 H:umn

=[5 1

This completes the proof. [

Ny

e )IE]

Theorem 3.5.

(i) If the sequence (f,,) satisfies uniform A,-condition, then

[ bt (30 ). ).

= [0 it (), (), ), v )]

No
(ii) If the sequence (g,,) satisfies uniform Ay-condition, then

(20 ). () ).l DI

e S L N S R o) [

Proof. Let the sequence (f,,) satisfies uniform 4,-condition,
we get

20 it () ). ).
© [ Nt () (). e D] B4

To prove the inclusion

(758 1t (), (1), ),
C (728 (), (1), dx2), .

Maemmemmﬂ> e )] Then
for all {x,,} with (x.,)€ [[?Z”,H,umn(x),(d(vl) d(xy), ...,

1
dx, )] we have

0

ZZ\xnmamnl < o0. (3.5)

m=I n=

)l

1
’Cn l :|
N 0

Since the sequence (f,,,) satisfies uniform 4,-condition, then

) € [120% ), (), )l DG e
Dot 2o ] < oo, by (3.5). Thus (¢,am) € [[?Z”,
1t (0), (1), ), i DI, = (720 1t (),
(d(x1),d(x2), .. d(x, )0, and  hence  (a) € [ﬂu

P gu?
Humn(x)7 (d(x1)7 d(Xz), see 7d(xn71))H;ﬂ§VU' This giVeS that
[7221"7 Hnu'mn(x)v (d(x1)7 d(-XZ)a s

)l

© [0 i (0 (). ). D] B6)
we are granted with (3.4) and (3.6)
[ bt () (). ). )|

= 22 W (), (1), ),

(i) Similarly, one can prove that [;@7[‘,H,um,,(x),(d(x,),

d(xa), . dlxm )TN, © |2 (),

(d(x)),d(x2),...,d(x,_ 1))”,;]1\/,) if the sequence (g,,) satisfies
uniform Az-condmon. |
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Proposition 3.6. If 0 < ¢,,, < p,,, < oo for each m and m, then

A3 ). () ).l D] A i),

(deen).dera), o de ),

Proof. Let J
x = () € [A30 1t,(6), (dx1), () e D)
We have ’

(). (@)oo )] <

for sufficiently large value of m and n. Since f,,’s are non-
decreasing, we get

2
SUP |:A/;41u7 Hymn

1
5P, [ A58 (), (1) ), )

Ny

< sy [ A3 it (0, @) ).l D

Thus,

X = () € [ bt (%), (d(x0), d(x2), . d(x,- 1))||,JNU
This completes the proof. [
Proposition 3.7.

(i) 1f0 < infq,,

{Ajz;{ua H:umn(x)7 (d(xl)a d(Xz), e

< Gy < 1 then

,d<xn_1>>\|¢]'

Ny

C A28 it (0 ). )

(i) If' 1 < q,, < supq,,, < oo, then
1
452 Nt (0. (1), ). )

c [/12"“ 1t (), (d(x1), d(x2), . .., d(x,-1))

Proof. Let

X = (xm”l) € [A?;{“7 H:umn(x)7 (d(xl)7 d(x2)7 M 7d(x"*1))||;ﬂN“'
Since 0 < infq,,, < 1, we have

P | A3 (), (1) d(x2),

I
< A3 N (9. (1) ). D]

and hence

x = () € [A2 ity (), (dx0). dx2). )]

N

(i) Let g¢,, for each (m,n) and sup,,q,, <oo. Let
u 1

X = (Xmn) € [AG |t (), (d(x1), d(x2), - . d(xu)) 1T, -

Then for each 0 < € < 1, there exists a positive integer N such
that

S [ A2 b (50, (d0) ).l D] <<,

for all myn > N. This implies that

,d<x,ﬂ>>n“']'

Ny
< st [ A2 (0. (1) ).

Thus = (%) € |4 [t (), (dx). d(2) .
||;f]fvo. This completes the proof.

S [ A5, Nt (), (A1), ),

) d(x"—l ))

Proposition 3.8. Let /' = (f7,,) and /" = (f1,) are sequences of
Musielak functions, we have

A TR N ES e Comy) ] Y ] A T e}

(dw).des) s D] 3 () (),
d(XZ)v BN} d(xnfl))H;]ij'

Proof. The proof is easy so we omit it. [

Proposition 3.9. For any sequence of Musielak functions

f= (fum) and q = (q,,,) be double analytic sequence of strictly

positive real numbers. Then

2 b (3, () ) DI

1
& [A38 an (0). (@) ) )
Proof. The proof is easy so we omit it. [

Proposition 3.10. The sequence space [Am 1 (30, (1),
d(x2), .., d(x, 1))l ]N( is solid

Proof. Let

X = (an) [Afz;(fu7 H:umn(x)7 (d(x1)7 d(x2)7 s 7d(x"*1))||;ﬂjvu' (le)

S [ A2 it (0. () ).l DG <

Let (o,,,) be double sequence of scalars such that |e,,| < 1 for
all m,n € N x N. Then, we get

1
P | A (2, (1), d(x2), - 1)

Ny
1
< sup (A3 1y (0, (dCxa) ), i)
This completes the proof. O
Proposition  3.11. The sequence space [Am 3 Mt (%),

(d(xy),d(x2),. .., d(x,,,l))H;p]fvn is monotone

Proof. The proof follows from Proposition 3.10. [

Proposition 3.12. If f'= (f,..) be any Musielak function. Then

,d<x,14>>\|¢‘}'

No

A )l ]

(A3 Mt (), (1), x2),

[A?z”’ ”.umn (x)v (d(xl)a d(XZ)z

\
if and only if sup, -, % < o0,
5
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Proof. Let x € [Az"“ e (), (d(x1), d(x3), - .

@ !
w eI ]
and N =

No
SUp, o~ W < 0. Then, we get

|: ?Zu ||:umn( ) (d()cl)7 d()CQ), caey d(x,,,l)) p*'*]:v(]
- N[ 2 |y (), (1), d(x2), .. ,d(xnfl))ll,”,”*"‘];” =0.
Thus, xXe [Af%:u7 ||lumn(x)7 (d(x1)7 d(xz)’ R d(x"il))H;)**]jVn.

Conversely, suppose that

(A5 Mt (0, (1), 2,

I

)Y ]
S )] ]N” and x

[A/2;1M7 Humn(x)7 (d(xl)7 d(XZ), (x’l 1))” No'
Then’ |: 2(]” H:umn

1
2 () (A1), d(2), a1 ]N <e, for
every ¢ > 0. Suppose that sup, - g— = oo, then there exists a

Ny

x), (d(x1), d(x2), .

. [
sequence of members (rsi) such that lzmj,k,,,.mwoow—iﬁ: )
Jk

HCHCC, we have |: Z‘LIU Hlumn( ) (d(xl)v d(Xz), e 3d('x"*1 ))
771y, = o0, Therefore, x ¢ [42, 14, (x), (d(x1), d(x2), ..,

d(xn,l))H,‘fH]fvﬂ, which is a contradiction. This completes the
proof. O

Proposition 3.13. If f'= (f,.) be any Musielak function. Then
1
(430 1 (), (@00), ), )

No
[ Z‘lﬂ' ||Aumn( ) (d(-xl)vd(XZ)w'-

if i Py P
lf and Ol’lly lf SUPy s> o < 00, SUP, s> 1 i > 00.

yd(x,1))

w*‘] !
p
! Ny

Proof. It is easy to prove so we omit. [

Proposition 3.14. The sequence space ;{fl‘j“,|\u,nn(x),(d(xl),

d(x2), ..., d(x,-1))]! ] M is not solid

Proof. The result follows from the following example. [

Example 1. Consider

X = (xmn) =
1
[7/2;({“7 H:umn(x)v (d(‘C]) d(Y2)7 U ’d(x’hl))HZ)} NU‘

Let

7lm+n 7lm+n e 71m+n

_1m+n _1’”*” cee _1m+"
Oy = 7

71.m+n L.

for all m,n € N.

Then OlmnXmn ¢ [X%gu7 H#mn(x)> (d(xl)> d(x2)7 cee
Iy Jv,- Hence '

[0 Mt (), (@31, dx2),

is not solid.

,d(an))

)l

Proposition 3.15. The sequence space [,(fﬁ“,ﬂumn(x),(d(xl),

d(xs),..., d(xn,l))Hz];\,ﬂ is not monotone

Proof. The proof follows from Proposition 3.14. [

4. Generalized four dimensional infinite matrix sequence spaces

Let A = (a}}') be an four dimensional infinite matrix of com-
plex numbers. Then, we have A(x)=(4x), =
D > A X, converges for each k, ¢. In this section we
introduce the following sequence spaces:

I
[ ), )i

= {x: (X)) © {(r,s) eNxN:

(p“me/ neJys

ZZ{”H!NVHW (| At (), (1), d(x2), ., d(0m1)) ], D) 25}61}}a
[0 ). ). DI

= {x:(x,7,,,):3K>0,{(r.,x) eNxN:

Prs MESpNE Sy

ZZ{ume | At (x), (d(x1),d(x2), .., d(x0 1)), )] = K}Ef}}
If we take f,.,(x) = x, we get
[yvlm H(d(xl),d(xg),...,d(x,,,.))H;f];“

= {x: (Xm) = {(r,s) eNxN:

1

S S sl At (), (1) ).

Prs meJnelys

)] = € 61}},

(A3, (1), d(x2), o ) 12

No

:{x:(x,,,,l):3K>0,{(r.s)€N x N':

*Zz{umu (1At () (A1), d(x2) . (31 )H )] ZK}EI}}‘

Prs MEJn€Jys

If we take g = (g,,,) = 1

[l

= {x: (X)) = {(r,s) eNxN:

=5 U At (09, (), ).l D)) > € € }}

Prs MESpNE Sy

(xl)7d(x2),...,d(Xn—l))H/f];,“

eI

No

[ ), d) ..
= {x: (Xmn) : K >0, {(r\) eNxN:

—ZZ{MW o ([ A b (%), (d (1) d(x2) .

Prs MEJn€Jys

d(xa-1)ll,)] = K} 6’}}
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Theorem 4.1. For a Musielak-modulus function, f = (fn). Then

deolg]

are linear spaces
()

the sequence spaces [y)ng”A I(d(x), d(x)

and | A", |[(d(x1), d(x2), - d(xa-n)l)

over the set of complex numbers C.

Proof. It is routine verification. Therefore the proof is omit-
ted. O

Theorem 4.2. For any Musielak-modulus function f = (f,,,) and
a double analytic sequence q = (q,,) of strictly positive real

[ ! .
i)l s

numbers, the space [,(;K”A I(d(x1),d(x2), ...

topological linear space paranormed by

ln{ ZZ an mn ”Aﬂmﬂmn( ) ( ( )761()62),...7

Prs meJsnedys
d(xnfl))”Z])]qm”)l/H < 1}7
where H = max(l7supn1nqmn < OO)

Proof. Clearly g(x) >0 for
d(.)Cz),

x = (xm) € |70 | (d(x1),
d(x))) } - Since £,,,(0) = 0, we get g(0) = 0.

Conversely, suppose that g(x) = 0, then

ll’l {L Z Z(umnVm"(”Amn:umn(x)? (d(xl)7 d(x2)7 AR

S ey nErg

dx,0) ) < 1.
Suppose that A,,u,,,(x)7#0 for each m,n € N. Then
([ At (%) (d(x1),d(x2), - ., d(xa1)) |l — 00

lt follows that

ZZ Uy oo ([ A i (%

(p“mel neJys

\/H

Sd(x o))" = oo,

), (d(x1),d(xy),..

which is a contradiction. Therefore A4,,,u,,,(x) = 0. Let

_ZZ umn[fnm HAmmumn ) ) d(XZ)ﬂ"‘7d(x*l*1))H](f)]q”m)l/H< 1

(p”me/ snEJyg

and

722 umn mn HAnm,umn( )7(51(x1)7d(x2))~"7

(p” MES snEJ g

q o\ V/H
dx,)) |1 < 1

Then by using Minkowski’s inequality, we have

L2:Z(umn[ﬁnn(”Alnmumn(x+y) ( (Yl) d(XZ) (’Cn l))”;))]qw)

IS meJysn€dys

ZZ(“WIVMH ”Amnﬂmu( ) d(‘cl) (\

/Ymej sHE g

+—Z D WnlFon ([ At (), (d(x1), d(xs),.

(P"mef neJys

\/H

) L)

\/H

d(‘C,, | )Hf/’ ]fl yyyyy

So we have

g(x+y)=in { SN Gt lfon (At (6 3), (A1), (),
(/) S meJysnedyy

< mf{i SO W o ([ Aty (), (1), d(x2), - (X,

TS MESpsnEd,

) >'/'H<1}
DI < 1}

+m/{ S Gt ol At () (A1), 2), i) )™ >””<1}

S mEJysnEys

Therefore,

glx+y) <glx)+g0).

Finally, to prove that the scalar multiplication is continuous.
Let 1 be any complex number. By definition,

g(Ax) =in
Prs meJynedyg

ZZ unm[fmn HAmn,umn(ix) ( ( ) d( ) ey
dx I < 1.

Then

80 2) = inf S S (A" o (At ().
/),5 MES sNEJ g

(d(xl)»d(sz- dee )P <1},

Dmn

where ¢ = < max(1, A", we have

L

’VmE.l“nE/H

b)) <1},

- Since |7
g(4 x) <max(1,]2]"""™) mf{

(umn [fmn(”Ammunm(ix)? (d(xl)7d('x2)7 e

This completes the proof. [

Theorem 4.3. The [-dual space of

0 Wt (5 ). ).l
= [ 1t (9. (). ).l DI

Proof. First, we observe that

q 1
Al

dno))IE]

[0 At (), (1), ),

< [T it (), (A1), dx2),

Therefore

2quA [ G
[T At (). (d30). ). s, )]

2quA @ I
C | Nt (), (1), ). . )]
But
0 1
dx)lE]

0

u. ﬁC
(] 2[5 b (4), (@1), d ),

Hence

A WAt (50, (). ) s )]

C [ Wt (3 ) ), D
(4.1
Next we show that
1B

{/i:’ﬂm HA’""MHM(X)? (d(X| )7 d(XQ), EER) d(xn 1)) H(P:| Ny

© A3 Wt (0. ) ), D]
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Let
y= (ymn)
2quA @ #
€ [0 Aty (0. (A1), d2). )
Consider f(x) =3 5™ Xy, With
X = (xmn)
€ [0 It (0, @) ), D]
X = [(;“mn - ;Lanrl) - (j'm+ln - )~m+ln+l)]
0 0 -0 0 0
A Prs —Prs
00 au”A}h,,m (m-+n)! aZ’;AZ,,m (m+n)! 0
0 0 -0 0 0
00 .0 0 0
0 0 0 0 0
) o P — s o
00 az’[” Al (m+n)! a;\”/”A/".mn (m+n)! 0
0 0 .0 0 0
i foun (| At (%), (d (1), d(x2) ... dx1))[)]
00 .0 0 0
00 .0 0, . 0

00 u’”’lf;"" (a;;i,”A/l,,m(ern)!) umnfmn (cl"”’A)",,, m+n)!) 0
00 unmfmn (QI/ZHA/‘W”” (m+n)!) umnfnm <arrmA/”m m+n)'> 0
00 S0 0, 0

Hence converges to zero.
Therefore

[(;Lmn - j'mn+1) - (}~m+ln - )“m+1n+l)]
7?3M (| At (), (1), d(x2), - .

Hence d(a}”,”(A,,,,, — j.my,Jr]) — (j-erln — )vm+ln+1)7 O) =1. But
[Vl < Hﬂ|d(ak£ (Zmn = 2o 1) = (Zmpin = Zmrin1),0) < IfI] - 1
< oo for each m,n. Thus (y,,) is a double analytic sequence
and hence an p-metric Musielak modulus function of double
analytic sequence.

In other words ye€ [AZ‘{“A st (), (d(3x1), d(x2), .. .,

w))lE]

d(x"*l))Hlﬂj\’n' But y= (y’””) is arbitrary in [X,Zimv HAﬂm/“lnm(x)v
(d(x)),d(x2),...,d(x,_ 1))H"’]fv/i). Therefore

P

¢ I
[yfg“,||Amumn<x>,(d(xo,d(xzx Aol

© A3 WAt () (@) )i D (42)

From (4.1) and (4.2) we get

S € [0 bty (). (d) d2).

[, VAt (0), (@x0) )i D]

= [ Wt ). ).l D

O

Theorem 4.4. The dual space of [yfz:f“ | At (X)), (d(x1),
d(x2), . d(x )Ty, i [Afﬁ’“y ([ Aty (), (d(x1), d(x2),
.,d(x,,,l))H/‘f][IV”. In other words

|: o HAmnﬂmn( ) (d(xl)7d(x2)7" (Xn 1))H :|

[A;;({MA (| Aty (%) (1), d(x2), - - - ’d(x"fl))H;ﬂ] [

Ng

Proof. We recall that

00 -0 0
0
)vmn =
[
00 - @A (1)) 0
00 -0 0
with m in the (m,n)th position and zero’s elsewhere,

1
[0 At () (1), ),
0. . .0

) 0 1/m+n )
0 uf (a;;;"A;,,,,,,(n1+n)!> -0
th
(m,n)

0 . .0

which is a p-metric of double gai sequence. Hence,

x€ [7?,‘5”’1 [ At (), (A1), d(x2), - d(xa-1)) I

o ¢]
= § XY yn

mpn=1

with

1
x € [0 | Apnttyn (). (dx1). ). ) 7]

and
A )]
where

Ik

[ At (), (), d ), ()

No

is the dual space of

[7%;“/4 HAmn,umn(x)v (d(xl),d()@)v cee (xn 1))“ ]
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Take x = (Xm,,) € [X/Z_qMA’ ||Amn[lm,,()€), (d(xl)v d(Xz), cee ,d(x,,_|))
||;f’]5va.Then,

Thus, (y,,) is a double analytic sequence and hence an p-met-
ric Musielak modulus function of double analytic sequence. In
other words,

ye |:Aj2";l]uA7 ”Amn:umn(x)v (d(xl)v d(x2)7 (RN d(x,,,l))”z’]

1
Ny ’
Therefore

Ix
[ At (). (A1), ). D]

= [ A At (), (1), dCx2), ) ]

I
Ny

This completes the proof. [
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