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Abstract In this note we give some recurrence relations satisfied by single and product moments of

k-th upper record values from the exponential-Weibull lifetime distribution. Using a recurrence

relation for single moments we obtain a characterization of exponential-Weibull, Weibull,

exponential, Rayleigh and two parameter linear failure rate distributions.

2010 MATHEMATICS SUBJECT CLASSIFICATION: 62G30; 62E10; 60E05

ª 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
1. Introduction

Let fXn; n P 1g be a sequence of independent and identically
distributed ðiidÞ random variables with distribution function
ðdfÞ FðxÞ and probability density function ðpdfÞ fðxÞ. The

j-th order statistic of a sample X1;X2; . . . ;Xn is denoted by

Xj:n. For a fixed k P 1 we define the sequences fUðkÞn ; n P 1g
of k-th upper record times of fXn; n P 1g as follows:

U
ðkÞ
1 ¼ 1

U
ðkÞ
nþ1 ¼ min j > UðkÞn : Xj:jþk�1 > X

U
ðkÞ
n :U

ðkÞ
n þk�1

n o
:

For k ¼ 1 and n ¼ 1; 2; . . ., we write Uð1Þn ¼ Un. Then

fUn; n P 1g is the sequence of record times of fXn; n P 1g.
The sequence YðkÞn ; n P 1

� �
, where YðkÞn ¼ X

U
ðkÞ
n

is called the

sequence of k-th upper record values of fXn; n P 1g. For

convenience, we shall also take Y
ðkÞ
0 ¼ 0. Note that for k ¼ 1

we have Yð1Þn ¼ XUn
; n P 1, which are the record values of

fXn; n P 1g (Ahsanullah [1]). Moreover, we see that

Y
ðkÞ
1 ¼ minðX1;X2; . . . ;XkÞ ¼ X1:k. Then the pdf of YðkÞn and

the joint pdf of YðkÞm and YðkÞn are as follows:

f
Y
ðkÞ
n
ðxÞ ¼ kn

ðn� 1Þ! ½� lnFðxÞ�n�1½FðxÞ�k�1fðxÞ; n P 1; ð1:1Þ

f
Y
ðkÞ
m ;Y

ðkÞ
n
ðx;yÞ¼ kn

ðm�1Þ!ðn�m�1Þ! ½� lnFðxÞ�
m�1

� fðxÞ
FðxÞ

½lnFðxÞ� lnFðyÞ�n�m�1

�½FðyÞ�k�1fðyÞ; x< y; 16m< n; nP 2; ð1:2Þ

where FðxÞ ¼ 1� FðxÞ.
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(Dziubdziela and Kopociński [2], Grudzień [3]).
Record values arise naturally in many real life applications

involving data related to economic, sports, weather and life

testing problems. The statistical study of record values started
with Chandler [4] and has now spread in various directions.
The various developments on record values and related topics

are extensively studied in the literature. See for instance Glick
[5], Nevzorov [6], Resnick [7], Nagaraja [8], Balakrishnan and
Ahsanullah [9,10], Grudzień and Szynal [11], Arnold et al. [12],

Pawlas and Szynal [13,14], Raqab and Ahsanullah [15], Saran
and Pushkarna [16], Saran and Singh [17].

In this paper we establish some recurrence relations for sin-
gle and product moments of k-th upper record values from

exponential-Weibull lifetime distribution. These relations are
deduced for moments of record values. Further, two theorems
for characterizing this distribution based on a recurrence rela-

tion for single moments of k-th upper record values are given.
A random variable X is said to have exponential-Weibull

lifetime distribution (Cordeiro et al. [18]) if its pdf is of the form

fðxÞ ¼ ðaþ bcxc�1Þe�ðaxþbxcÞ; x > 0; a > 0; b

> 0; c > 0 ð1:3Þ

and the corresponding df is

FðxÞ ¼ 1� e�ðaxþbxcÞ; x > 0; a > 0; b > 0; c > 0: ð1:4Þ

It is easy to see that

fðxÞ ¼ ðaþ bcxc�1ÞFðxÞ; ð1:5Þ

where

FðxÞ ¼ 1� FðxÞ:

It is observed in Cordeiro et al. [18] that the exponential-
Weibull distribution can be used as an alternative model to

other models available in the literature for modelling positive
real data in many areas such as engineering, survival analysis,
hydrology and economics.

The relation in (1.5) will be exploited in this paper to derive
some recurrence relations for the moments of k-th upper record
values from the exponential-Weibull distribution and to give a

characterization of the exponential-Weibull distribution.

2. Relations for single moments

Theorem 2.1. Fix a positive integer k P 1, for n P 1 and
j ¼ 0; 1; . . .,

E YðkÞn

� �j ¼ ak
jþ 1

E YðkÞn

� �jþ1 � E Y
ðkÞ
n�1

� �jþ1� 	

þ bck
jþ c

E YðkÞn

� �jþc � E Y
ðkÞ
n�1

� �jþc
� 	

: ð2:1Þ

Proof. For n P 1 and j ¼ 0; 1; . . ., we have from (1.1) and (1.5)

E YðkÞn

� �j ¼ kn

ðn� 1Þ! a
Z 1

0

xj½� lnFðxÞ�n�1½FðxÞ�kdx



þbc
Z 1

0

xjþc�1½� lnFðxÞ�n�1½FðxÞ�kdx
�

¼ aIj þ bcIjþc�1
� �

; ð2:2Þ

where
Ir ¼
kn

ðn� 1Þ!

Z 1

0

xr½� lnFðxÞ�n�1½FðxÞ�kdx:

Integrating by parts, taking xr as the part to be integrated, we

get

Ir ¼
k

rþ 1
E YðkÞn

� �rþ1 � E Y
ðkÞ
n�1

� �rþ1� 	
:

Substituting for Ij and Ijþc�1 in (2.2) and simplifying the
resulting expression, we derive the relation given in
(2.1). h

Remarks.

(i) Putting b ¼ 0 in (2.1), we deduce the recurrence relation
for single moments of k-th upper record values from the

exponential distribution with parameter a > 0, estab-
lished by Pawlas and Szynal [13].

(ii) Setting a ¼ 0 in (2.1), we get the recurrence relation for

single moments of k-th upper record values from the
Weibull distribution, obtained by Pawlas and Szynal
[19].

(iii) Setting c ¼ 2 in (2.1), the result for single moments is
deduced for linear failure rate distribution as

E YðkÞn

� �jþ2 ¼ E Y
ðkÞ
n�1

� �jþ2
þ jþ 2

2bk
E YðkÞn

� �j

� ðjþ 2Þa
2bðjþ 1Þ E YðkÞn

� �jþ1 � E Y
ðkÞ
n�1

� �jþ1� 	
:

(iv) Putting a ¼ 0 and c ¼ 2 in (2.1), we get the recurrence
relation for Rayleigh distribution in the form

E YðkÞn

� �jþ2 ¼ E Y
ðkÞ
n�1

� �jþ2
þ jþ 2

2bk
E YðkÞn

� �j
:

Corollary 2.1. The recurrence relation for single moments of
upper record values from the exponential-Weibull lifetime distri-
bution has the form

EXj
Un
¼ a

jþ 1
EXjþ1

Un
� EXjþ1

Un�1

� 
þ bc
jþ c

EXjþc
Un
� EXjþc

Un�1

� 
:

Remarks.

(i) If b ¼ 0 we get the recurrence relation for single

moments of record values from exponential distribution
with parameter a > 0, obtained by Balakrishnan and
Ahsanullah [20].

(ii) If a ¼ 0, the result for single moments of record values
obtained by Pawlas and Szynal [19] for Weibull distribu-
tion is deduced.

(iii) If c ¼ 2, the result for single moments of record values is

deduced for linear failure rate distribution.
(iv) If a ¼ 0 and c ¼ 2, the result for single moments

of record values is deduced for Rayleigh

distribution.
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3. Relations for product moments
Theorem 3.1. For m P 1 and i; j ¼ 0; 1; . . .,

E YðkÞm

� �i
Y
ðkÞ
mþ1

� �j� 	
¼ ak
jþ1

E YðkÞm

� �i
Y
ðkÞ
mþ1

� �jþ1� 	
�E YðkÞm

� �iþjþ1
 �

þ bck
jþc

E YðkÞm

� �i
Y
ðkÞ
mþ1

� �jþc
� 	

�E YðkÞm

� �iþjþc

 �

ð3:1Þ

and for 1 6 m 6 n� 2; i; j ¼ 0; 1; . . .,

E YðkÞm

� �i
YðkÞn

� �jh i
¼ ak
jþ1

E ðYðkÞm Þ
i
YðkÞn

� �jþ1h i
�E YðkÞm

� �i
Y
ðkÞ
n�1

� �jþ1� 	
 �

þ bck
jþc

E YðkÞm

� �i
YðkÞn

� �jþc
h i

�E YðkÞm

� �i
Y
ðkÞ
n�1

� �jþc
� 	
 �

:

ð3:2Þ

Proof. From (1.2) for 1 6 m 6 n� 1 and i; j ¼ 0; 1; . . .,

E YðkÞm

� �i
YðkÞn

� �jh i
¼ kn

ðm� 1Þ!ðn�m� 1Þ!

�
Z 1

0

xi½� lnFðxÞ�m�1 fðxÞ
FðxÞ

IðxÞdx; ð3:3Þ

where

IðxÞ ¼
Z 1

x

yj½lnFðxÞ � lnFðyÞ�n�m�1½FðyÞ�k�1fðyÞdy:

Integrating IðxÞ by parts and using (1.5) we obtain

IðxÞ ¼ ak
jþ 1

Z 1

x

yjþ1½lnFðxÞ � lnFðyÞ�n�m�1½FðyÞ�k�1fðyÞdy

� aðn�m� 1Þ
jþ 1

�
Z 1

x

yjþ1½lnFðxÞ � lnFðyÞ�n�m�2½FðyÞ�k�1fðyÞdy

þ bck
jþ c

Z 1

x

yjþc½lnFðxÞ � lnFðyÞ�n�m�1½FðyÞ�k�1fðyÞdy

� bcðn�m� 1Þ
jþ c

�
Z 1

x

yjþc½lnFðxÞ � lnFðyÞ�n�m�2½FðyÞ�k�1fðyÞdy:

Substituting this expression into (3.3) and simplifying, it leads

to (3.2). Proceeding in a similar manner for the case n ¼ mþ 1,
the recurrence relation given in (3.1) can easily be established.
h

Remarks.

(i) Putting b ¼ 0 in (3.2), we get the recurrence relation for
product moments of k-th upper record values from the

exponential distribution with parameter a > 0, estab-
lished by Pawlas and Szynal [13].

(ii) Setting a ¼ 0 in (3.2), we get the recurrence relation for
product moments of k-th upper record values as

obtained by Pawlas and Szynal [19] for Weibull
distribution.
(iii) If c ¼ 2 the result for single moments is deduced for lin-

ear failure rate distribution as

E YðkÞm

� �i
YðkÞn

� �jh i
¼ ak
jþ1

E YðkÞm

� �i
YðkÞn

� �jþ1h i
�E YðkÞm

� �i
Y
ðkÞ
n�1

� �jþ1� 	
 �

þ 2bk
jþ2

E YðkÞm

� �i
YðkÞn

� �jþ2h i
�E YðkÞm

� �i
Y
ðkÞ
n�1

� �jþ2� 	
 �
:

(iv) Letting a ¼ 0 and c ¼ 2 in (3.2), we get the recurrence
relation for Rayleigh distribution in the form

E YðkÞm

� �i
YðkÞn

� �jh i
¼ 2bk
jþ2

E YðkÞm

� �i
YðkÞn

� �jþ2h i
�E YðkÞm

� �i
Y
ðkÞ
n�1

� �jþ2� 	
 �
:

Corollary 3.1. The recurrence relation for single moments of
upper record values from the exponential-Weibull lifetime distri-
bution has the form

E Xi
Um
Xj

Un

� �
¼ a

jþ 1
E Xi

Um
Xjþ1

Un

� �
� E Xi

Um
Xjþ1

Un�1

� �� �

þ bc
jþ c

E Xi
Um
Xjþc

Un

� �
� E Xi

Um
Xjþc

Un�1

� �� �
:

Remarks.

(i) If b ¼ 0 we get the recurrence relation for product
moments of record values from exponential distribution
with parameter a > 0, established by Balakrishnan and

Ahsanullah [20].
(ii) If a ¼ 0, the result for product moments of record values

obtained by Pawlas and Szynal [19] for Weibull distribu-

tion is deduced.
(iii) If c ¼ 2, the result for product moments of record values

is deduced for linear failure rate distribution.

(iv) If a ¼ 0 and c ¼ 2, the result for product moments of
record values is deduced for Rayleigh distribution.
4. Characterizations

Before coming to the main results we require the following
result of Lin [21].

Proposition. Let n0 be any fixed non-negative integer,

�1 6 a < b 61, and gðxÞP 0 an absolutely continuous
function with g0ðxÞ– 0 a.e. on ða; bÞ. Then the sequence of
functions f½gðxÞ�ne�gðxÞ; n P n0g is complete in Lða; bÞ iff gðxÞ is
strictly monotone on ða; bÞ.

Using the above Proposition we get a stronger version of
Theorem 2.1.
Theorem 4.1. Fix a positive integer k P 1 and let j be a non-

negative integer. A necessary and sufficient condition for a ran-
dom variable X to be distributed with pdf given by (1.3) is that

E YðkÞn

� �j ¼ ak
jþ 1

E YðkÞn

� �jþ1 � E Y
ðkÞ
n�1

� �jþ1� 	

þ bck
jþ c

E YðkÞn

� �jþc � E Y
ðkÞ
n�1

� �jþc
� 	

ð4:1Þ

for n ¼ 1; 2; . . . .
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Proof. The necessary part follows immediately from (4.1). On

the other hand if the recurrence relation (4.1) is satisfied, then
on rearranging the terms in (4.1) and using (1.1), we have

kn

ðn�1Þ!

Z 1

0

xj½� lnFðxÞ�n�1½FðxÞ�k�1fðxÞdx

¼ aknþ1

ðn�1Þ!ðjþ1Þ

�
Z 1

0

xjþ1½�lnFðxÞ�n�2½FðxÞ�k�1fðxÞ ½� lnFðxÞ��n�1

k


 �
dx

þ bcknþ1

ðn�1Þ!ðjþcÞ

�
Z 1

0

xjþc½� lnFðxÞ�n�2½FðxÞ�k�1fðxÞ ½� lnFðxÞ��n�1

k


 �
dx:

ð4:2Þ

Let

hðxÞ ¼ � 1

k
½� lnFðxÞ�n�1½FðxÞ�k: ð4:3Þ

Differentiating both the sides of (4.3), we get

h0ðxÞ ¼ ½� lnFðxÞ�n�2½FðxÞ�k�1fðxÞ ½� lnFðxÞ� � n� 1

k


 �
:

Thus

kn

ðn� 1Þ!

Z 1

0

xj½� lnFðxÞ�n�1½FðxÞ�k�1fðxÞdx

¼ aknþ1

ðn� 1Þ!ðjþ 1Þ

Z 1

0

xjþ1h0ðxÞdxþ bcknþ1

ðn� 1Þ!ðjþ cÞ

�
Z 1

0

xjþch0ðxÞdx: ð4:4Þ

Integrating RHS in (4.4) by parts and using the value of

hðxÞfrom (4.3), we find that

kn

ðn� 1Þ!

Z 1

0

xj½� lnFðxÞ�n�1½FðxÞ�k�1½fðxÞ � aFðxÞ

� bcxc�1FðxÞ�dx ¼ 0:

It now follows from the above Proposition with
gðxÞ ¼ � lnFðxÞ that

fðxÞ ¼ ½aþ bcxc�1�FðxÞ

which proves that fðxÞ has the form as in (1.3). h

Remark. Theorem 4.1 can be used to characterize the expo-
nential, Weibull, linear failure rate and Rayleigh distributions

by setting b ¼ 0; a ¼ 0; c ¼ 2 and a ¼ 0; c ¼ 2 respectively.

Corollary 4.1. Under the assumptions of Theorem 4.1 with j ¼ 0
the following equations

E YðkÞn

� �c¼EðYðkÞn�1Þ
c
� a

b
E YðkÞn

� �
�E Y

ðkÞ
n�1

� �h i
þ 1

bk
; n¼ 1;2; . . .

characterize the exponential-Weibull lifetime distribution.

Remark. If k ¼ 1 we obtain the following characterization of
the exponential-Weibull distribution
EXc
Un
¼ EXc

Un�1
� a

b
½EXUn

� EXUn�1 � þ
1

b
; n ¼ 1; 2; . . . :

Now we shall show how Theorem 4.1 can be used in a charac-
terization of the exponential-Weibull distribution in terms of
moments of minimal order statistics. Putting n ¼ 1 in (4.1),

we get

EXj
1:k ¼

ak
jþ 1

EXjþ1
1:k þ

bck
jþ c

EXjþc
1:k ;

for any fixed integer k P 1. This result leads to the following
theorem.

Theorem 4.2. Let j be a non-negative integer. A necessary and

sufficient condition for a random variable X to be distributed
with pdf given by (1.3) is that

EXj
1:k ¼

ak
jþ 1

EXjþ1
1:k þ

bck
jþ c

EXjþc
1:k ð4:5Þ

for k ¼ 1; 2; . . . .

Proof. The necessary part follows immediately from (2.1). On
the other hand if the recurrence relation (4.5) is satisfied, then

Z 1

0

xj½FðxÞ�k�1fðxÞdx ¼ ak
jþ 1

Z 1

0

xjþ1½FðxÞ�k�1fðxÞdx

þ bck
jþ c

Z 1

0

xjþc½FðxÞ�k�1fðxÞdx:

Integrating the integrals on the right-hand side of the above
expression by parts, we getZ 1

0

xj½FðxÞ�k�1fðxÞdx ¼ a
Z 1

0

xj½FðxÞ�kdx

þ bc
Z 1

0

xjþc�1½FðxÞ�kdx;

which further reduces toZ 1

0

xj½FðxÞ�k�1½fðxÞ�aFðxÞ�bcxc�1FðxÞ�dx¼ 0; k¼ 1;2; . . . :

ð4:6Þ

Now applying a generalization of the Müntz-Szász Theorem
(see for example Hwang and Lin [22]), to Eq. (4.6), we obtain

fðxÞ ¼ ðaþ bcxc�1ÞFðxÞ;

which proves that

FðxÞ ¼ 1� e�ðaxþbxcÞ; x > 0; a > 0; b > 0; c > 0: �
5. Conclusion

Above investigations demonstrate the recurrence relations
between single and product moments of k-th record values in
Section 2 and Section 3 respectively. Since recurrence relations

reduce the amount of direct computation and hence reduce the
time and labour. Therefore the relations under consideration
may be useful in computing the moments of higher order from
the exponential-Weibull lifetime distribution. In Section 4,

characterization of exponential-Weibull lifetime, Weibull,
exponential, Rayleigh and two parameter linear failure rate
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distributions are given through a recurrence relation for single
moments of k-th record values.
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