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Abstract In the present paper, we introduce a new general integral operator of meromorphic mul-

tivalent functions. The starlikeness of this integral operator is determined. Several special cases are

also discussed in the form of corollaries.
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1. Introduction

Let Rp denote the class of all meromorphic functions of the
form

fðzÞ ¼ 1

zp
þ
X1
k¼1�p

akz
k ðp 2 N :¼ f1; 2; . . .gÞ; ð1Þ

which are analytic and p-valent in the punctured unit disk

U� ¼ fz 2 C : 0 < jzj < 1g ¼ U n f0g;

where U is the open unit disk U ¼ fz 2 C : jzj < 1g and
HðUÞ ¼ f : U!f C holomorphic in U
n o

:

For a 2 C and n 2 N, let

H½a; n� ¼ ff 2 HðUÞ : fðzÞ ¼ aþ anz
n þ anþ1z

nþ1 þ � � � ; z 2 Ug:

A function f 2 Rp is said to be meromorphic p-valent star-
like of order a ð0 6 a < pÞ, if it satisfies the inequality

�R
zf 0ðzÞ
fðzÞ

� �
> a: ð2Þ

We denote this class by RS�pðaÞ.
A function f 2 Rp is said to be meromorphic p-valent con-

vex of order a ð0 6 a < pÞ, if it satisfies the inequality

�R 1þ zf 00ðzÞ
f 0ðzÞ

� �
> a: ð3Þ

We denote this class by RKpðaÞ.
We note that f 2 RKpðaÞ if and only if � zf 0

p
2 RS�pðaÞ.

Recently, many authors introduced and studied various

integral operators of analytic and univalent functions in the
open unit disk U (see, for example, [1–11]).
icense.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2013.11.009&domain=pdf
mailto:serap.bulut@kocaeli.edu.tr
mailto:bafrasin@yahoo.com
mailto:bafrasin@yahoo.com
http://dx.doi.org/10.1016/j.joems.2013.11.009
http://dx.doi.org/10.1016/j.joems.2013.11.009
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2013.11.009
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Starlikeness of a new general integral operator for meromorphic multivalent functions 363
In the present paper, we introduce the following new gen-
eral integral operator FðzÞ of meromorphic multivalent
functions.

Definition 1.1. Let n; p 2 N, c > 0, ci > 0 ði ¼ 1; 2; . . . ; nÞ. We
define the integral operator

J c
p;c1 ;...;cn

ðf1; . . . ; fnÞ : Rn
p�!Rp;

FðzÞ ¼ J c
p;c1 ;...;cn

ðf1; . . . ; fnÞðzÞ

¼ c

zpþc

Z z

0

uc�1
Yn
i¼1
� upþ1

p
f 0i ðuÞ

� �ci

du ðz 2 U�Þ: ð4Þ

Remark 1.1. We note that if c ¼ 1, then the integral operator
FðzÞ reduces to the integral operator

J p;c1 ;...;cnðzÞ ¼
1

zpþ1

Z z

0

Yn
i¼1
� upþ1

p
f 0i ðuÞ

� �ci

du ð5Þ

introduced by Mohammed and Darus [12]. If n ¼ 1; c1 ¼ c and
f1 ¼ f, then the integral operator FðzÞ reduces to the integral
operator

I cp;cðfÞðzÞ ¼
c

zpþc

Z z

0

uc�1 � upþ1

p
f0ðuÞ

� �c

du: ð6Þ

For p ¼ 1, the integral operator defined in (5) is introduced
and studied by Mohammad and Darus [13].

For the starlikeness of the integral operator FðzÞ defined in
Definition 1.1, we need to use following lemma.

Lemma 1.1 14. Let n 2 N n f0g; a; d 2 R; c 2 C with

Rfc� adgP 0. If h 2 H½hð0Þ; n� with hð0Þ 2 R and hð0Þ > a,
then we have

R hðzÞ þ zh 0ðzÞ
c� dhðzÞ

� �
> a) RfhðzÞg > aðz 2 UÞ:

2. Starlikeness of the operator FðzÞ

In this section, we investigate sufficient conditions for the mer-

omorphically starlikeness of the integral operator FðzÞ which
is defined in Definition 1.1.

Theorem 2.1. For i ¼ 1; 2; . . . ; n, let ci > 0 and

fi 2 RKpðaiÞ ð0 6 ai < pÞ. If

0 <
Xn
i¼1

ciðp� aiÞ 6 p; ð7Þ

then the general integral operator FðzÞ defined in Definition 1:1
is meromorphic p-valent starlike of order

p�
Xn
i¼1

ciðp� aiÞ:

Proof. From (4) , it is easy to see that

1

c
zpþ1F 0ðzÞ þ pþ c

c
zpFðzÞ ¼

Yn
i¼1
� zpþ1f 0i ðzÞ

p

� �ci

: ð8Þ

Differentiate the above equality with respect to z, we have
1

c
zpþ1F 0ðzÞ þ 2pþ cþ 1

c
zpF 0ðzÞ þ pðpþ cÞ

c
zp�1FðzÞ

¼
Xn
i¼1

ci �
zpþ1f 0i ðzÞ

p

� �ci pþ 1

z
þ f 0i ðzÞ
f 0i ðzÞ

� � Yn
j¼1;j–i

�
zpþ1f 0j ðzÞ

p

 !cj

:

ð9Þ

From (8) and (9), we get

zpþ1F 0ðzÞ þ ð2pþ cþ 1ÞzpF 0ðzÞ þ pðpþ cÞzp�1FðzÞ
zpþ1F 0ðzÞ þ ðpþ cÞzpFðzÞ

¼
Xn
i¼1

ci
pþ 1

z
þ f 0i ðzÞ
f 0i ðzÞ

� �� �
ð10Þ

or equivalently

z2F 0ðzÞ þ ð2pþ cþ 1ÞzF 0ðzÞ þ pðpþ cÞFðzÞ
zF 0ðzÞ þ ðpþ cÞFðzÞ

¼
Xn
i¼1

ci pþ 1þ zf 0i ðzÞ
f 0i ðzÞ

� �� �
: ð11Þ

After some calculations, we have

� z2F 0ðzÞ þ ðpþ cþ 1ÞzF 0ðzÞ
zF 0ðzÞ þ ðpþ cÞFðzÞ

¼ p�
Xn
i¼1

ci pþ 1þ zf 0i ðzÞ
f 0i ðzÞ

� �� �
: ð12Þ

We can write left-hand side of (12) as the following:

�
zF 0ðzÞ
FðzÞ

zF 0ðzÞ
F 0ðzÞ þ pþ cþ 1
� �
zF 0ðzÞ
FðzÞ þ pþ c

¼ p�
Xn
i¼1

ci pþ 1þ zf 0i ðzÞ
f 0i ðzÞ

� �� �
:

ð13Þ

Now we define a regular function hðzÞ by

hðzÞ ¼ � zF 0ðzÞ
FðzÞ ; ð14Þ

and hð0Þ ¼ p. Differentiating (14) logarithmically with respect
to z, we obtain

�hðzÞ þ zh0ðzÞ
hðzÞ ¼ 1þ zF 0ðzÞ

F 0ðzÞ : ð15Þ

From (13)–(15) , we have

hðzÞ þ zh0ðzÞ

�hðzÞ þ pþ c ¼ p�
Xn
i¼1

ci pþ 1þ zf 0i ðzÞ
f 0
i
ðzÞ

� �n o
:

ð16Þ

Since fi 2 RKpðaiÞð0 6 ai < pÞ for i ¼ 1; 2; . . . ; n, we get

R hðzÞ þ zh0ðzÞ
�hðzÞ þ pþ c

� �
> p�

Xn
i¼1

ciðp� aiÞ: ð17Þ

It is clear that the conditions of Lemma 1:1 are satisfied. So we
obtain

RfhðzÞg > p�
Xn
i¼1

ciðp� aiÞ;

which is equivalent to

�R
zF 0ðzÞ
FðzÞ

� �
> p�

Xn
i¼1

ciðp� aiÞ;
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that is, FðzÞ is meromorphic p-valent starlike of order

p�
Pn

i¼1ciðp� aiÞ.
3. Some consequences of main result

In this section, we will give some consequences of main theo-
rem in the form of Corollaries.

Putting c ¼ 1 in Theorem 2:1, we get

Corollary 3.1 12, Theorem 2.3. For i ¼ 1; 2; . . . ; n, let ci > 0
and fi 2 RKpðaiÞ ð0 6 ai < pÞ. If

0 <
Xn
i¼1

ciðp� aiÞ 6 p;

then the general integral operator J p;c1 ;...;cnðzÞ defined in (5) is
meromorphic p -valent starlike of order

p�
Xn
i¼1

ciðp� aiÞ:

If we set

p ¼ 1 and ai ¼ �
1

nci
þ 1 ði ¼ 1; 2; . . . ; nÞ

in Corollary 3:1, then we have [13, Theorem 2.1].

Taking n ¼ 1; c1 ¼ c and f1 ¼ f in Theorem 2.1, we get

Corollary 3.2. Let c > 0 and f 2 RKpðaÞð0 6 a < pÞ. If
0 < cðp� aÞ 6 p;

then the general integral operator I cp;cðfÞ defined in (6) is mero-
morphic p -valent starlike of order
p� cðp� aÞ:
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